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Foreword

It is regrettable that a book, once published and on the way to starting a life of
its own, can no longer bear witness to the painful choices that the author had to
face in the course of his writing. There are choices that confront the writer of
every book: who is the intended audience? who is to be proved wrong? who will
be the most likely critic? Most of us have indulged in the idle practice of drafting
tables of contents of books we know will never see the light of day. In some
countries, some such particularly imaginative drafts have actually been sent to
press (though they may not be included among the author’s list of publications).

In mathematics, however, the burden of choice faced by the writer is so heavy
as to turn off all but the most courageous. And of all mathematics, combinatorics
is nowadays perhaps the hardest to write on, despite an eager audience that cuts
across the party lines. Shall an isolated special result be granted a section of its
own? Shall a fledgling new theory with as yet sparse applications be gingerly
thrust in the middle of a chapter? Shall the author yield to one of the contrary
temptations of recreational math at one end, and categorical rigor at the other?
or to the highly rewarding lure of the algorithm?

Richard Stanley has come through these hurdles with flying colors. It has
been said that combinatorics has too many theorems, matched with very few
theories; Stanley’s book belies this assertion. Together with a sage choice of the
most attractive theories on today’s stage, he blends a variety of examples demo-
cratically chosen from topology to computer science, from algebra to complex
variables. The reader will never be at a loss for an illustrative example, or for a
proof that fails to meet G. H. Hardy’s criterion of pleasant surprise.

His choice of exercises will at last enable us to give a satisfying reference to
the colleague who knocks at our door with his combinatorial problem. But best
of all, Stanley has succeeded in dramatizing the subject, in a book that will engage
from start to finish the attention of any mathematician who will open it at page
one.

Gian-Carlo Rota




Preface

Enumerative combinatorics is concerned with counting the number of elements
of a finite set S. This definition, as it stands, tells us little about the subject since
virtually any mathematical problem can be cast in these terms. In a genuine
enumerative problem, the elements of S will usually have a rather simple com-
binatorial definition and very little additional structure. It will be clear that S
has many elements, and the main issue will be to count (or estimate) them all
and not, for example, to find a particular element. Of course there are many
variants of this basic problem that also belong to enumerative combinatorics
and that will appear throughout this book.

There has been an explosive growth in combinatorics in recent years,
including enumerative combinatorics. One important reason for this growth has
been the fundamental role that combinatorics plays as a tool in computer science
and related areas. A further reason has been the prodigious effort, inaugurated
by G.-C. Rota around 1964, to bring coherence and unity to the discipline of
combinatorics, particularly enumeration, and to incorporate it into the main-
stream of contemporary mathematics. Enumerative combinatorics has been
greatly elucidated by this effort, as has its role in such areas of mathematics as
finite group theory, representation theory, commutative algebra, algebraic geom-
etry, and algebraic topology.

This book has three intended audiences and serves three different purposes.
First, it may be used as a graduate-level introduction to a fascinating area of
mathematics. Basic knowledge of linear algebra and perhaps a semester of
abstract algebra is a necessary prerequisite for most of the book. Chapter 1 may
serve as an introduction to enumeration at a somewhat less advanced level. The
second intended audience consists of professional combinatorialists, for whom
this book could serve as a general reference. While it is impossible to be completely
comprehensive, we have tried to include at least the major topics within enumera-
tive combinatorics. Finally, this book may be used by mathematicians outside
combinatorics whose work requires them to solve a combinatorial problem.
Judging from countless discussions I've had with mathematicians in diverse
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Preface

areas, this situation arises quite frequently. As a result, I have made a special
effort in this book to include coverage of topics from enumerative combinatorics
that arise in other branches of mathematics.

The exercises found at the end of each chapter play a vital role in achieving
the three purposes of this book. The easier exercises (say, with difficulty ratings
of 1 — to 3—) may be attempted by students using this book as a text; the more
difficult exercises are not really meant to be solved (though some readers will
undoubtedly be unable to resist a real challenge), but rather serve as an entry
into areas that are not directly covered by the text. I hope that these more difficult
exercises will convince the reader of the depth and the wide applicability of
enumerative combinatorics, especially in Chapter 3, where it is by no means a
priorievident that partially ordered sets are more than a convenient bookkeeping
device. Solutions or references to solutions are provided for almost all of the
exercises.

The method of citation and referencing is, I hope, largely self-explanatory.
All citations to references in another chapter are preceded by the relevant chapter
number. For instance, [3.16] refers to reference 16 in Chapter 3. I have included
no references to outside literature within the text itself; all such references appear
in the Notes at the end of each chapter. Each chapter has its own list of references,
while the references relevant to an exercise are given separately in the solution
to that exercise.

Many people have contributed in many ways to the writing of this book.
Special mention must go to G.-C. Rota for introducing me to the pleasures of
enumerative combinatorics and for his constant encouragement and stimulation.
I must also mention Donald Knuth, whose superb texts on computer science
inspired me to include a wide range of solved exercises with a difficulty level
prescribed in advance. The following people have contributed valuable sugges-
tions and encouragement, and I thank them: Ed Bender, Lou Billera, Anders
Bjorner, Thomas Brylawski, Persi Diaconis, Dominique Foata, Adriano Garsia,
Ira Gessel, Jay Goldman, Curtis Greene, Victor Klee, Pierre Leroux, and Ronald
C. Mullin. In addition, the names of many whose ideas I have borrowed are
mentioned in the Notes and Exercises. I am grateful to a number of typists for
their fine preparation of the manuscript, including Ruby Aguirre, Louise Bal-
zarini, Margaret Beucler, Benito Rakower, and Phyllis Ruby. Finally, thanks to
John Kimmel of Wadsworth & Brooks/Cole Advanced Books & Software for
his support and encouragement throughout the preparation of this book, and to
Phyllis Larimore for her careful editing.

For financial support during the writing of this book I wish to thank the
Massachusetts Institute of Technology, the National Science Foundation, and
the Guggenheim Foundation.

Richard Stanley
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Notation

N3 O 9 2 06

[n]

[i.j]

[x]

[x]

card X, # X, | X|
{ay,....,a.} <

)

i

im A

ker A

tr A
GF(q), F,
[:v:

R[x]

complex numbers

nonnegative integers

positive integers

rational numbers

real numbers

integers

the set {1,2,...,n}, for ne N (so [0] = @)

for integers i < j, the set {i,i + 1,...,j}

greatest integer <x

least integer >x

all used for the number of elements of the finite set X
the set {a;,...,a,} = R, where a; < -*- < g,

the Kronecker delta, equal to 1 if i = j and 0 otherwise
equals by definition

image of the function A

kernel of the homomorphism or linear transformation 4
trace of the linear transformation A

the finite field (unique up to isomorphism) with q elements
direct sum of the vector spaces (or modules, rings, etc.) V;

ring of polynomials in the indeterminate x with coefficients
in the integral domain R

ring of rational functions in x with coefficients in R (R(x) is
the quotient field of R[x] when R is a field)

ring of formal power series ) > ¢ a,x" in x with coefficients
a,in R

ring of formal Laurent series Z,,Z,,o a,x", for some nyeZ, in
x with coefficients a, in R (R((x)) is the quotient field of
R[[x]] when R is a field)

xi




1.1

CHAPTER 1

What Is Enumerative
Combinatorics?

How to Count

The basic problem of enumerative combinatorics is that of counting the number
of elements of a finite set. Usually we are given an infinite class of finite sets S;
where i ranges over some index set I (such as the nonnegative integers N), and
we wish to count the number f(i) of elements of each §; “simultaneously.”
Immediate philosophical difficulties arise. What does it mean to “count” the
number of elements of S;? There is no definitive answer to this question. Only
through experience does one develop an idea of what is meant by a “deter-
mination” of a counting function f(i). The counting function f(i) can be given
in several standard ways:

1. The most satisfactory form of f(i) is a completely explicit closed formula
involving only well-known functions, and free from summation symbols. Only
in rare cases will such a formula exist. As formulas for f(i) become more
complicated, our willingness to accept them as “determinations” of f(i) decreases.
Consider the following examples.

1.1.1 Example. For each neN, let f(n) be the number of subsets of the set
[n] ={1,2,...,n}. Then f(n) = 2", and no one will quarrel about this being a
satisfactory formula for f(n).

1.1.2 Example. Suppose n men give their n hats to a hat-check person. Let f(n)
be the number of ways that the hats can be given back to the men, each man
receiving one hat, so that no man receives his own hat. For instance, f(1) =0,
f(2) =1, f(3) = 2. We will see in Chapter 2 that

Sy = n! 3 (=L (1)

This formula for f(n) is not as elegant as the formula in Example 1.1.1, but for
lack of a simpler answer we are willing to accept (1) as a satisfactory formula. In

1




Chapter 1 What Is Enumerative Combinatorics?

fact, once the derivation of (1) is understood (using the Principle of Inclusion—
Exclusion), every term of (1) has an easily understood combinatorial meaning.
This enables us to “understand” (1) intuitively, so our willingness to accept it is
enhanced. We also remark that it follows easily from (1) that f(n) is the nearest
integer to n!/e. This is certainly a simple explicit formula, but it has the dis-
advantage of being “non-combinatorial”; that is, dividing by e and rounding off
to the nearest integer has no direct combinatorial significance.

1.1.3 Example. Let f(n) be the number of n x n matrices M of zeros and ones
such that every row and column of M has three ones. For example, f(0) = f(1) =
f(2) =0, f(3) = 1. The most explicit formula known at present for f(n) is

10138 + 3y)12°3F
a! Bly1267

where the sum is over all (n + 2)(n + 1)/2 solutions to o« +  + y = n in non-
negative integers. This formula gives very little insight into the behavior of f(n),
but it does allow one to compute f(n) much faster than if only the combinatorial
definition of f(n) were used. Hence with some reluctance we accept (2) as a
“determination” of f(n). Of course if someone were later to prove f(n) =
(n — 1)(n — 2)/2 (rather unlikely), then our enthusiasm for (2) would be con-
siderably diminished.

fn) = 6_"2( ()

1.1.4 Example. There are actually formulas in the literature (“nameless here
for evermore”) for certain counting functions f(n) whose evaluation requires
listing all (or almost all) of the f(n) objects being counted! Such a “formula” is
completely worthless.

2. A recurrence for f(i) may be given in terms of previously calculated f( j)’s,
thereby giving a simple procedure for calculating f(i) for any desired ieIl. For
instance, let f(n) be the number of subsets of [n] that do not contain two
consecutive integers. For example, for n = 4 we have the subsets @, {1}, {2}, {3},
{4}, {1,3}, {1,4}, {2,4}, so f(4) =8. It is easily seen that f(n)= f(n—1) +
f(n — 2) for n > 2. This makes it trivial, for example, to compute f(20). On the
other hand, it can be shown that

f(n) — _\}g(rn+2 _ fn+2)’

where T = 3(1 + \/5), T=101- \/3). This is an explicit answer, but because it
involves irrational numbers it is a matter of opinion whether it is a better answer
than the recurrence f(n) = f(n — 1) + f(n — 2).

3. Anestimate may be given for f(i). If I = N, this estimate frequently takes
the form of an asymptotic formula f(n) ~ g(n), where g(n) is a “familiar function.”
The notation f(n) ~ g(n) means that lim, ., f(n)/g(n) = 1. For instance, let f(n)
be the function of Example 1.1.3. It can be shown th'at

f(n) ~e~2367"(3n)".

For many purposes this estimate is superior to the “explicit” formula (2).




1.1 How to Count 3

4. The most useful but most difficult to understand method for evaluating
S(i)is to give its generating function. We will not develop in this chapter a rigorous
abstract theory of generating functions, but will instead content ourselves with
an informal discussion and some examples. Informally, a generating function is
an “object” that represents a counting function f(i). Usually this objectisa formal
power series. The two most common types of generating functions are ordinary
generating functions and exponential generating functions. If I = N, then the
ordinary generating function of f(n) is the formal power series

2. fm)x™,

n=>0

while the exponential generating function of f(n) is the formal power series

Y. f(n)x"/n!.

n>0
(If I = P, the positive integers, then these sums begin at n = 1.) These power
series are called “formal” because we are not concerned with letting x take
on particular values, and we ignore questions of convergence and divergence.
The term x” or x"/n! merely marks the place where f(n) is written. If F(x) =
Y nz08,x", we call a, the coefficient of x" in F(x) and write

a,=[F(x) or a,=F(x),
Similarly we can deal with generating functions of several variables, such as

XY fmmxty™z"/n!

1Z20m=>0n>0
(which may be considered as “ordinary” in the indices I, m and “exponential” in
n), or even of infinitely many variables. In this latter case every term should
involve only finitely many of the variables.

Why bother with generating functions if they are merely another way of
writing a counting function? The answer is that we can perform various natural
operations on generating functions that have a combinatorial significance. For
instance, we can add two generating functions (in one variable) by the rule

( ¥ a,,x") + ( Y b,,x") = Y (a,+ b,)x"
n>0 n>0 n=>0

( » a,,x") N ( » b,,x"> _y (a, + b,,)x"'

n>o0 n! nso n! n>0 n!

or

Similarly, we can multiply generating functions according to the rule

(5 0)(5,00)= 5, e

where ¢, = Y, a;b,_;, or

<Z a,,x")( 5 b,,x") _y d,,x",

n>0 n! nso n! nso0 n!




Chapter 1 What Is Enumerative Combinatorics?

whered, =37 (")a;b,_;, with (") = n!/iln — i)!. Note that these operations are
Jjust what we would obtain by treating generating tunctions as if they obeyed the
ordinary laws of algebra, such as x’x/ = x'*J, These operations coincide with the
addition and multiplication of functions when the power series converge for
appropriate values of x, and they obey such familiar laws of algebra as associa-
tivity and commutativity of addition and multiplication, distributivity of multi-
plication over addition, and cancellation of multiplication (ie., if F (x)G(x) =
F{x)H(x) and F (x) # 0, then G(x) = H(x)). In fact, the set of all formal power
series Y ,50a,x" with complex coefficients a, forms a (commutative) integral
domain under the operations just defined. This integral domain is denoted by
CLIx]1]. (Actually, C[[x]] is a very special type of integral domain. For readers
with some familiarity with algebra, we remark that C[[x]] is a principal ideal
domain and therefore a unique factorization domain. In fact, every ideal of
C[[x]] has the form (x") for some n > 0. From the viewpoint of commutative
algebra, C[[x]] is a one-dimensional complete regular local ring. These general
algebraic considerations will not concern us here; rather we will discuss from
an elementary viewpoint the properties of C[[x]] that will be useful to us.)
Similarly, the set of formal power series in the m variables x,, ..., x,, (Where m
may be infinite) is denoted C[[x,,...,x,]] and forms a unique factorization
domain (though not a principal ideal domain for m > 2).

It is primarily through experience that the combinatorial significance of the
algebraic operations of C[[x]] or C[[x,,...,x,,]] is understood, as well as the
problem of whether to use ordinary or exponential generating functions (or
various other kinds discussed in later chapters). In Section 3.15, we will explain
to some extent the combinatorial significance of these operations, but even then
experience is indispensable.

If F(x) and G(x) are elements of C[[x]] satisfying F(x)G(x) = 1, then we
(naturally) write G(x) = F(x)~!. (Here 1 is short for 1 + Ox + 0x2 + ---.) It is
easy to see that F(x)™! exists (in which case it is unique) if and only if a, # 0,
where F(x) = Y ,»0a,x". One commonly writes “symbolically” a, = F(0), even
though F(x) is not considered to be a function of x. If F(0) # 0 and F(x)G(x) =
H(x), then G(x) = F(x)"'H(x). More generally, the operation ~! satisfies all the
familiar laws of algebra, provided it is only applied to power series F(x) satisfying
F(0) # 0. For instance, (F(x)G(x))™! = F(x)'G(x)™, (F(x)™!)™! = F(x), and so
on. Similar results hold for C[[x,,...,x,]].

115 Example. Let (},50a"x")(1 — ax) =Y ,50¢,x", where a is a non-zero
complex number. Then by the definition of power series multiplication,

o - 1, n=0
" e —a(@)=0, n>1.

Hence ) . ,a"x" = (1 — ax)~!, which can also be written

z ax" = 1

ns0 1 —oax




1.1 How to Count 5

This formula comes as no surprise; it is simply the formula (in a formal setting)
for summing a geometric series.

Example 1.1.5 provides a simple illustration of a general principle that,
informally speaking, states that if we have an identity involving power series
that is valid when the power series are regarded as functions (so that the
variables are sufficiently small complex numbers), then this identity continues to
remain valid when regarded as an identity among formal power series, provided
the operations involved in the formulas are well-defined for formal power series.
It would be unnecessarily pedantic for us to state a precise form of this principle
here, since the reader should have little trouble justifying in any particular case
the formal validity of our manipulations with power series. We will give several
examples throughout this section to illustrate this contention.

1.1.6 Example. The identity

( Zox"/n!>< Zo(— 1)”x”/n!) =1 (3)

is valid at the function-theoretic level (it states that e*e™ = 1) and is well-defined
as a statement involving formal power series. Hence (3) is a valid formal power
series identity. In other words (equating coefficients of x"/n! on both sides of (3)),
we have

3 (— 1) (") = Gon- @
k=0 k

To justify this identity directly from (3), we may reason as follows. Both sides of
(3) converge for all xeC, so we have

) ‘Z(—l)" "V1X =1, forall xeC.
n>0 \k=0 k//)n!

But if two power series in x represent the same function f(x) in a neighborhood
of 0, then these two power series must agree term-by-term, by a standard
elementary result concerning power series. Hence (4) follows.

1.1.7 Example. The identity
Y (x+1)y/nl=e ) x"/n!
n>0

n20
is valid at the function-theoretic level (it states that e**! = e-e*), but does not
make sense as a statement involving formal power series. There is no formal
procedure for writing Y ,>0 (x + 1)"/n! as a member of C[[x]].

Although the expression Y 5, (x + 1)"/n! does not make sense formally,
there are nevertheless certain infinite processes that can be carried out formally
in C[[x]]- (These concepts extend straightforwardly to Cl[[x15---»Xm]], but
for simplicity we consider only C[[x]].) To define these processes, we need to
put some additional structure on C[[x]]—namely, the notion of convergence.




Chapter 1 What Is Enumerative Combinatorics?

From an algebraic standpoint, the definition of convergence is inherent in the
statement that C[[x]] is complete in a certain standard topology that can be
put on C[[x]]. However, we will assume no knowledge of topology on the part
of the reader and will instead give a self-contained, elementary treatment of
convergence.

If Fi(x), F,(x), ... is a sequence of formal power series, and if F(x)=
Y 2>0a,Xx" is another formal power series, we say by definition that F;(x) con-
verges to F(x) as i — oo, written F;(x) — F(x), provided that for all n > O there is
a number 6(n) such that the coefficient of x” in F(x) is a, whenever i > §(n). In
other words, for every n the sequence

[F.(x), [F(),...

of complex numbers eventually becomes constant with value a,. An equivalent
definition of convergence is the following. Define the degree of a non-zero formal
power series F(x) =Y ,504a,x", denoted deg F(x), to be the least integer n such
that a, # 0. Note that deg F(x)G(x) = deg F(x) + deg G(x). Then F;(x) converges
if and only if lim;, , deg(F;,,(x) — F;(x)) = 0.

We now say that an infinite sum ) i>o0 Fj(x) has the value F(x) provided
that o Fj(x) > F(x). A similar definition is made for the infinite product
[];»1 Fi(x). To avoid unimportant technicalities we assume that in any infinite
product [[;», Fj(x), each factor Fj(x) satisfies F;(0) = 1. For instance, let Fy(x) =
a;x’. Then for i > n, the coefficient of x" in Y ’_, F;(x) is a,. Hence Y ;5 o Fj(x) is
just the power series Y, 04a,x". Thus we can think of the formal power series
Y »>04a,x" as actually being the “sum” of its individual terms. The proofs of the
following two elementary results are left to the reader. '

1.1.8 Proposition. The infinite series ijon-(x) converges if and only if
lim;_, ,, deg Fj(x) = oo. i

1.1.9 Proposition. The infinite product [ [;»,; (1 + Fj(x)), where F;(0) = 0, con-
verges if and only if lim;_, ., deg Fj(x) = oo. 0

It is essential to realize that in evaluating a convergent series ;- , Fj(x) (or
similarly a product [];-, Fi(x)), the coefficient of x" for any given n can be
computed using only finite processes. For if j is sufficiently large, say j > d(n),
then deg Fj(x) > n, so that

o(n)

3,704 5 70
The latter expression involves only a finite sum.

The most important combinatorial application of the notion of convergence
is to the idea of power series compositon. If F(x) = Y, 5 ¢ a,x" and G(x) are formal
power series with G(0) = 0, define the composition F(G(x)) to be the infinite sum
Y »>0a,G(x)". Since deg G(x)" = n-deg G(x) > n, we see by Proposition 1.1.8 that
F(G(x)) is well-defined as a formal power series. We also see why an expres-
sion such as e!™ does not make sense formally; namely, the infinite series
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=

2.n>o0(l + x)"/n! does not converge in accordance with the above definition. On
the other hand, an expression like e®*~! makes good sense formally, since it has
the form F(G(x)) where F(x) = } 5, x"/n! and G(x) = ¥ .5, x"/n!.

1.1.10 Example. If F(x)e C[[x]] satisfies F(0) = O, then we can define for any
A€ C the formal power series

(1I+Fe) = ) <A> F(x", (5)
n=z0\N

where (}) = A4(4 — 1):--(A — n + 1)/n!. In fact, we may regard A as an indeter-
minate and take (5) as the definition of (1 + F(x))* as an element of C[[x,1]]
(or of C[A][[x]]; that is, the coefficient of x" in (1 + F(x))* is a polynomial
in 4). All the expected properties of exponentiation are indeed valid, such
as (1 + F(x))**™* = (1 + F(x))*(1 + F(x))* (regarded as an identity in the ring
C[[x,4,u]], or in the ring C[[x]] where one takes 4, ueC).

If F(x) =Y ,50a,x" define the formal derivative F'(x) (also denoted % or
DF(x)) to be the formal power series Y ,»ona,x" ' =Y 5o + 1)a,,; x". It is
easy to check that all the familiar laws of differentiation that are well-defined
formally continue to be valid for formal power series. In particular

(F+GY=F+G
(FGY =F'G + FG'
F(G(x)) = GC'(x)F(G(x)).

We thus have a theory of formal calculus for formal power series. The usefulness
of this theory will become apparent in subsequent examples. We first give an
example of the use of the formal calculus that should shed some additional light
on the validity of manipulating formal power series as if they were actual
functions of x.

1.1.11 Example. Suppose F(0) = 1, and let G(x) be the unique power series
satisfying

G'(x) = F'(x)/F(x), G(0) =0. (6)

From the function-theoretic viewpoint we can “solve” (6) to obtain F(x) =
exp G(x), where by definition exp G(x) = Y ,50 G(x)"/n!. Since G(0) = 0 every-
thing is well-defined formally, so (6) should remain equivalent to F(x) = exp G(x)
even if the power series for F(x) converges only at x = 0. How can this assertion
be justified without actually proving a combinatorial identity? Let F(x) =1 +
Y w>1d,x". From (6) we can compute explicitly G(x) =) ,»; b,x", and it is
quickly seen that each b, is a polynomial in finitely many of the g;’s. It then follows
thatifexp G(x) = 1 + Y ,», ¢,x", then each c, will also be a polynomial in finitely
many of the a,’s, say ¢, = p,(a,,a,,-..,a,), where m depends on n. Now we know
that F(x) = exp G(x) provided 1 + ), a,x" converges. If two Taylor series
convergent in some neighborhood of the origin represent the same function, then
their coefficients coincide. Hence a, = p,(a;,a,,...,a,,) provided 1 + Y >, a,x"
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converges. Thus the two polynomials a, and p,(a,,a,,...,a,) agree in some
neighborhood of the origin of C™ so they must bc equal. (It is well-known
that if two complex polynomials in m variables agree in some open set of C™,
then they are identical.) Since a, = p,(a,,a,,...,a,,) as polynomials, the identity
F(x) = exp G(x) continues to remain valid for formal power series.

There is an alternative method for justifying the formal solution F(x) =
exp G(x) to (6), which may appeal to topologically inclined readers. Given G(x)
with G(0) = 0, define F(x) = exp G(x) and consider a map ¢ : C[[x]] - C[[x]]
defined by ¢(G(x)) = G'(x) — F. One easily verifies the following: (a) if G
converges in some neighborhood of 0 then ¢(G(x)) = 0; (b) the set ¢ of all power
series G(x)e C[[x]] that converge in some neighborhood of 0 is dense in C[[x]],
in the topology defined above (in fact, the set C[x] of polynomials is dense); and
(c) the function ¢ is continuous in the topology defined above. From this it
follows that ¢(G(x)) = O for all G(x)e C[[x]] with G(0) = 0.

We now present various illustrations in the manipulation of generating
functions. Throughout we will be making heavy use of the principle that formal
power series can be treated as if they were functions.

1.1.12 Example. Find a simple expression for the generating function F(x) =
Y w>0,x", whereay =a, = 1,a,=a,_, +a,_,ifn>2. We have

Fx)= Y ax"=1+x+ Y a,x"

n20 n>2
=1+x+ ) (81 + a,_3)Xx"
nz2
=l+x+x) ax"'+xY a, ,x"?
n22 n=2

=1+ x+ x(F(x) — 1) + x?F(x).
Solving for F(x) yields F(x) = 1/(1 — x — x2).

1.1.13 Example. Find a simple expression for the generating function F(x) =
Y w>0a,x"/n!, wherea, = a, = 1,a,=a,_, + (n — 1)a,-, if n > 2. We have

F(x) = ;0 a,x"/n!

=1+x+ Y a,x"/n!
n=2

=1+x+ )Y (a,-, +(n— a,_,)x"/n!. (7
n>2
Let G(x) =Y ,528,-;x"/n! and H(x) =) ,5,(n — 1)a,_,x"/n!. Then G'(x) =
Y28y X" Yn— 1) =F(x)—1, and H(X)= Y n28,2X" '/(n—2)! =
xF(x). Hence if we differentiate (7) we obtain

F'(x)=1+4 (F(x)— 1) + xF(x) = (1 + x)F(x).

The unique solution to this differential equation satisfying F(0) = 1 is F(x) =
exp(x + $x2). (As shown in Example 1.1.11, solving this differential equation is
a purely formal procedure.)
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1.1.14 Example. Let u(n) be the Mbius function of number theory; that is,
u(1) = 1, u(n) = 0 if n is divisible by the square of an integer greater than one,
and p(n) = (— 1) if nis the product of r distinct primes. Find a simple expression
for the power series

F(x) = 1;11 (1 — x™)y=#o/m (8)

First let us make sure that F(x) is well-defined as a formal power series. We have
by Example 1.1.10 that

1- x")"#(")/" = Z <—ﬂfn)/n>(_ l)ixi".
i20

Note that (1 — x")™#®" = 1 + H(x), where deg H(x) = n. Hence by Proposition
1.1.9 the infinite product (8) converges, so F(x) is well-defined. Now apply log to
(8). In other words, form log F(x), where

log(l + x) = §1 (= 1" x"/n,

the power series expansion for the natural logarithm. We obtain

log F(x) =log ] (1 — x™)y #min

n=>1
= Z log(l — x")_“(")/”
nz1
= — ”—(r—lllog(l —x")
nz1 N

_ (n) x
B _n;17i21<_ i )

The coefficient of x™ in the above power series is

1

- d),

m%M)

where the sum is over all positive integers d dividing m. It is well-known that
1 1, m=1

—ZMﬂ={

m im 0, otherwise.

Hence log F(x) = x, so F(x) = e*. Note that the derivation of this miraculous
formula involved only formal manipulations.

1.1.15 Example. Find the unique sequence g, = 1, a,, a,, ... of real numbers
satisfying

Z akan_,‘ = 1 (9)
k=0 .

for all neN. The trick is to recognize the left-hand side of (9) as the coefficient
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of x"in (3,5 0a,x")? Letting F(x) = ¥, , a,x", we then have

F(x)* =3 x"=1/1 - x).

n=>0

Hence F(x) = (1 — x)™2 =Y 5 o (1) (= 1)"x", so

(D) (7))

n n!

1-3-5---(2n — 1)
2"n! ’

Now that we have discussed the manipulation of formal power series, the
question arises as to the advantages of using generating functions to represent a
counting function f(n). Why, for instance, should a formula such as

Y f(n)x"/n! = exp <x + x_2> (10)

n>0 2

be regarded as a “determination” of f(n)? Basically, the answer is that there are
many standard, routine techniques for extracting information from generating
functions. Generating functions are frequently the most concise and efficient way
of presenting information about their coefficients. For instance, from (10) an
experienced enumerative combinatorialist can tell at a glance the following:

1. A simple recurrence for f(n) can be found by differentiation. Namely, we
obtain

Y Sx" = 1) =(1 + x)eXTPD = (1 +x) Y f(n)x"/n!.
n=>0

n>0

Equating coefficients of x"/n! yields
Sm+ D)= f(n)+nfn-1, n>1.

2. An explicit formula for f(n) can be obtained from e****/2) = g%¢*’/2,
Namely,

";) f(n)x"/n! = e%e**2 = (";0 %) <n;0 ; n!>

x" (2n)! x?"
- (;0 E) <§o 2"n! (2n)!>’
so that

" (n il |
Sy =2, <i>2i/2(i/2)!'

ieven

x2, . .
3. Regarded as a function of a complex variable, exp(x + %) is a nicely-
behaved entire function, so that standard techniques from the theory of asymp-
totic estimates can be used to estimate f(n). As a first approximation, it is routine
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(for someone sufficiently versed in complex variable theory) to obtain the asymp-
totic formula

f(n) ~ dl_ nn/2e—-n/2+ n—-l/4.
2

No other method of describing f(n) makes it so easy to determine these
fundamental properties. Many other properties of f(n) can also be easily obtained
from the generating function; for instance, we leave to the reader the problem of
evaluating, essentially by inspection of (10), the sum

(~1y~ <'l’ ) 1)

Therefore we are ready to accept the generating function exp(x + fzi) as a satis-
factory determination of f(n).

This completes our discussion of generating functions and more generally
the problem of giving a satisfactory description of a counting function f(n). We
now turn to the question of what is the best way to prove that a counting function
has some given description. In accordance with the principle from other branches
of mathematics that it is better to exhibit an explicit isomorphism between two
objects than merely to prove that they are isomorphic, we adopt the general
principle that it is better to exhibit an explicit one-to-one correspondence (bijec-
tion) between two finite sets than merely to prove that they have the same number
of elements. A proof that shows that a certain set S has a certain number m of
elements by constructing an explicit bijection between S and some other set that
is known to have m elements is called a combinatorial proof or bijective proof.
The precise border between combinatorial and non-combinatorial proofs is
rather hazy, and certain arguments that to an inexperienced enumerator will
appear non-combinatorial will be recognized by a more experienced counter as
combinatorial, primarily because he or she is aware of certain standard tech-
niques for converting apparently non-combinatorial arguments into combina-
torial ones. Such subtleties will not concern us here, and we now give some clear-
cut examples of the distinction between combinatorial and non-combinatorial
proofs.

i

1.1.16 Example. Let n and k be fixed positive integers. How many sequences
(X1, X5,...,X,) are there of subsets of the set [n] = {1,2,...,n} such that X; n
X,n--n X, = (? Let f(k,n) be this number. If we were not particularly in-
spired we could perhaps argue as follows. Suppose X, " X; n---n X, =T,
where|T] =i IfY;= X, — T,thenY; n---n Y,_, = O and Y; = [n] — T. Hence
there are f(k — 1,n — i) sequences (X,,...,X,-;) such that X, nX;n---n
X,_, = T. For each such sequence, X, can be any of the 2"~* subsets of [n] — T.
As is probably familiar to most readers and will be discussed later, there are
(") = n!/i!(n — i)! i-element subsets T of [n]. Hence

flk,n) = }: (’l’) 2=if(k — 1,n — i). (11)

=0
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Let F(x) = Y .50 f(k,n)x"/n!. Then (11) is equivalent to
Fi(x) = e*F,_,(2x).
Clearly F,(x) = e*. It follows easily that
F(x) = exp(x + 2x + 4x + --- + 2¥ " 1x)
= exp((2* — 1)x)
2k — 1)"x"

n>0 n!

Hence f(k,n) = (2* — 1)". This is a flagrant example of a non-combinatorial
proof. The resulting answer is extremely simple despite the contortions involved
to obtain it. In fact, (2* — 1)" is clearly the number of n-tuples (Z,,Z,,...,Z,),
where each Z; is a subset of [k] not equal to [k]. Can we find a bijection 6 between
the set S,, of all (X,,...,X,) < [n]*such that X, n---n X, = ), and the set T,
ofall(Z,,Z,,...,Z,) where [k] # Z; = [k]? Given an element (Z,,Z,,...,Z,) of
T, define (X, ..., X,) by the condition that ie X; if and only if je Z,. This is
just a precise way of saying the following: the element 1 can appear in any collec-
tion of the X;’s except all of them, so there are 2 — 1 choices for which of the X;’s
contain 1; similarly there are 2* — 1 choices for which of the X;’s contain 2,
3,..., n, so there are (2 — 1)" choices in all. We leave to the reader the (rather
dull) task of rigorously verifying that 0 is a bijection. The usual way to do this
is to construct explicitly a map ¢ : T,,, = S,, and then to show that ¢ = 67'; for
example, by showing that ¢0(X) = X and that 6 is surjective. Caveat: any proof
that 6 is bijective must not use a priori the fact that |S;,| = | T,

Not only is the above combinatorial proof much shorter than our previous
proof, but also it makes the reason for the simple answer completely transparent.
It is often the case, as occurred here, that the first proof to come to mind turns
out to be laborious and inelegant, but that the final answer suggests a simpler
combinatorial proof.

1.1.17 Example. Verify the identity

Zo (?) (n li i> B <a : b)’ (12)

where a, b, and n are nonnegative integers. A non-combinatorial proof could run
as follows. The left-hand side of (12) is the coefficient of x" in the power series
(polynomial) (} ;50 #)x)(} ;s 0 (3)x%). But by the binomial theorem,

(5))(B))-0 oo

— (1 + x)a+b

a+b\ ,
_n;0< h )x,

so the proof follows. A combinatorial proof runs as follows. The right-hand side
of (12) is the number of n-element subsets X of [a + b]. Suppose X intersects [a]
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in i elements. There are (f) choices for X n [a], and (,2;) choices for the remaining
n—ielements X n{a + l,a+2,...,a + b}. Thus there are (9)(,2;) ways that
X n [a] can have i elements, and summing over i gives the total number (*}?) of
n-element subsets of [a + b].

There are many examples in the literature of finite sets that are known to
have the same number of elements but for which no combinatorial proof of this
fact is known. Some of these will appear as exercises throughout this book.

Sets and Multisets

We have (finally!) completed our description of the solution of an enumerative
problem, and are now ready to delve into some actual problems. Let us begin
with the basic problem of counting subsets of a set. Let S = {x,,x,,...,x,}
be an n-element set, or n-set for short. Let 25 denote the set of all subsets of S,
and let {0,1}" = {(¢,&3,...,&,): & = 0 or 1}. Since there are two possible values
for each ¢;, we have #{0,1}" = 2" Define a map 6:25— {0,1}" by 6(T) =
(€15 €5,--.,¢,), Wwhere

. — 1, ifx;eT
0, ifxéT.

For example, if n = 5 and T= {x,,x,,Xs}, then §(T) = (0,1,0,1,1). It is easily
seen that 6 is a bijection, so that we have given a combinatorial proof that
#25 = 2". Of course there are many alternative proofs of this simple result, and
many of these proofs could be regarded as combinatorial.

Now define (§) (sometimes denoted S® or otherwise) to be the set of all
k-element subsets (or k-subsets) of S, and define (}) = #(5) (ignore our previous
use of the symbol (3)). We count in two ways the number N(n, k) of ways of
choosing a k-subset T of S and then linearly ordering the elements of T. We can
pick T in (;) ways, then pick an element of T in k ways to be first in the ordering,
then pick another element in kK — 1 ways to be second, and so on. Thus

N(n,k) = <Z>k!.

On the other hand, we could pick any element of S in n ways to be first in the
ordering, any remaining element in n — 1 ways to be second, and so on, down
to any remaining element in n — k + 1 ways to be k-th. Thus

Nnk)=nn—1)---(n—k + 1)
We have therefore given a combinatorial proof that

(Z)k! —n(n—1)(n—k + 1),

and hence that

(:)=n(n— 1)---(n — k + 1)/k!. (13)
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Note that (13) can be used to define (}) for any complex number n, provided that
keN, as was done in Example 1.1.10. The expression n(n — 1)---(n — k + 1) is
read “n lower factorial k” and is denoted (n),. The binomial coefficient (}) is read
“n choose k.”

A generating function approach to binomial coefficients can be given as
follows. Regard x,, ..., x, as independent indeterminates. It is an immediate

consequence of the process of multiplication (one could also give a rigorous proof
by induction) that

I+x)A+x)(1+x,)=Y [] x

TES x;eT

If we put each x; = x, we obtain

n
(1+x)n=z Hx=zx|T|=Z<)xk’
TES x;€T TES k>0 k
since the term x* appears exactly (7) times in the sum Y rcsx/7\. This is an in-
stance of the simple but useful observation that if & is a collection of finite sets
such that & contains exactly f(n) sets with n elements, then

Y =Y f(n)xn

Se¥ n>0

Somewhat more generally, if g: N — C is any function, then

Y g(IS)x'S = Y g(n)f(n)x".
Se¥ n>0

Various identities involving binomial coefficients follow easily from the
identity (1 + x)" = Y450 (})x* and the reader will find it instructive to find
combinatorial proofs of them. For instance, put x = 1 to obtain 2" =, o ();
put x = —1to obtain 0 = Y ;5 o (— 1)*(}) if n > 0; differentiate and put x = 1 to
obtain n2"™! =Y, o k(}), and so on.

There is a close connection between subsets of a set and compositions of an
integer. A composition of n is an expression of n as an ordered sum of positive
integers. For instance, there are eight compositions of 4; namely,

1+14+1+1 3+1

24141 1+3
14+2+1 242
1+1+2 4

If exactly k summands appear in a composition g, we say that ¢ has k parts, and
we call g a k-composition. If a, + a, + -** + a, is a k-composition ¢ of n, define
a (k — 1)-subset 6(o) of [n — 1] by

9(0') = {al,al + as,...,a, + a, + -+ ak—l}‘

This gives a bijection between all k-compositions of n and (k — 1)-subsets of
[n — 1]. Hence there are (Z}) k-compositions of n and 2"~! compositions of n.
The bijection 6 is often represented schematically by drawing n dots in a row
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and drawing k — 1 vertical bars between the n — 1 spaces separating the dots.
This divides the dots into k linearly ordered “compartments” whose number of
elements is a k-composition of n. For instance, the compartments

.|. .|.|.|. . .|. .

correspond to the composition 1 +2 + 1 + 1 + 3 + 2.

A problem closely related to compositions is that of counting the number
N(n, k) of solutions to x; + x, + *** + X, = n in nonnegative integers. Such a
solution is called a weak composition of n into k parts, or a weak k-composition
of n. (A solution in positive integers is simply a k-composition of n.) If we
put y; = x; + 1, then N(n, k) is the number of solutions in positive integers to
Y1+ Yy, + -+ y.=n+k, that is, the number of k-compositions of n + k.
Hence N(n, k) = (";*7'). By a similar trick, which we leave to the reader, the
number of solutions to x; + x, + - + x, < nin nonnegative integers is (";*).

A k-subset T of an n-set S is sometimes called a k-combination of S without
repetitions. This suggests the problem of counting the number of k-combinations
of S with repetitions; that is, we choose k elements of S, disregarding order and
allowing repeated elements. Call this number ((;)). For instance, ((3)) = 6. If
S ={1,2,3}, then the appropriate combinations are 11, 22, 33, 12, 13, and 23.
An equivalent but more precise treatment of combinations with repetitions can
be made by introducing the concept of a multiset. Intuitively, a multiset is a
set with repeated elements; for instance, {1,1,2,5,5,5}. More precisely, a finite
multiset M on a set S is a function v:S — N such that ) . ¢v(x) < co. One
regards v(x) as the number of repetitions of x. The integer Y , . s v(x) is called the
cardinality or number of elements of M and is denoted | M|, # M, or card M. If
S ={x,,...,x,} and v(x;) = a;, then we write M = {x{',..., x2=}. The set of all
k-multisets on S is denoted ((3)). If M’ is another multiset on S corresponding to
v : S = N, then we say that M’ is a submultiset of M if v'(x) < v(x) for all xeS.
The number of submultisets of M is [[,.s(v(x) + 1), since for each xe S there
are v(x) + 1 possible values of v'(x). It is now clear that a k-combination of §
with repetition is simply a multiset on S with k elements.

Although the reader may be unaware of it, we have already evaluated the
number ((3)). If S = {y,,..., y.} and we set x; = v(y;), then we see that ((})) is the
number of solutions in nonnegative integers to x, + x, + **- + x, = k, which we
have seen is ("t¥7!) = ("*%~1). A direct combinatorial proof that ((})) = ("*k7!) is
asfollows. Letl1 <a, <a,<--<a,<n+ k—1beak-subsetof [n + k — 1].
Letb; = a; — i + 1. Then {b,,b,,..., b} is a k-multiset on [n]. Conversely, given
a k-multiset 1 < b, < b, <--- < b, < non [n], then defining a; = b; + i — 1 we
see that {a,,a,,...,a,} is a k-subset of [n + k — 1]. Hence we have defined a
bijection between (('))) and ("*% 1)), as desired.

The generating function approach to multisets is instructive. In exact analogy
to our treatment of subsets of a set § = {x,,...,x,}, we have

(+x,+x3+ )0 +x,+x3+ ) (1 +x,+x7+)

- 3 Tx™

viS—N x;e8

Put each x; = x. Then




16

Chapter 1 What Is Enumerative Combinatorics?

(1 + X + xl + _,,)n — va(x1)+-...+v(x")

= 3 xM

MonS

-2 ()

But (1 + x + x* + ) = (1 = x)7" =3 5 o (W)= Dx* 50 (7)) = (= (" =
("*¥1). The elegant formula ((})) = (— 1)%(3") is no accident; it is the simplest
instance of a combinatorial reciprocity theorem. A general theory of such results
will be given in Chapter 4.

The binomial coefficient (§) may be interpreted in the following manner.
Each element of an n-set S is placed into one of two categories, with k elements
in Category 1 and n — k elements in Category 2. (The elements of Category 1
define a k-subset T.) This suggests a generalization allowing more than two
categories. Let (a,,a,, ..., a,,) be a sequence of nonnegative integers summing to
n, and suppose that we have m categories C,, ..., C,. Let (,, ,," ..., ) denote the
number of ways of assigning each element of an n-set S to one of the categories
Cy, ..., C, so that exactly a; elements are assigned to C;. The notation is
somewhat at variance with the notation for binomial coefficients (the case m = 2),
but no confusion should result when we write (3) instead of (; ,—;). The number
(a,,ap....a,,) 18 called a multinomial coefficient. It is customary to regard the
elements of S as being n distinguishable balls and the categories as being m
distinguishable boxes. Then (,, ,,”. . ,.) is the number of ways to place the balls
into the boxes such that the i-th box contains a; balls.

The multinomial coefficient can also be interpreted in terms of “permuta-
tions of a multiset.” If S is an n-set, then a permutation n of S can be defined as
alinear ordering x,, X, . .., x, of the elements of S. Think of 7 as a word x, x, - - x,,
in the alphabet S. If S = {y,,y,,...,¥,}, then such a word corresponds to the
bijection ©: S — S given by 7n(y;) = x;, so that a permutation of § may also be
regarded as a bijection S — S. We write S(S) for the set of all permutations of
S.If S = [n] then we write S, for S(S). Since we choose x, in n ways, then x, in
n — 1 ways, and so on, we clearly have |S(S)| = n!. In an analogous manner we
can define a permutation 7 of a multiset M of cardinality n to be a linear ordering
Xy, X3, - -+, X, Of the “elements” of M; that is, if M corresponds to v:S — N then
the element x €S appears exactly v(x) times in the permutation. Again we can
think of = as a word x,x,---x,. For instance, there are 12 permutations of
the multiset {1, 1,2, 3}; namely, 1123, 1132, 1213, 1312, 1231, 1321, 2113, 3112,
2131, 3121, 2311, 3211. Let &(M) denote the set of all permutations of M. If
M = {y{,,...,y2} and |M| = n, then it is clear that

n
|G(M)|I=< )
a,,a;,...,0,

Indeed, if y; appears in position j of the permutation, then we put the element j
of [n] into Category i. .
Our results on binomial coefficients extend straightforwardly to multi-
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nomial coefficients. We leave to the reader the task of showing that

n
( >=n!/a1!a2!---a,,,!
a;,0a,,...,0,

and that (,, ,,". ., ) is the coefficient of x{'x5* - x& in (x; + x, + - + X)".
1) = n!, the number of permutations of an n-element set.

Permutation Statistics

Permutations of sets and multisets are among the richest objects in enumerative
combinatorics. A basic reason for this is the wide variety of ways to represent a
permutation combinatorially. We have already seen that we can represent a set
permutation as either a word or a function. In particular, the function = : [n] — [n]
given by n(i) = a; corresponds to the word a,a,---a,. Some additional repre-
sentations will arise in this section. Many of the basic results derived here will
play an important role in later analysis of more complicated objects related to
permutations.

Cycle Structure

If first we regard a set permutation 7 as a bijection n: S — S, then it is natural
to consider for each x € S the sequence x, n(x), n*(x), ... . Eventually (since = is
a bijection and S is assumed finite) we must return to x. Thus for some unique
¢ > 1 we have that n’(x) = x and that the elements x, n(x), ..., n’~!(x) are
distinct. We call the sequence (x, 7(x),...,n° "' (x)) a cycle of @ of length #. The
cycles (x, 7(x),...,n’ "1(x)) and (z'(x), t**1(x), ..., n’ "} (x), X, ..., ®' " (x)) are con-
sidered equivalent. Every element of S then appears in a unique cycle of #, and
we may regard = as a disjoint union or product of its distinct cycles C,, ..., C,,
writtenn = C, --- C,. Forinstance, if n : [7] — [7] is defined by n(1) = 4, #(2) = 2,
n(3) =7,7n(4) = 1,n(5) = 3, n(6) = 6, n(7) = 5,then = = (14)(2)(375)(6). Of course
this representation of = in disjoint cycle notation is not unique; we also have
n = (753)(14)(6)(2), for example. We can define a standard representation by
requiring that (a) each cycle is written with its largest element first, and (b) the
cycles are written in increasing order of their largest element. Thus the standard
form of the permutation = above is (2)(41)(6)(753). Define 7 to be the word (or
permutation) obtained from = by writing it in standard form and erasing the
parentheses. For example, with © = (2)(41)(6)(753) we have # = 2416753. Now
observe that we can uniquely recover n from # by inserting a left parenthesis in
# = a,a, " a, preceding every left-to-right maximum; that is, an element a; such
that a; > g; for every j < i. Then insert a right parenthesis where appropriate;
that is, before every internal left parenthesis and at the end. Thus the map
n —7# is a bijection from S, to itself. Let us sum up this information as a
proposition.
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1.3.1 Proposition. The map S, > &, defined above is a bijection. If 1€ S, has
k cycles, then 7 has k left-to-right maxima. a

If e S(S) where |S| = n, then let ¢; = c(n) be the number of cycles of
n of length i. Note that n =) ic;,. Define the type of n, denoted type =, to be
the sequence (c,,...,c,). The total numbert of cycles of n is denoted c(x), so
c(m) =cy(n) + - + c,(n).

1.3.2 Proposition. The number of me &S(S) of type (c,,...,c,) is equal to
n!/1¢¢,12¢,!---nc,!.

Proof. Letn =a,a,---a,be any permutation of S. Parenthesize the word 7 so
that the first ¢, cycles have length 1, the next ¢, have length 2, and so on. This
yields the disjoint cycle decomposition of a permutation ' of type(c,, ..., c,) and
hence defines a map @ : S(S) — S,(S), where S¢(S) is the set of all 6 € S(S) of type
¢ =(cy,...,c,). Given g€ &(S), we claim there are 1°:¢,!2%c,! - n‘c,! ways to
write it in disjoint cycle notation so that the cycle lengths are non-decreasing
from left to right. Namely, order the cycles of length i in ¢;! ways, and choose the
first element of each of these cycles in i ways. These choices are all indepen-
dent, so the claim is proved. Hence for each o€ S (S) we have |® (o) =
1€¢,12%¢,! - - - n"c,!, and the proof follows since |&(S)| = n!. 0

Define c(n, k) to be the number of = € S, with exactly k cycles. The number
s(n, k) := (—1)""*c(n, k) is known as a Stirling number of the first kind, and c(n, k)
is called a signless Stirling number of the first kind.

1.3.3 Lemma. The numbers c(n, k) satisfy the recurrence
cmk)=m—cn— L,k)+cn—1,k—1), nk>1,

with the initial conditions c¢(n,k) = 0 if n < 0 or k < 0, except ¢(0,0) = 1.

Proof. Choose a permutation ne S,_, with k cycles. We can insert the symbol
n after any of the numbers 1, 2, ..., n — 1 in the disjoint cycle decomposition of
n in n — 1 ways, yielding the disjoint cycle decomposition of a permutation
n’' € S, with k cycles for which n appears in a cycle of length >2. Hence there are
(n — Dc(n — 1, k) permutations n’ € S, with k cycles for which n'(n) # n.

On the other hand, if we choose a permutation ne S,_; with k — 1 cycles
we can extend it to a permutation n' € S, with k cycles satisfying n'(n) = n by
defining

(i) = {n(i), ifie[n—1]

n, ifi=n.

Thus there are c(n — 1,k — 1) permutations n' € S, with k cycles for which
7'(n) = n, and the proof follows. a

Most of the elementary properties of the numbers c(n, k) can be established
using Lemma 1.3.3 together with mathematical induction. However, combina-
torial proofs are to be preferred whenever possible. An illuminating illustration
of the various techniques available to prove elementary combinatorial identities
is provided by the next result.
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1.3.4 Proposition. Let x be an indeterminate, and fix n > 0. Then

i‘_oc(n,k)x"=x(x+ Dx+2)(x+n—1). (14)

First Proof. This proof may be regarded as “semi-combinatorial” since it is
based directly on Lemma 1.3.3, which had a combinatorial proof. Let F,(x) :=
x(x + 1) (x + n—1) =Y 3_ob(n k)x*. Clearly b(0,0) =1 (a void product is
equal to one), and b(n,k) = 0if n < 0 or k < 0. Moreover, since

Fy(x) =(x+n— 1)F,_,(x)
= 5’: b(n — L,k — )x* + (n — l)ni:l b(n — 1, k)x*,
k=1 k=0

there follows b(n,k) = (n — 1)b(n — 1,k) + b(n — 1,k — 1). Hence b(n, k) satisfies
the same recurrence and initial conditions as c(n, k), so they agree. a

Second Proof. The coefficient of x* in F,(x) is

a,8a;" " Gy (15)
1<a;<a;<--*<a,_<n—1
where the sum is over all (;Z;) (n — k)-subsets {a,,...,a,_,} of [n — 1]. Clearly
(15) counts the number of pairs (S, f), where Se(%-}) and f:S - [n— 1]
satisfies f(i) < i. Thus we seek a bijection ¢:Q — S, between the set Q of all
such pairs (S, f), and the set S, of € S, with k cycles.

Given (S, f)eQ where S = {a,,...,a,_,}. = [n — 1], define T = {je[n]:
n—j &S} Letthe elementsof [n] — T be b, > b, > --- > b;. Define nr = ¢(S, f)
to be that permutation that when written in standard form satisfies: (i) the first
(=greatest) elements of the cycles of n-are-the elementsof T, and (ii) for ie[n —k],
the number of elements of = preceding b; and larger than b; is f(a;). We leave it
to the reader to verify that this yields the desired bijection. a

1.3.5 Example. Suppose n=9, k=4, S={1,3,4,6,8}, f(1)=1, f(3)=2,
f@) =1, f(6)=3, f(8) =6. Then T = {2,4,7,9}, [9] — T = {1,3,5,6,8}, and
n = (2)(4)(753)(9168).

Third Proof of Proposition 1.3.4. There are two basic ways of giving a combi-
natorial proof that two polynomials are equal: (1) showing that their coefficients
are equal, and (2) showing that they agree for sufficiently many values of their
variable(s). We have already established Proposition 1.3.4 by the first technique;
here we apply the second. If two polynomials in a single variable x (over the
complex numbers, say) agree for all x € P, then they agree as polynomials. Thus
it sufficies to establish (14) for all xe P.

Let xe P and let C(n) denote the set of cycles of e &,. The left-hand side
of (14) counts all pairs (=, f), where € S, and f: C(n) — [x]. The right-hand side
counts integer sequences (a,,da,,...,a,) where 0 < a; < x+ n — i. (There are
historical reasons for this restriction on a;, rather than,say, 1 <a,<x+i— 1))
Given such a sequence (a,,4d,,...,a,), the following simple algorithm may be used
to define (m, f). First write down the number n and regard it as starting a cycle
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C,ofn. Let f(C,) =a, + 1. Assumingn,n — 1,...,n — i + 1 have been inserted
into the disjoint cycle notation for , we now have two possibilities:

i. 0 <a,_; < x— 1. Then start a new cycle C; with the element n — i to the left
of the previously inserted elements, and set f (C)=a,; + 1.

ii. g, ;=x + kwhere0 < k <i— 1. Then insert n — i into an old cycle so that
it is not the leftmost element of any cycle, and so that it appears to the right
of k + 1 of the numbers previously inserted.

This establishes the desired bijection. 0

1.3.6 Example. Suppose n =9, x = 4, and (a,,...,a9) =(4,8,5,0,7,5,2,4,1).
Then = is built up as follows:

©)

(98)

(1(98)

(7)(968)
(7)(9685)
(4)(7)(9685)
(4)(73)(9685)
(4)(73)(96285)
(41)(73)(96285)

Moreover, f(96285) = 2, f(73) = 3, f(41) = 1.
Note that if we let x = 1 in the preceding proof, we obtain a combinatorial
proof of the following result.

1.3.7 Proposition. Letn, ke P. The number of integer sequences (a, .. ., a,)such
that 0 < a; < n — i and exactly k values of g, equal 0 is c(n, k). O

Note that because of Proposition 1.3.1, we obtain “for free” the enumeration
of permutations by left-to-right maxima.

1.3.8 Corollary. The number of ne S, with k left-to-right maxima is ¢(n, k). O

Corollary 1.3.8 illustrates one benefit of having different ways of represent-
ing the same object (here a permutation)—different enumerative problems in-
volving the object turn out to be equivalent.

Inversions

The proof of Proposition 1.3.7 (in the case x = 1) associated a permutation

ne S, with an integer sequence (a,,...,a,), 0 < a; < n — i. There is a different
method for accomplishing this that is perhaps more natural. Given such a vector
(a;,...,a,),assumethatn,n — 1,... n— i+ 1 have beeninserted into 7, expressed

this time as a word (rather than a product of cycles). Then insert n — i so that it
has a,_; elements to its left. For example, if (a,,...,a5) = (1,5,2,0,4,2,0,1,0),
then n is built up as follows:
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9

98

798

7968
79685
479685
4739685
47396285
417396285

Clearly g, is the number of entries j of 7 to the left of i satisfying j > i. A pair
(bi, b;) is called an inversion of the permutation 7 = byb,---b,ifi <jand b, > b;.
The above sequence I(n) = (ay,...,a,)is called the inversion table of x. The above
algorithm for constructing n from its inversion table I (r) establishes the following
result.

13.9 Proposition. LetJ, = {(a,...,a,) : 0<a <n—i} =[0,n—1] x
[0,n — 2] x --- x [0,0]. The map I : §, — 7, that sends each permutation to its
inversion table is a bijection. a

Therefore, the inversion table I(n) is yet another way to represent a per-
mutation =.

1.3.10 Corollary. Let i(n) denote the number of inversions of the permutation
neS,. Then

2 4=+ +q+q) (L +q+q*++g"")

Proof. 1If I(n) = (a,,...,a,) theni(nr) =a, + --* + a,. Hence

Z i(m) — v > a;+-.-+a,
ad®=3% Y ) q

neS, a;=0a,=0 a,=0

-(E)(Er)-(5)

as desired. ' O

Descents

In addition to cycle structure and inversion table, there is one other fundamental
statistic associated with a permutation ne S,. If 1 = a,a,"--a,, then define the
descent set

D(n) = {ila; > a;,,}-

(Sometimes it is desirable to define ne D(n), but for definiteness we will adhere
to the above definition, so that n¢ D(n).) If S = [n — 1], then denote by «(S) (or
a,(S) if necessary) the number of permutations ne &, whose descent set is
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contained in S, and by f(S) (or f,(S)) the number whose descent set is equal to
S. In symbols,

a(S) = card{ne S,: D(n) < S}
B(S) = card{ne &, : D(n) = S.
Clearly
2(S) =Y B(T). (16)

T<S

1.3.11 Proposition. Let S = {s,,...,5,}. < [n — 1]. Then

n
oz(S)=( .
51,52—51,53—52,...,n—8k

Proof. To obtain a permutation n = a,a, - a,e S, satisfying D(n) < S, first
choose a, <a, < - < as, in () ways. Then choose A5 41 <542 < "< ag in
(5,5 ) ways, and so on. From this we obtain

(G0 6
$1)\82— 5, /\s5 — s, n—s,
_ n
$1583 = S1ye,n — 5 )°

as desired. O

In later chapters we will use equation (16) and Proposition 1.3.11 to obtain
formulas and other information concerning 3(S). Here we will content ourselves
with a few additional definitions based on the descent set. The number of descents
|D(m)| of n is denoted d(n), and the polynomial

AH(X) — Z xl+d(7r)

neC,

is called an Eulerian polynomial. The coefficient of x* in A,(x) is denoted A(n, k)
and 1s called an Eulerian number. Thus

A(n, k) =card{ne S, :d(n) =k — 1}.
The first few Eulerian polynomials are
Ai(x)=x
Ay(x) = x + x?
Aj(x) = x + 4x? + x3
Agx) = x4+ 11x2 + 11x3 + x*
As(x) = x + 26x? + 66x> + 26x* + x°
Ae(x) = x + 57x? + 302x> + 302x* + 57x% + x©
A(x) = x + 120x2 + 1191x> + 2416x* + 1191x° + 120x° + x’
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Ag(x) = x + 247x* + 4293x> + 15619x* + 15619x° + 4293x°
+ 247x7 + x8.

The bijection n+> 7 of Proposition 1.3.1 yields an interesting alternative
description of the Eulerian numbers. Suppose that

m=(aydy a0 @, 105,427 00,) (@ 11, 4200 a,)

is a permutation written in standard form. Thus a,, i, +15 ---5 G;,_,+1 are the
largest elements of their cycles, and a; < g; 4, < - < a; ,+1- It follows that if
n(a;) # a;41, then a; < a;,,. Hence a; < a;4, or i = n if and only if n(q;) > a;, so
that

n—dt)= #{ie[n] (@) > i}

A number i for which 7(i) > i is called a weak excedance of n, while a number i
for which n(i) > iis called an excedance of n. One easily sees that a permutation
T = a,a, ' -a, has k weak excedances if and only if the permutation b,;b,- b,

defined by b; =n + 1 — a,,,_; has n — k excedances. Moreover,t hasn — 1 —j
descents if and only if a,a,_, - - - a, has j descents. There follows:

1.3.12 Proposition. The number of permutations ne &, with k excedances, as
well as the number with k + 1 weak excedances, is equal to the Eulerian number
A(n k + 1). O

A further useful statistic associated with the descent set D(n) is the greater
index of © (also called the major index and denoted MAJ(n)), denoted i(n) and
defined to be the sum of the elements of D(n). In Corollary 4.5.9 we will prove
the remarkable result that i and : have the same distribution; that is, for any k,
card{ne S,:i(n) = k} = card{ne S, :1(n) = k}.

Two Tree Representations

We have seen how permutations can be represented as words, functions, and
sequences. It is also possible to represent permutations geometrically and to use
geometric reasoning to obtain information on permutations. We will give here
two ways to represent a permutation © as a tree T, and will discuss how the
structure of T interacts with the combinatorial properties of x.

Let n = a,a,--a, be any word on the alphabet P with no repeated letters.
Define a binary tree T(n) as follows. If n = @, then T(n) = @. If & # @, then
let i be the least element (letter) of n. Thus 7 can be factored uniquely in the form

= git. Now let i be the root of T(n), and let T(¢) and T(t) be the left and right
subtrees obtained by removing i (Figure 1-1.). This yields an inductive definition
of T(n). The left successor of a vertex j is the least element k to the left of jin =
such that all elements of = between k and j (inclusive) are >j; and similarly for
the right successor.
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T (o)

T (m)
Figure 1-1 Figure 1-2

1.3.13 Example. Let n = 57316284. Then T(rn) is given by Figure 1-2.

The correspondence n+ T(n)is a bijection between &, and increasing binary
trees on n vertices; that is, binary trees with n vertices labeled 1, 2, ..., n such that
the labels along any path from the root are increasing. Let 7 = a,4a, - a,€ S,.
Define the element a; of  to be

arise, ifa,_; <a;<a;y,

a fall, ifa,_y >a;>a;4,

a peak, ifa;,_ <a,>a;y,
avalley, ifa,_, >a;<a;.,

where we set a, = a,,, = 0. It is easily seen that the property listed below of the
element i of @ corresponds to the given property of the vertex i of T(n).

Vertex i of T(n)
has precisely the
Element i of successors below

rise right

fall left

valley left and right
peak none

From this discussion of the bijection n+> T(n), an enormous number of
otherwise mysterious properties of increasing binary trees can be trivially de-
duced. The following proposition gives a sample of such results.

1.3.14 Proposition.

1. The number of increasing binary trees with n vertices is n!.
2. The number of such trees for which exactly k vertices have left successors is
the Eulerian number A(n,k + 1).

3. The number of such trees with k endpoints is equal to the number for which
k vertices have two successors.

4. The number of complete (i.e., every vertex is either an endpoint or has two
successors) increasing binary trees with 2n + 1 vertices is equal to the number
of alternating permutations
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al >a2<a3>a4<”'<a2n+l

in &,,,,. (Later we will have much more to say about alternating permuta-
tions.) a

Let us now consider a second way to represent a permutation by a tree.
Given n = a;a," - a,e&,, construct an (unordered) tree T'(r) with vertices 0,
1,..., n by defining vertex i to be the successor of the rightmost element j of ©
which precedes i and which is less than i. If there is no such element j. then let i
be the successor of the root 0.

1.3.15 Example. Let n = 57316284. Then T'(n) is given by Figure 1-3.

Figure 1-3

The correspondence n+— T'(m) is a bijection between &, and increasing trees
onn + 1 vertices. It is easily seen that the successors of O are just the left-to-right
minima of n (i.€., elements a; such that a; < a;for every j < i, where n = a, - a,).
Moreover, the endpoints of T'(rn) are just the elements a; for which ie D(n) or
i = n. Thus in analogy to Proposition 1.3.14 (using Proposition 1.3.1 and the
obvious symmetry between left-to-right maxima and left-to-right minima) there
follows:

1.3.16 Proposition.

1. The number of unoriented increasing trees on n + 1 vertices is n!.

2. The number of such trees for which the root has k successors is the signless
Stirling number c¢(n, k).

3. The number of such trees with k endpoints is the Eulerian number A(n, k). O

Permutations of Multisets

Much of what we have done in this section concerning permutations of sets can
be generalized to multisets. For instance, there is a beautiful theory of cycle
decomposition for permutations of multisets. Here, however, we will only discuss
those topics that will be of use to us later.

First, it is clear that we can define the descent set D(x) of a permutation n
of a multiset M exactly as we did for sets. Namely, if n = a,4a,--a,, then

D(n) = {i:a; > a;4,}-
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Thus we also have the concept of «(S) and S(S) for a multiset, as well as the
number d(r) of descents, the greater index 1 (n), the multiset Eulerian polynomial

Ayx)= > xtr@
ne S(M)

b

and so on. In Chapter 4 we will consider a vast generalization of these concepts.
Note for now that there is no obvious analogue of Proposition 1.3.11—that is,
an explicit formula for the number of e S(M) with descent set contained in S.

Clearly we can also define an inversion of 1 = b, b,--b,€ S(M) as a pair
(bi»b;) with i < j and b; > b;, and as before we define i(n) to be the number of
inversions of n. We wish to generalize Corollary 1.3.10 to multisets. To do so we
need a fundamental definition. If (a,,...,a,,) is a sequence of nonnegative integers
summing to n, then define the g-multinomial coefficient

n _ (n)! B
a,...,a,) (a) ()

where (k)! = (1)(2)--(k) and ()=1+qg+q¢*+ -+ g’ ' It follows that
(a,,.,,a,) is a rational function of g which, when evaluated at g = 1, becomes the

.....

-----

(%) for (. —x) (exactly in analogy with the notation (;) for binomial coefficients).
The expression (} ) is called a g-binomial coefficient (or Gaussian polynomial). Tt
is straightforward to verify that

(o) =)o) ()

and

<:):(n;1)+q"_"(:::)- (17b)

From these equations and the “initial conditions” (§) = 1 it follows by induction

.....

1.3.17 Proposition. Let M = {1*,... m®} be a multiset of cardinality n =
a, + -+ a,. Then

. 1n
i = . 18)
q (
neé:(M) (319---aam>

First Proof. Denote the left-hand side of (18) by P(a,,...,a,) and write
Q(n, k) = P(k,n — k). Clearly Q(n,0) = 1. Hence in view of (17a, b) it suffices to
show that

P(a,,...,a,) = Q(n,ay)P(a,,as,...,a,), (19a)
Qn,k) = Q(n — 1,k) + ¢"*Q(n — Lk — 1). (19b)
If me ©(M), then let ' be the permutation of M’ = {22,...,m“" | obtained




1.3 Permutation Statistics 27

by removing the I's from 7, and let 7" be the permutation of M” = {1, 2n~a1}
obtained from 7n by changing every element >2 to 2. Clearly 7 is uniquely
determined by 7’ and n”, and i(n) = i(n") + i(n”). Hence

P(ay,....an)= Y Y gimrie)
e SM’) n"eS(M”)

= Q(n,a,)P(a,,as,...,a,),

which is (19a).

Now M = {1%2"7*}. Let S,(M)(1 < i < 2) consist of those = € S(M) whose
last element is i, and let M; = {1*71,2" 7%} M, = {1*, 2" % '} If e S, (M) and
n =gl, then e &(M,) and i(n) = n — k + i(o). If n€e S,(M) and = = 12, then
1€ S(M,) and i(n) = i(r). Hence

Q. k)= 3 ¢+ 3 q'

geM) TEM)
=q"*Qn —1,k— 1)+ Q(n — 1,k),
which is (19b). a

Second Proof. Define a map
¢ . 6M)xG, x---xG, —G,
(”07 Ty, -~"7Tm) =7

by converting the g; i’s in n, to the numbers a; + - +a;,_; + 1, a, + - +
a_y+2,...,a, + " +a_, +a, in the order specified by n;. For instance
(21331223,21,231,312)+42861537. We have converted 11 to 21 (preserving the
relative order of the terms of m; = 21), 222 to 453 (preserving the order 231), and
333 to 867 (preserving 312). It is easily verified that ¢ is a bijection, and that

i(m) =i(me) +i0r)+ -+ +i(Ty).
By Corollary 1.3.10 we conclude

( > q"‘”)) (a)!- - (am)! = (m)!
neB(M)
and the proof follows. a

The first proof of Proposition 1.3.17 can be classified as “semi-
combinatorial.” We did not give a direct proof of (18) itself, but rather of the two
recurrences (19). At this stage it would be difficult to give a direct combinatorial
proof of (18) since there is no “obvious” combinatorial interpretation of the
coefficients of (,,,." a1 ) nor of the value of this polynomial at ge N. Thus we
will now discuss the problem of giving a combinatorial interpretation of (i) for
certain ge N, which will lead to a combinatorial proof of (18) when m = 2.
Combined with our proof of (19a) this yields a combinatorial proof of (18) in
general. The reader unfamiliar with finite fields may skip the rest of this section,
except for the brief discussion of partitions.

Let g be a prime power, and denote by F, a finite field with g elements (all
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such fields are of course isomorphic) and by V,(q) the n-dimensional vector space
Fp = {(ey,...,a,) o€ F .

1.3.18 Proposition. The number of k-dimensional subspaces of V,(q) is (}).

Proof. Denote the number in question by G(n, k), and let N = N(n, k) equal the
number of ordered k-tuples (v,,...,v,) of linearly independent vectors in V,(q).
We may choose v, in g" — 1 ways, then v, in g" — g ways, and so on, yielding

N=(q"—-1)(q"-q (g —q") (20)

On the other hand, we may choose (v,,...,v,) by first choosing a k-dimensional
subspace W of V,(q) in G(n, k) ways, and then choosing v, € W in ¢* — 1 ways,
v,€ Win g* — q ways, and so on. Hence

N =G k) (g" — D" —g)---(¢* — ¢*). (1)
Comparing (20) and (21) yields

- 1g"—q) (" —q*")
-Dg*—q)--(¢* - q*)

_ (n)! _(nm
~ i~ (1) ’

Now define a partition of neN to be a sequence A = (4,,...,4)€N* such
that) A, =nand 4, > --- > A,. We regard two partitions as identical if they differ
only in the number of terminal 0’s; for example, (3,3,2,1) = (3,3,2,1,0,0). We
may also informally regard a partition 4 = (4,,...,4,) (say with 4, > 0) as a way
of writing n as a sum 2, + --- + 4, of positive integers, disregarding the order of
the summands (since there is a unique way of writing the summands in non-
increasing order, where we don’t distinguish between equal summands). Com-
pare with the definition of a composition of n, in which the order of the parts is
essential. If 4 is a partition of n we write A — n or |4| = n. The non-zero terms /;
are called the parts of A and we say that A has k parts where k = # {i: 1, > 0}.
If the partition A has «; parts equal to i, then we write 4 = (1%,2%,...% where
terms with o; = 0 and the superscript o; = 1 may be omitted. For instance,

(4,4,2,2,2,1) = €1%,2°,3%,4%} = (1,2%,4%) -~ 15.

G(n,k) =

We also write p(n) for the total number of partitions of n, p,(n) for the number
of partitions of n with exactly k parts, and p(j, k,n) for the number of partitions
of n into at most k parts, with largest part <j. For instance, there are seven
partitionsof 5, givenby 1 + 1 + 1 + 1 + 1,2+ 1+ 1 + 1,3+ 1+ 1,24+ 241,
4+41,342,5,50 pi(5) = 1, p2(5) = 2, p3(5) = 2, ps(5) = 1, ps(5) = 1, p(3,3,5) =
3, and so on. By convention we agree that py(0) = p(0) = 1. Note that p,(n) = 1,
Po-1(n) =1ifn > 1, p;(n) = 1, p,(n) = | n/2]. Itis easy to verify the recurrence

pi(n) = py_y(n — 1) + p,(n — k),

which provides a convenient method for making a table of the numbers p,(n) for
n, k small.
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If (A1,..., ) n, then draw a left-justified array of n dots with 1, dots in
the i-th row. This array is called the Ferrers diagram or Ferrers graph of 1. For
instance, the Ferrers diagram of the partition 4 + 3 + 1 + 1 + 1 is given by
Figure 1-4. If we replace the dots by juxtaposed squares, then we call the resulting
diagram the Young diagram of A. For instance, the Young diagram of 4 + 3 +
I +1 + 1is given by Figure 1-5. We will have more to say about partitions in
the next section and in various places throughout this book. However, we will
not attempt a systematic investigation of this enormous and fascinating subject.

The next result shows the relevance of partitions to the g-binomial
coefficients.

1.3.19 Proposition. Fix j, ke N. Then

) . i+k
Y. p(j.k,n)g ==< . )
n=>0 J

Proof. While it is not difficult to give a proof by induction using (17b), we
prefer a direct combinatorial proof based on Proposition 1.3.18. To this end, let
m = j + k and recall from linear algebra that any k-dimensional subspace of
V..(q) (or of the m-dimensional vector space F™ over any field F) has a unique

ordered basis (v,,..., v,) for which the matrix
Uy
M=|: (22)
Uk

is in row-reduced echelon form. This means: (a) the first non-zero entry of each v;
is a 1; (b) the first non-zero entry of v;,, appears in a column to the right of the
first non-zero entry of v;, 1 <i < k — 1;and (c) in the column containing the first
non-zero entry of v;, all other entries are 0.

Now suppose we are given an integer sequence 1 < a; <a, < - < g, <m,
and consider all row-reduced echelon matrices (22) over F, for which the first
non-zero entry of v; occurs in the a;-th position. For instance, if m =7, k = 4,
(a,,...,ay) =(1,3,4,6), then M has the form

I * 0 0 % 0 =
0 01 0 = 0 =
0 0 01 *x 0 =
0 0 00 0 1 =
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where a * denotes an arbitrary entry of F,. The number 4; of %’s in row i is
Jj — a; +i,and the sequence A = (4,, 4,,...,4,) defines a partition of some integer
n= }:2,- into <k parts, with largest part <j. The total number of matrices (22)
with a,, ..., a, specified as above is ¢"*. Conversely, given any partition / into
<k parts with largest part <j, we can define a, = j — A; + i, and there exists
exactly ¢ row-reduced matrices (22) with a,, ..., a, having their meaning above.

Since the number of row-reduced echelon matrices (22) is equal to the
number (1¥) of k-dimensional subspaces of [}, we get

itk ‘ .
< k ): 2 %=} p(j.kng". O
Sk;urls n=0

largest part <j

For readers familiar with this area, let us remark that the proof of Proposi-
tion 1.3.19 essentially constructs the well-known cellular decomposition of the
Grassmann variety G,,,..

3 4 4 5 6
Figure 1-6
The partitions 4 enumerated by p(j, k,n) may be described as those parti-
tions of n whose Young diagram fits in a k x j rectangle. For instance, if k = 2

and j == 3, then Figure 1-6 shows the (3) = 10 partitions that fit in a 2 x 3
rectangle. The value of |1] is written beneath the diagram. It follows that

5
(2>=1+q+2q2+2q3+2q4+q5+q6.

It remains to relate Propositions 1.3.17 and 1.3.19 by showing that p(j, k,n)
is the number of permutations 7 of the multiset M = {1/,2*} with n inversions.
Given a partition 4 of n with <k parts and largest part <j, we will describe a
permutation n = n(1)e S(M) with n inversions, leaving to the reader the easy
proof that this correspondence is a bijection. Consider the Young diagram Y of
J. as being contained in a k x j rectangle, and consider the lattice path L from
the upper right-hand to the lower left-hand corners of the rectangle that travels
along the boundary of Y. Walk along L and write down a 1 whenever one takes
a horizontal step and a 2 whenever one takes a vertical step. This yields the
desired permutation 7. For instance, if k = 3,j = 5, 4 = (4,3, 1), then see Figure
1-7. Equivalently, the 2s in 7 appear in positions j — 4; + i, where - = (4,,..., 2)-
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Figure 1-7

The Twelvefold Way

We conclude our introduction to enumerative combinatorics with a discussion
of the basic numbers associated with counting functions between two sets. Let
N and X be finite sets with |[N| = n and | X| = x. We wish to count the number
of functions f: N — X subject to certain restrictions. There will be three restric-
tions on the functions themselves and four restrictions on when we consider two
functions to be the same. This gives a total of twelve counting problems, and
their solution is called the Twelvefold Way.
The three restrictions on the functions f: N — X are the following:

a. f is arbitrary (no restriction)
b. f is injective (one-to-one)

¢. f is surjective (onto).

The four interpretations as to when two functions are the same (or equivalent)
come about from regarding the elements of N and X as “distinguishable” or
“indistinguishable.” Think of N as a set of balls and X as a set of boxes. A function
f:N — X consists of placing each ball into some box. If we can tell the balls
apart, then the elements of N are called distinguishable, otherwise indistinguish-
able. Similarly if we can tell the boxes apart, then the elements of X are called
distinguishable, otherwise indistinguishable. For example, suppose N = {1,2,3},
X ={a,b,c,d}, and define functions f, g, h,i: N — X by

f)=f2)=a, [fB)=b
g(1) =¢g(3)=a, g2)=>b
h1)=h)=b, h(3)=d
i2Q)=i3)=b, i(l)=c

If the elements of both N and X are distinguishable, the functions have the
“pictures” shown by Figure 1-8. All four pictures are different, and the four
functions are inequivalent. Now suppose that the elements of N (but not X) are
indistinguishable. This corresponds to erasing the labels on the balls. The pic-
tures for f and g both become as shown in Figure 1-9, so f and g are equivalent.
However, f, h, and i remain inequivalent. If the elements of X (but not N) are
indistinguishable, then we erase the labels on the boxes. Thus f and /& both have
the picture shown in Figure 1-10. (The order of the boxes is irrelevant if we can’t
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tell them apart.) Hence f and h are equivalent, but f, g, and i are inequivalent.
If the elements of both N and X are indistinguishable, then all four functions
have the picture shown in Figure 1-11, so all four are equivalent.

A rigorous definition of the above notions of equivalence is desirable. Two
functions f, g: N — X are said to be equivalent with N indistinguishable if there
is a byection n: N — N such that f(n(a)) = g(a) for all ae N. Similarly f and ¢
are equivalent with X indistinguishable if there is a bijection ¢ : X — X such that
o(f(a)) = g(a)for all ae N. Finally, f and g are equivalent with N and X indistin-
guishable if there are bijections n: N — N and ¢ : X — X such that ¢(f(n(a))) =
g(a)for all ae N. These three notions of equivalence are all equivalence relations,
and the number of “different” functions with respect to one of these equivalences
simply means the number of equivalence classes. If f and g are equivalent (in any
of the above ways), then f is injective (respectively, surjective) if and only if g is
injective (respectively, surjective). We therefore say that the notions of injectivity
and surjectivity are compatible with the equivalence relation. By the “number of
inequivalent injective functions f: N — X,” we mean the number of equivalence
classes all of whose elements are injective.

I I

Figure 1-11

1O Ol O
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We are now ready to present the Twelvefold Way. The twelve entries are
numbered and will be discussed individually. The table gives the number of
inequivalent functions f: N — X of the appropriate type, where |[N| = n and
[ X| = x.

The Twelvefold Way

Elements of N | Elements of X Any f Injective f Surjective f
dist. dist. Lo xn "2 (x), > x!8(n, x)
ndist dit (@) )
dist. indist. 7 S(n,1) + S(n,2) 8 lifn< x % S(n,x)

+ 4+ S(n x) Oifn > x
indist. indist. 19 p.(n) + py(n) M lifn<sx | ¥ p.n)
+ 0+ po(n) Oifn > x

Discussion of Twelvefold Way Entries

1. For each ae N, f(a) can be any of the x elements of X. Hence there are
x" functions.

2. Say N = {a,,...,a,}. Choose f(a,) in x ways, then f(a,) in x — 1 ways,
and so on, giving x(x — 1) *+(x — n + 1) = (x), choices in all.

3.* A partition of a finite set N is a collection = = {B,, B,, ..., B,} of subsets
of N such that

a. B;# @ foreachi
¢. BjuB,u-"*UB,=N.

We call B; a block of n, and we say that m has k blocks, denoted |n] = k. Define
S(n, k) to be the number of partitions of an n-set into k blocks. S(n, k) is called a
Stirling number of the second kind. By convention, we put S(0,0) = 1. The reader
should check that forn > 1, S(n, k) = 0ifk > n, S(n,0) =0,S(n, 1) =1, S(n,2) =
2"~ _ 1, S(n,n) =1, S(n,n — 1) = (4). The Stirling numbers of the second kind
satisfy the following basic recurrence:

S(n,k) =kS(n — 1,k) + S(n — 1,k — 1). (23)

Equation (23) is proved as follows: To obtain a partition of [n] into k blocks, we
can partition [n — 1] into k blocks and place n into any of these blocks n
kS(n — 1,k) ways, or we can put n in a block by itself and partition [n — 1]
into k — 1 blocks in S(n — 1,k — 1) ways. Hence (23) follows. The recurrence
(23) allows one to prove by induction many results about the numbers S(n, k),
though frequently there will be preferable combinatorial proofs. The total
number of partitions of an n-set is called a Bell number and is denoted B(n). Thus
B(n) =) 3=; S(n,k),n > 1.
The following is a list of some basic formulas concerning S(n, k) and B(n).

* Discussion of entry 4 begins on page 38.
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S k — l “ k—1i k °n

(n,k) = Ei;)(-—l) (i)l (24a)

;Snk = (e — 1, k=0 (24b)

;{ S(n, k) x" = x* /(1 — x)(1 — 2x)+ (1 — kx) (24¢)
= Z S(n, k)(x), (24d)

k=0
Bin+1)=Y (':>B(i), n>0 (24e)
i=0
ZO B(n)x"/n! = exp(e* — 1) (24f)

We now indicate the proofs of (24a)~(24f). For all except (24d) we describe
non-combinatorial proofs, though with a bit more work combinatorial proofs
can be given (some of which will appear later in this book). Let F(x)=
Y onsiS(n, k)x"/n!. Clearly Fy(x) = 1. From (23) we have

F(x)=k Z Sn— Lkx"/n' + Y S(n— 1,k — 1)x"/n!.

n>k

Differentiate both sides to obtain

Fi(x) = kFy(x) + Fy_;(x). (25)

Assume by induction that F,_,(x) = (—k_l*”,(e" — 1Y71. Then the unique solution

to (25) whose coefficient of x* is 1/k! is given by F,(x) = ,:—,(e" — 1)*. Hence (24b)
is true by induction. To prove (24a), write

1o w1 & ok
e = = Y (1 ()

and extract the coefficient of x". To prove (24f), sum (24b) on k to obtain

« 1
Y B(m)x"/n! =% —(e* — 1)* = exp(e* — 1).
KSo k!

nz0

(24e) may be proved by differentiating (24f) and comparing coefficients, and it is
also quite easy to give a direct combinatorial proof. (24c) is proved analogously
to our proof of (24a), and can also be given a proof analogous to that of
Proposition 1.3.4 (see Exercise 16 at the end of this chapter). [t remains to prove
(24d), and this will be done following the next paragraph.

We now verify entry 3 of the Twelvefold Way. We have to show that the
number of surjective functions f: N — X is x!S(n, x). Now x!S(n, x) counts the
number of ways of partitioning N into x blocks and then linearly ordering the
blocks, say (B, B,,...,B,). Let X = {b,,b,,...,b,}. We associate the sequence
(B,,B,,...,B,)with the surjective function f: N — X defined by f(i) = b;if i€ B;.
This establishes the desired correspondence.
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We can now give a simple combinatorial proof of (24d). The left-hand side
is the total number of functions f: N — X. Each such function is surjective onto
a unique subset Y of X satisfying | Y| < n. If| Y| = k, then there are k! S(n, k) such
functions, and there are () choices of subsets Y of X with | Y| = k. Hence

x"= 3 kIS(n k) (x> = 3 S k)0
k=0 k k=0

Equation (24d) has the following additional interpretation. The set 2 of all
polynomials with complex coefficients forms a complex vector space. The sets
B, = {1,x,x*...} and B, = {1,(x),,(x),,...} are both bases for #. Then (24d)
asserts that the (infinite) matrix S = [S(n, k)], ,cn is the transition matrix be-
tween the basis B, and the basis B;. Now consider again equation (14) from
earlier in the chapter. If we change x to —x and multiply by (— 1) we obtain

n

Y s(n k)x* = (x),.

k=0

Thus the matrix s = [s(n, k)], , . is the transition matrix from B, to B,, and is
therefore the inverse to the matrix S.

The assertion that the matrices S and s are inverses leads to the following
result.

1.4.1 Proposition.

a. Forallm neN,
Y. S(m, k)s(k,n) = 6,
K30

b. Letag,ay,...and by, b,, ... be two sequences (of complex numbers, say). The
following two conditions are equivalent:
i. Forall neN,

b,= Y Snk)a,
K=0

ii. forallneN,

n

a, =y s(nk)b,.

k=0

Proof.
a. This is just the assertion that the product of the two matrices S and s is the
identity matrix [J,,, ]

b. Let a and b denote the (infinite) column vectors (aq, a,,...) and (bgy,b,,...),
respectively. Then (i) asserts that Sa = b. Multiply on the left by s to obtain
a = sb, which is (ii). Similarly (i1) implies (i). )

The matrices S and s look as follows:
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10 0 0 0 0 00

01t 0 O 0 0 00

01 1 0 0 0 0 0

01 3 1 0 0 00
S={0 1 7 6 1 0 00

0 1 15 25 10 1 00

0 1 31 9 65 15 1 0

0 1 63 301 350 140 21 1

1 0 0 0 0 0 0 0 ]

0 1 0 0 0 0 0 0

0 —~1 1 0 0 0 0 0

0 2 -3 1 0 0 0 0
s= |0 -6 11 —6 1 0 0 0

0 24 —-50 35 —10 1 0 0

0 —120 274 —225 85 —15 1 0

0 720 —1764 1624 —735 175 =21 1

i : i

Equations (14) and (24d) also have close connections with the calculus of
finite differences, about which we will say a very brief word here. Given a function
f:Z — C (or possibly N — C; also C can be replaced by an arbitrary abelian
group when not dealing with specific examples such as f(n) = n*), define a new
function Af, called the first difference of f, by

Af(n) = f(n + 1) — f(n).

A 1s called the first difference operator, and a succinct but greatly oversimplified
definition of the calculus of finite differences would be that it is the study of the
operator A. We may iterate A k times to obtain the k-th difference operator,

A¥ = AN,

The number A¥f(0) is called the k-th difference of f at 0. Define another operator
E, called the shift operator,by Ef(n) = f(n + 1). ThusA = E — 1, where 1 denotes
the identity operator. We now have

A¥f(n) = (E — 1)}f(n)
k kN .
=Y (- 1)*:"(1.)157(:1)

i=0

Il
I

(- 1)@ fln + i) (26)

In particular,




1.4 The Twelvefold Way 37

i=0

k [k
Af(0) =} (—U""(l.)f(i), (27)

which gives an explicit formula for A*f(0) in terms of the values f(0), S, ..., f(k).
We can easily invert (26) and express f(n) in terms of the numbers A'f(0). Namely,

f(n) = E"f(0)
= (1 + A)f(0)

=3 (Z) A¥(0). (28)
k=0

Now write on a line the values

- S(=2) f(=1) f0) f(1) £(2) £3)....

If we write below the space between any two consecutive terms Sf@), f(i + 1) their
difference f(i + 1) — f(i) = Af(i), we obtain the sequence

- Af(—2) Af(— 1) Af(0) Af(1) Af()....

Iterating this procedure yields the difference table of the function f. The k-th row
consists of the values A*f(n). The diagonal beginning with f(0) and extending
down and to the right consists of the differences at 0, A¥(0). For instance, let
f(n) = n®. The difference table (beginning with f(0)) looks like

0 1 16 81 256 625
1 15 65 175 369
14 50 110 194
36 60 84
24 24
0

Hence by (28),

()5 ()

In this case, since n* is a polynomial of degree 4 and (£), for fixed k, is a polynomial
of degree k, the above expansion stops after the term 24(%), that is, A*0* = 0 if
k > 4 (or more generally, A*n* = 0 if k > 4). Note that by (24d) we have

4 n
n* = Z k.'S(4,k)(k>,
k=0

so we conclude 1!S(4,1) = 1, 2!5(4,2) = 14, 3!15(4,3) = 36, 4!5(4,4) = 24.
There was of course nothing special about the function n* in the above
discussion. The same reasoning establishes the following result.




38

Chapter 1 What Is Enumerative Combinatorics?

1.4.2 Proposition.

a. A function f:Z - C is a polynomial of degree <d if and only if A?*!f(n) = 0
(or A% (n) is constant).

b. If the polynomial f(n) of degree <d is expanded in terms of the basis (}),
0 < k < d, then the coefficients are A*f(0); that is,

s =3 a3 )

c. In the special case f(n) = n?, we have

A" = k!S(d, k). O

143 Corollary. Let f:Z — C be a polynomial of degree <d. A necessary and
sufficient condition that f(n)e Z for all neZ is that A¥(0)eZ, 0 < k <d. (In
algebraic terms, the abelian group of all polynomials f:Z — Z of degree <d is
free with basis (5), (1), ..., (3).) =)

Let us now proceed to the next entry of the Twelvefold Way.

4. The “balls” are indistinguishable, so we are only interested in how many
balls go into each box by, b,, ..., b,. If v(b;) balls go into box b;, then v defines
an n-element multiset on X. The number of such multisets is ((})).

5. This is similar to 4, except that each box contains at most one ball. Thus
our multiset becomes a set, and there are (}) n-element subsets of X.

6. Each box b; must contain at least one ball. If we remove one ball from
each box, we obtain an (n — x)-element multiset on X. The number of such
multisets 1s ((, %, )).

7. Since the boxes are indistinguishable, a function f: N — X is determined
by the non-void sets f ~!(b), be X, where f 71 (b) = {ae N : f(a) = b}. These sets
form a partition © of N, called the kernel or coimage of f. The only restriction
on m 1s that it can contain no more than x blocks. The number of partitions of
N into <x blocksis §(n,1) + S(n,2) + - + S(n, x).

8. Each block of the coimage n of f must have one element. There is one
such = if x > n; otherwise there is no such =.

9. If f is surjective, then none of the sets f ~!(b) is void. Hence the coimage
n contains exactly x blocks. The number of such 7 is S(n, x).

10. Let p,(n) denote the number of partitions of n into k parts, as defined
on page 28. A function f:N — X with N and X both indistinguishable is
determined only by the number of elements in each block of its coimage n. The
actual elements themselves are irrelevant. The only restriction on these numbers
is that they be positive integers summing to n, and that there can be no more
than x of them. In other words, the numbers form a partition of n into at most
x parts. The number of such partitions is p; (n) + p,(n) + -~ + p.(n).

To supplement our determination of this entry, we compute the generating
function for these numbers. We could simply set k = x and let j — oo in Proposi-
tion 1.3.19, but we give a more direct approach. Suppose 4 is a partition of n. If
we interchange the rows and columns of the Ferrers diagram of 4, then we obtain
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the Ferrers diagram of another partition of n, called the conjugate of A and
denoted A" If A =(4,,4,,...,4,) then the number of parts of 1’ that equal i is
A; — A;+,. This provides a convenient method for computing A’ from A without
drawing a diagram. For instance, if 1 = (4,3,1,1, 1) then 1’ = 5,2,2,1).

Let p,(n) denote the number of partitions of n into at most k parts; that is,
Px(n) = p,(n) + p,(n) + --- + p,(n). Now 1 is such a partition if and only if A’ has
largest part at most k. Hence p,(n) is equal to the number of partitions of n with
largest part at most k. This observation enables us to compute the generating
function ), ,P,(n)x". A partition of n with largest part at most k may be
regarded as a solution in nonnegative integers to o, + 2a, + -+ + ka, = n. Here
a; is the number of times that the part i appears in the partition. Hence

L A=Y Y

n=0 a;+--+kay=n

_ z z Z X1 +2a+e ke,

a,E:O a=>0 20
(2 )z (2
;20 @20 >0
= 1/(1 — x)(1 — x?)---(1 — x*). (29)
If we let k — oo, we obtain the famous generating function
Y p(n)x" = [T —=xH (30)
n=20 i>1

Equations (29) and (30) can be considerably generalized. The following
result, although by no means the most general possible, will suffice for our
purposes.

1.4.4 Proposition. For each ieP, fix a set S;= N. Let & = (S:,55,...), and
define P(&) to be the set of all partitions 4 such that if the part i occurs a; = a;(4)
times, then «; € S;. Define the generating function in the variables x = (x,,X%5,...)

F(#,x) = Z x‘lll(l)xgz(‘-)....

Ae P(¥)
Then
reox=T1( 5 ) | 61
i>21\je§;

Proof. The reader should be able to see the validity of this result by “inspec-
tion.” The coefficient of x{x3?--- in the right-hand side of (31) is 1 if each a;€ S;,
‘and 0 otherwise, which yields the desired result. =]

1.45 Corollary. Preserve the notation of the previous proposition, and let
p(&, n) denote the number of partitions of n that belong to P(¥), that is,

p(&#,n) =card{A ~n:leP(¥)}.
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Then
Y p(&,n)x" = I ( y x”).
n=0 i1 \jeSs;
Proof. Puteach x; = x'in Proposition 1.4.4. i

To give the reader some further flavor of the theory of partitions, let us
consider two special cases of Corollary 1.4.5. First, if we take each S;=1{0,1}
then we have that p(#,n) is the number of partitions of n into distinct parts
denoted g(n). By Corollary 1.4.5,

goq(n)x" =T + x). (32)

i1

b

Similarly, taking S; = N if i is odd and S; = {0} if i is even, we have that p(¥, n)
is the number of partitions of ninto odd parts, denoted p,44(n). By Corollary 1.4.5,
2 Poaa(mx" = [T (1 + x'+ x¥ 4 ---)
n=0

i1
iodd

— l_[ (1 _ ij—l)—l.
iz
If we now write 1 + x = (1 — x*")/(1 — x%) in (32), then the numerator cancels
all the factors 1 — x* in the denominator, yielding
2 amx" =TI (1 =x¥"1)"' =¥ paaln)xn
n>0 iz1 nz0
Hence g(n) = pyqq(n) for all n > 0. Naturally a combinatorial proof is desirable.

Perhaps the simplest one is the following. Let 4 be a partition of n into odd parts,
with the part 2j — 1 occurring f; times. Define a partition g of n into distinct

parts by requiring that the part (2j — 1)2% k > 0, appears in u if and only if the

binary expansion of §; contains the term 2*. We leave the reader to check the
validity of this bijection. For instance, if 1 = {9%,5'2,3%,13) I 114, then
114 =9(1+4)+ 54 + 8 +3Q2Q)+ 1(1 +2)
=9+36+204+40+6+1+ 2,
so u = (40, 36,20,9,6,2, 1).
11. Same argument as 8.
12. Analogous argument to 9. If f: N — X is surjective, then the coimage

n of f has exactly x blocks, so their cardinalities form a partition of n into exactly
X parts.

Notes

Itis not our intention here to trace the development of the basic ideas and results
of enumerative combinatorics. It is interesting to note, however, that according
to Heath [9, p. 319], a result of Xenocrates of Chalcedon (396—314 B.c.) possibly
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“represents the first attempt on record to solve a difficult problem in permuta-
tions and combinations.” (See also [4, p. 113].) Two valuable sources for the
history of enumeration are [4] and [16]. We will give below only references and
comments not readily available in [4] and [16].

For further information on formal power series from a combinatorial view-
point, see, for example, [15] or [17]. A rigorous algebraic approach appears in
[5, Ch. 1V, §5], and a further paper of interest is [2]. To illustrate the misconcep-
tions that can arise in dealing with formal power series, we offer the following
quotations (anonymously) from the literature:

“Since the sum of an infinite series is really not used, our viewpoint can be
either rigorous or formal.”

“(1.3) demonstrates the futility of seeking a generating function, even an
exponential one, for IU(n); for it is so big that

F(z) = ZIU(n)z"/'n!

fails to converge if z # 0. Any closed equation for F therefore has no solutions,
and when manipulated by Taylor expansion, binomial theorem, etc., is bound to
produce a heap of eggs (single -0- or double -co- yolked). Try finding a generating
function for 22".”

“Sometimes, we have difficulties with convergence for some functions whose
coefficients a, grow too rapidly; then instead of the regular generating function
we study the exponential generating function.”

An analyst might at least raise the point that the only general techniques
available for estimating the rate of growth of the coefficients of a power series
require convergence (so that, e.g., the apparatus of complex variable theory is
available). There are, however, general methods for estimating the coefficients of
a divergent power series [3, §5].

The technique of representing combinatorial objects such as permutations
by “models” such as words and trees has been extensively developed primarily by
the French. Here we will mention only [7]. In particular, the “transformation
fondamentale” on pp. 13—15 of this reference is essentially our map = — # of
Proposition 1.3.1.

The greater index of a permutation was first considered by MacMahon [13].
Proposition 1.3.17 is due to Netto [14, §94] for m = 2 and Carlitz [6] in the
general case. The second proof given here was suggested by A. Bjorner. The
cellular decomposition of the Grassmann variety (the basis for our proof of
Proposition 1.3.19) is discussed in [11]. The theory of partitions of an integer
was essentially created by Euler, some of it anticipated in unpublished work of
Leibniz (see [12]). An excellent introduction to this subject is [1]. The idea of
the Twelvefold Way is due to G.-C. Rota (in a series of lectures), while the
terminology “Twelvefold Way” was suggested by Joel Spencer. An interesting
popular account of Bell numbers appears in [8]. In particular, pictorial repre-
sentations of the 52 partitions of a 5-element set are used as “chapter headings”
for all but the first and last chapters of The Tale of Genji by Lady Murasaki
-(c. 978~c. 1031 A.n.). A standard reference for the calculus of finite differences is

[10].
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We will be concerned almost exclusively with enumerative problems that

admit exact solutions. For the problem of estimating the solution to an enumera-
tive problem, see [3]. There exist theoretical reasons for believing that certain
enumerative problems are intrinsically difficult and cannot have “nice” solutions;
this is the theory of # P-completeness due to Valiant [18].
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A Note about the Exercises

Each exercise is given a difficulty rating, as follows:

1. routine, straightforward

2. somewhat difficult or tricky
3. difficult
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4. extraordinarily difficult
5. unsolved

Further gradations are indicated by + and —. Thus [1 —] denotes an utterly
trivial problem, and [5—] denotes an unsolved problem that has received
little attention and may not be too difficult. A rating of [2+ ] denotes about
the hardest problem that could be reasonably assigned to a class of graduate
students. A few students may be capable of solving a [3 —] problem, while almost
none could solve a [3] in a reasonable period of time. Of course the ratings are
subjective, and there is always the possibility of an overlooked simple proof that
would lower the rating. Some problems (seemingly) require results or techniques
from other branches of mathematics that are not usually associated with com-
binatorics. Here the rating is less meaningful—it is based on an assessment of
how likely the reader is to discover for herself or himself the relevance of these
outside techniques and results.

Exercises

1. We begin with a dozen simple numerical problems. Find as simple a solution
as possible.

a. How many subsets of the set [10] = {1,2,..., 10} contain at least one odd

integer?

b. In how many ways can seven people be seated in a circle if two arrange-
ments are considered the same whenever each person has the same neigh-
bors (not necessarily on the same side)?

How many permutations z : [6] — [6] satisfy (1) # 2?

How many permutations of [6] have exactly two cycles (i.e., find ¢(6,2))?

How many partitions of [6] have exactly three blocks (i.e., find S(6, 3))?

There are four men and six women. Each man marries one of the women.

In how ways can this be done?

g. Ten people split up into five groups of two each. In how many ways can
this be done?

h. How many compositions of 19 use only the parts 2 and 3?

i. In how many different ways can the letters of the word MISSISSIPPI be
arranged if the four S’s cannot appear consecutively?

j. How many sequences (a,, a,, - .., a;,) are there consisting of four 0’s and
eight 1’s, if no two consecutive terms are both 0’s?

k. A box is filled with three blue socks, three red socks, and four chartreuse
socks. Eight socks are pulled out, one at a time. In how many ways can
this be done? (Socks of the same color are indistinguishable.)

. How many functions f:[5] — [5] are at most two-to-one (ie., card
fY(n) < 2forall ne[5])?

2. Give combinatorial proofs of the following identities, where x, y, n, a, b are
nonnegative integers.

-0 B0
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[2-]

[1+]

(31

[3—]

[2-1 3.

[2-] 4.

[2—-]

[1+]
[3-]

[2+] 6.

[1+4]
[2+]

[3-1]

[3-]
[2-1 7.

[2+]

Chapter 1

8. a. Letaq,,..
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(x +i\ [(x+n+1
i - n
1'<r,l>=n2"'l
i
()ee)-e
i n—i
<x +Ev+ i><ai i)(bi i) = (x-;—a)(y Z b),wherem = min(a, b)

How many paths are there in the plane from (0,0) to (m,n)e N x N, if each
step in the path is of the form (1, 0) or (0, 1) (i.e., unit distance due east or due
north)? Give a combinatorial proof. State a higher dimensional generaliza-
tion. This problem is an archetypal result in the vast subject of lattice-path
counting.

a. Show that

1 ee= g ()
n>0\ N
b. Find } ., (3" 1)x".
Let f(m,n) be the number of paths from (0, 0) to (m,n)e N x N, where each
step 1s of the form (1,0), (0, 1), or (1, 1).

a. Show that ) .. o> oo fm n)x™y" = (1 — x — y — xy)~L.
b. Find a simple explicit expression for Y onso f(n,n)x".

& ®
M= I

Il
o

g
N

Il
(=}

d.

o

1
(=}

a. Let pbe prime, andlet n = ) a;p'and m = ¥ b,p' be the p-ary expansions
of the positive integers m and n. Show that

(n)=G2)(5) - mea

b. Use (a) to determine when () is odd. For what n is (») odd for all
0<m<n?

c. It follows from (a), and is easy to show directly, that (55) = (3) (mod p).
Give a combinatorial proof that in fact (58) = (3) (mod p?).

d. If p > 5, then show that in fact

(I; Z) = (Z) (mod p3).

Is there a combinatorial proof?
e. Give a simple description of the largest power of p dividing (7).

Let m, ne N. Give a combinatorial proof of the identity ((%)) = ((™*1)).
.»a, € N. Show that when we expand the product

a:
n (1 _ il_) i
i.j=1 Xj

i#]
as a Laurent polynomial in x,, ..., x, (i.e., negative exponents allowed),
the constant term is the multinomial coefficient (*,7 "} 2).

(33)
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Hint: First prove the identity

1=zﬂ(1—§{> , (34)

i=1j#i 5
and then multiply by (33).
[2-] b. Put n= 3 to deduce the identity
i (—l)k(a + b)(b + c)(c + a) _ (a +b+ c)
e a+k)\b+k)\c+k a,b,c )
[3+] ¢. Let g be an additional indeterminate. Show that when we expand the
product

X; X; X;
1 —g—= )1 —g2L)- ] — gult
1s£ljsn< qxj)< 1 xj) ( 1 xj)
X X; X;
(- ()

as a Laurent polynomial in x,, ..., x, (whose coefficients are now
polynomials in g), the constant term is the g-multinomial coefficient
3,4k ay)

Ayenesy a, J

[3+] d. Let keP. When the product

X; X; 1 ,
“[(1 ‘x“)(l ‘2)“ "‘f"f’(‘ ‘“)]

is expanded as above, show that the constant term is

()

[3-] e. Let f(a,,a,,...,a,) denote the constant term of the Laurent polynomial

n

l;! (q.—af + q"ai+l + PP + qai),

where each q;e N. Show that

Y flay,...,a)x5 - X
0

n X:
= (1) (U4 %) X e A T i =)

n—1
13

[2] 9. a. Find the number of compositions of n > 1 with an even number of even
parts. Naturally a combinatorial proof is preferred.
[2+] b. Let e(n), o(n), and k(n) denote, respectively, the number of partitions of n

with an even number of even parts, with an odd number of even parts,
and that are self-conjugate. Show that e(n) — o(n) = k(n). Is there a
simple combinatorial proof?

[2+] 10. Let 1 < k < n. Give a combinatorial proof that among all the 2"”! composi-
tions of n, the part k occurs a total of (n — k + 3)2"7*72 times. For instance,
if n =4 and k = 2, then the part 2 appears once in 2+ 1+ 1, 1 + 2+ 1,
1 + 1+ 2,and twice in 2 + 2, for a total of five times.
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[2+] 11.

[21 12
21 13

14.

[2—]

(2]
[2-]
[2]
(2]

[2+]
[2+]

[2+]
[2+]

[21 15.

[2+] 16.

[2] 17.

[5-1
(2]

a. Let [N| = n, | X| = x. Find a simple explicit expression for the number of
ways of choosing a function f: N — X and then linearly ordering each
block of the coimage of 7.

b. How many ways as in (a) are there if J must be surjective? (Give a simple
explicit answer.)

c. How many ways as in (a) are there if the elements of X are indistinguish-
able? (Express your answer as a finite sum.)

Let |S| = n, and fix ke P. How many sequences (T3, T,..., T,) of subsets T,
of S are there such that T, c T, = -+~ < T,?

Fix n, k,je P. How many sequences are there of the form 1 < a, <a, < <
a,<nwherea;,, ~a;>jforalll <i<k—1?

The Fibonacci numbers are defined by F=1,F,=1,F,=F,_, +F,_,if

n > 3. Express the following numbers in terms of the Fibonacci numbers.

a. The number of subsets S of the set [n] = 11,2,...,n} such that S contains

no two consecutive integers.

The number of compositions of n into parts greater than 1.

The number of compositions of n into parts equal to 1 or 2.

The number of compositions of n into odd parts.

The number of sequences (e, , ¢,,...,¢,) of 0’s and 1’s such that g <& >

e3< €4 > 65 <

f. ¥ a,a,---a,, where the sum is over all 2"~! compositions a, + a, + -+ +
a, = n.

g- ) (2" — 1)---(2% — 1), summed over the same set as (f).

h. ) 2*{#%=1) summed over the same set as (f).

i. The number of sequences (6,,6,,...,5,) of 0’s, I’s, and 2’s such that 0 is
never followed immediately by 1.

i RO

Fix k, neP. Find a simple expression involving Fibonacci numbers for the
number of sequences (T}, T, ..., T,) of subsets T; of [k] such that T,cT,>
T3 - T4 2.

Let S(n,k) denote a Stirling number of the second kind. The generating
function )., S(n, k)x" = x*/(1 — x)(1 — 2x)---(1 — kx) implies the identity

S(n k) =3 14712071 .. a1 (36)
the sum being over all compositions a, + -+ + a, = n. Give a combinatorial
proof of (36) analogous to the second proof of Proposition 1.3.4. That is, we
want to associate with each partition n of [n] into k blocks a composition
a, + - + a, = nsuch that exactly 1417129271 ... k%~ partitions 7 are asso-
ciated with this composition.

a. Let n, ke and let j = | k/2]. Let S(n, k) denote a Stirling number of the
second kind. Give a generating function proof that
n—j—1

S(n, k) = ( ' )(mod 2).

b. Is there a combinatorial proof? '
c. State and prove an analogous result for Stirling numbers of the first kind.
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[3] 18.

19.

[2-]

[3-1]

[1+]

[5-1]
[2—] 20.

(2]

2] 21

-1 22.

Let S(n, k) denote a Stirling number of the second kind, and define K, by
S(n,K,) = S(n, k) for all k. Let ¢ be the solution of the equation

(t + 2)tlog(t + 2)
=hn
t+ 1
Show that for all sufficiently large n, either K, = |t] or K, = |¢] + 1.

In this exercise we consider one method for generalizing the disjoint cycle
decomposition of permutations of sets to multisets. A multiset cycle of P is
a sequence C = (i},i,,...,i,) of positive integers with repetitions allowed,
where we regard (i, 1,...,i,) as equivalent to (i,, fjt1seeeslisiyy... -y ) for
1 <j < k. Introduce indeterminates x,, x,, ... and define the weight of C
by w(C) = x;, *-* x;, . A multiset permutation is a multiset of multiset cycles.
For instance, the multiset {1, 1,2} has the following permutations: (1)(1)(2),
(11)(2), (12)(1), (112). The weight w(n) of a multiset permutation 7 =
C, G, G is given by w(m) = w(C))- - w(C)).
a. Show that
IJ(I —w(O)™ =) w(n),
where C ranges over all multiset cycles on P and © over all multiset
permutations on P.
b. Let p, = x¥ + x% + ---. Show that
[T =we)™ =[]0 -p)™"
c k1
c. Let f(n) denote the number of multiset permutations on [k] of total size
n. For instance, f,(3) = 14, given by (1)(1)(1), (1)(1)(2), (D(2)(2), (2)(2)(2),
(11)(1), (11)(2), (12)(1), (12)(2), (22)(1), (22)(2), (111), (112), (122), (222).
Deduce from (b) that
Y fimx" =[] (1 — kx)™".
n>0 i>1
d. Find a direct combinatorial proof of (b) or (c).

]

.“We are given n square envelopes of different sizes. In how many different
ways can they be arranged by inclusion? For instance, if n = 3, there are
six ways; namely, label the envelopes 4, B, C with A4 the largest and C the
smallest and let /eJ mean that envelope [ is contained in envelope J.
Then the six ways are: (1) O, (2) Be 4,(3) Ce 4,(4) Ce B, (5) Be A, Ce 4,
(6) CeBe A.

b. How many arrangements have exactly k envelopes that are not contained

in another envelope? That don’t contain another envelope?

Let p,(n) denote the number of partitions of n into k parts. Fix ¢t > 0. Show
that as n — oo, p,_,(n) becomes eventually constant. What is this constant
f(¢)? What is the least value of n for which p,_,(n) = f(¢)? Your arguments
should be combinatorial.

Let p,(n) be as above, and let g,(n) be the number of partitions of n into k
distinct parts. For example, q5(8) =2, corresponding to 1 + 2 + 5 and
1 + 3 + 4. Give a simple combinatorial proof that g,(n + (%)) = p,(n).
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(2]

[2+]

(2]

[2+]

(2]

(2+]
(2+]

[1+]
[2+]

[3-1]

[5-1]

[5-1]
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23. Among the vast multitude of partition identities, here we give a few of a

24.

26.

27.

similar form with particularly simple and elegant combinatorial proofs.

k k
a. [[U-gx)'=Y - x4

i>1 kzo(l —X)(l —Xz)‘ (1 - Xk)
k2 k

| — axi)! = x 4q

l;[( gx') k;o(l—x)'”(l_ k)(l_qx)"'(l—qu)
(k+l) K
q

2

[

1(1 * qX) KSo(l — x)(1 —

)
2i— x q
1;1 T+ ax™) = k§0(1 = x?)(1 = x*)-+ (1 — x*)

Y,

i

l—x)

. The logarithmic derivative of a power series F(x)is ;Lx log F(x) = F'(x)/F(x).

By logarithmically differentiating the power series anop(n)x"=
[Tis1 (1 — x%)7", derive the recurrence

n

n-pn) = ) a(i)pn — i),

i=1

where (i) is the sum of the divisors of i.

b. Give a combinatorial proof.
25. a

b.

. Given a set S = P, let pg4(n) (resp. gs(n)) denote the number of partitions

of n (resp. number of partitions of n into distinct parts) whose parts belong

to S. (These are special cases of the function p(<,n) of Corollary 1.4.5.)

Call a pair (S, T), where S, T < P, an Euler pair if pg(n) = q+(n) for all

neN. Show that (S, T) is an Euler pair if and only if 2T < T (where
={2i:ieT})and S =T — 2T.

What is the significance of the case S = {1}, T= {1,2,4,8,...}?

If 1 is a partition of an integer n, let f;(4) be the number of times k appears
as a part of 4, and let g, (1) be the number of distinct parts of 4 that occur at
least k times. For example, f,(3,2,2,2,1,1) =3 and ¢,(3,2,2,2,1,1) =2
Show that ' fi() = Y g.(1), where ke P is fixed and both sums range over
all partitions 4 of a fixed integer ne P.

a.

Let ne P, and let f(n) denote the number of subsets of Z/nZ (the integers
modulo n) whose elements sum to 0 in Z/nZ. For instance, f(4) =
corresponding to (@, {0}, {1,3}, {0, 1,3}. Show that
1
fln) == 3 ¢(d)2"",

R dn
d odd

where ¢ denotes Euler’s totient function.

When n is odd, then it can be shown using (a) that f(n) is equal to the
number of necklaces (up to cyclic rotation) with n beads, each bead
colored black or white. Give a combinatorial proof. (This is easy if n is
prime.)

Generalize. For example, investigate the number of subsets S of Z/nZ
satisfying ) ;. s p(i) = « (mod n), where p is a fixed polynomial and a € Z/nZ
is fixed.
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21 28

[2+] 29.

[2] 30.

[1+]

[2+]

2] 3L

2] 32

[2+]

[2+] 33.

[2] 34.

[3-1 35

Let f(n, k) be the number of sequences a,a, -+ a, of positive integers such
that the first occurrence of i > 1 appears before the first occurrence of i + 1
(I <i<k—1), and such that the largest number occurring is k. Express
f(n,k) in terms of familiar numbers. Give a combinatorial proof.

Give a combinatorial proof that the number of partitions of [n] such that

no two consecutive integers appear in the same block is the Bell number

B(n —1).

a. Let f,(n) denote the number of permutations ne S, with k inversions.
Show combinatorially that for n > k,

S+ 1) = fi(n) + fiey(n + 1).
b. Deduce from (a) that for n > k, f,(n) is a polynomial in n of degree k and
leading coefficient 1/k!. For instance, f,(n) = 3(n + 1)(n — 2) for n > 2.
c. Letg,(n)be the polynomial that agrees with f,(n) for n > k. Find A’ g,(— n);
that is, find the coefficients g; in the expansion
k
g(—n) = Z a]-(’?).
j=0 J
If e S,, then let m(n) denote the number of left-to-right maxima of = and
(as usual) i(r) the number of inversions of . Compute the generating function
Fixg) = ¥, xm0gi,

ne S,

a. A permutation a, ---a, of [n] is called indecomposable if n is the least
positive integer j for which {a,,a,,...,qa;} = {1,2,...,j}. Let f(n) be
the number of indecomposable permutations of [n], and set F(x) =
Y .s0n!x" Show that

Y fmx"=1—F(x)™.
n=1

b. If a, -- - a, is a permutation of [n], then q; is called a strong fixed point if
()j <i=a; <a;,and(2)j > i=>a; > a;. Let g(n) be the number of permu-
tations of [n] with no strong fixed points. Show that

Y g(n)x" = F(x)(1 + xF(x))™".
n=>0

Let A,(x) be the Eulerian polynomial. Give a combinatorial proof that14,(2)

is equal to the number of ordered set partitions (i.e., partitions whose blocks

are linearly ordered) of an n-element set.

What sequence ¢ = (cy,...,¢,) € N" with ) ic; = n maximizes the number of
ne S, of type ¢?

Let ¢ be a prime number and write n = aq + a,£ + a,/* + = ay + n, ¢,
with 0 < a; </ — 1 for all i > 0. Let k,(n) denote the number of sequences
¢ =(c;,C3,...,C,)€N"with Y ic; = n, such that the number of permutations
ne S, of type ¢ is prime to . Show that
kn) = plao) [] (a; + 1),

i>1
where p(a,) is the number of partitions of a,. In particular, the number of ¢
such that an odd number of 7€ &, have type ¢ is 2°, where [ n/2] has b I's in
its binary expansion.
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[1+] 36. a. Let F(x) =) ,., f(n)x"/n!. Show that e *F(x) = Y aso (A" (0)]x"/n!. [
[2] b. Find the unique function f: P — C satisfying f(1) = 1 and A" (1) = f(n)
for all ne P.
[1+] 37. a. Let F(x) = ) ,» f(n)x". Show that T F(155) = Ys 0 [A(0)]x".
[2+] b. Find the unique functions f,g: N — C satisfying A"f(0) = g(n), A%"g(0) =
f(n), A*"*1g(0) = 0, £(0) = 1.
[2+] ¢. Find the unique functions f, g: N — C satisfying A"f(1) = g(n), A2"g(0) =
f(n)a A2"+lg(0) =0, f(O) = 1.
[2+] 38. Let A be the abelian group of all polynomials p : Z — C such that D'p:Z -7
for all ke N. (D* denotes the k-th derivative.) Then A4 has a basis of the form |
Pn(x) = ¢,(3), neN, where ¢, is a constant depending only on n. Find Cp
explicitly.
[2]  39. Let 1 be a complex number (or indeterminate) and let

=1+ ; f)x", y* =% g(n)x".

n=>0

Show that
1 n
g(n) = ;k; k(A + 1) — n]f(k)g(n — k), n>1.

This affords a method of computing the coefficients of y* much more effi-
ciently than using (5) directly.

[2+] 40. Let f}, f5,... be asequence of complex numbers. Show that there exist unique

complex numbers a,, a,, ..., such that
Fx):=1+ ) fix"=TJ]0 —x) =
n=1 i=1

Find a formula for g; in terms of the f,’s. What are the a;’s when F(x) = 1 + x
and F(x) = e*/(1=x)9
[2+] 41 a If f(x) = x + ) .5, a,x"e C[[x]], then let £<~1°(x) denote the composi-

tional inverse of f; that is, f<™1’(f(x)) = f(f<*’(x)) = x. Show that
f(=f(=x)) = x if and only if there is a g(x) = x + ) ,5, b,x" such that
f(x) = g (—g(—x)).

b. Show that if f(—f(—x)) = x, then there is a unique g(x) as in (a) of the
form g(x) =x + 3,5, by, x?".

¢. Note that if f(x) = 1555 then f(—f(—x)) = x. Show that g (—g(=x)) =

bn+1xn

T3z if and only if e™* Y o =5 has the form ¥ .5 o ¢;,x*".
d. Identify the coefficients b,, of the unique g(x) = x + Y, b,,x*" satisfy-
ing g (~g(~x)) = T35
[2] 42. Fix 1 <k <n. How many integer sequences 1 <a, <a,<'<ag,<n
satisfy a; = i (mod 2) for all i?
[2+] 43. a. Givenay=0,a, =p,a,., =a,+a,_,forn>1,computey=> . ,a,x"
b. Given ay =1 and a,,, = (n + 1)a, — (3)a,-, for n >0, compute y =
Y ns0apX"/n!.
c. Given aqg=a, =1, 2a,,, =Y o(Da;a,_; for n>1, compute y=
2"20 a,x"/n!.
¢. Given ay=1 and 2a,,, =Y " o(}aa,-; for n>0, compute y=
Y wso0apx"/nl.
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[2+] 44. Find simple closed expressions for the coefficients of the power series (ex-

(5]

45.

panded about x = 0):

1 +x
a [——
[ —x
._.5)2
b. 2(sm >

c. sin(¢sin™! x)

d. cos(tsin™!

The following quotation is from Plutarch’s Table-Talk VIII. 9,732: “Chrysip-
pus says that the number of compound propositions that can be made from
only ten simple propositions exceeds a million. (Hipparchus, to be sure,
refuted this by showing that on the affirmative side there are 103,049 com-
pound statements, and on the negative side 310,952.)”

According to T. Heath, A History of Greek Mathematics, vol. 2, p. 245,
“it seems- impossible to make anything of these figures.” (Heath also notes
that a variant reading of 103,049 is 101,049.)

Can in fact any sense be made of Plutarch’s statement?

X).

Solutions to Exercises

1.

Here is one possible way to arrive at the answers. There may be other equally
simple (or even simpler) ways to solve these problems.

a. 210 25 =992
b. (7 — 1) = 360
.51 (or 6! — 51) = 600

o G
-0 506
|

C.

= 33810
1,1,2,4)

,N’—
._.v.p.’—‘
N
——
|
TN
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2. a. Given any n-subset S of [x + n + 17, there is a largest i for which # (S n
[x + i]) = i. Given i, we can choose § to consist of any i-subset of [x + i]

in (*]') ways, together with {x + i + 2, x + i+ 3,....x + i+ n + 1},
b. First Proof. Choose a subset of [n] and circle one of its elements, in

Y i(7) ways. Alternatively, circle an element of [n] in n ways, and choose
a subset of what remains in 2"7! ways.

Second Proof. (Not quite so combinatorial.) Divide the identity by 2. It
then asserts that the average size of a subset of [n] is n/2. This follows
since each subset can be paired with its complement.

¢. To give a non-combinatorial proof, simply square both sides of the identity
(Exercise 4(a))

Z <2n>xn — (1 _ 4x)—1/2

n20\ N
and equate coefficients. The problem of giving a combinatorial proof was
raised by P. Veress and solved by G. Hajos in the 1930s. A recent proof
appears in D. J. Kleitman, Studies in Applied Math. 54 (1975), 289-292.
See also M. Sved, Math. Intelligencer, vol. 6, no. 4 (1984), 44-45.
d. G. E. Andrews, Identities in combinatorics, I: On Sorting two ordered sets,
Discrete Math. 11 (1975), 97-106.

3. Let E = (1,0), N = (0, 1). A path corresponds to a sequence of N’s and E’s
containing m E’s and n N’s. There are (™}") such sequences.
In dimension d, there are (" * "% ¢) paths from the origin to (n,,...,n,),

if each step is a unit coordinate vector.

4 a (1 -4 =¥ <— 1/2>(—4)"x". Now

n>0 n
| 3 2n — 1 )
172 <_§)<_§)...(_ 2 >(_4)
e
n n!
_2"-1'3-~(2n—1)ﬁ(2n)l
B n! T (n)?

b. Note that (*%!) = 4(2"), n > 0.

5. b. While powerful general methods exist for solving this type of problem, we
give here a “naive” solution. Suppose the path has k steps of the form (0, 1),
and therefore k (1,0)’'s and n — k (1, 1)’s. These n + k steps may be chosen
in any order, so

n+ k n+ k\ [ 2k
f("’n)=;<n—k,k,k):§( 2% >(k>
2k n+k
= Z f(n,n)x":;<k> Y ( ;;( )x"

n=0 n>0

2k xk
= =\ k a'_ x)2k+l
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1 [ 4x \7'”? _
=7\~ = x)2> , by Exercise 4(a).

= (1 — 6x + x2)7 112,

6. a. We use the easily proved fact that (x + 1)” = x” + [ (mod p), meaning that
each coefficient of the polynomial (x + 1) — (x? + 1) is divisible by p.
Thus

(x + 1) = (x + 15
EH x?' + 1)% (mod p)

=11 Z < >X”" (mod p).

The coefficient of x™ on the left is (%) and on the right is (52)(31)---. This
congruence is due to E. Lucas, Bull. Soc. Math. Frdnce6(1878) 49-54.
b. (1) is odd if and only if the binary expansion of m is “contained” in that
of n; that is, if m has a 1 as its i-th binary digit, then so does n. Hence ("
isoddforall0 <m <nifand onlyifn=2% — 1.

c. Considerana x prectangular grid of squares. Choose pb of these squares
n (53) ways. We can choose the pb squares to consist of b entire rows in
(5) ways. Otherwise in at least two rows we will have picked between 1
and p — 1 squares. Cyclically shift the squares in each row independently.
This partitions our choices into equivalence classes. (¢) of these classes
contain one element; the rest contain a number of elements divisible by p>.

d. Continue the reasoning of (c). If a choice of pb elements contains less than
b — 2 entire rows, then its equivalence class has cardinality divisible by
p>. From this we reduce the problem to the case a = 2, b = 1. Now

2p\ _ & (p\?

<P>—kz"o<k)
I(p— 1)*(p—2)>* —k+ 1)?
Z(p )*(p - (P )

=2+ p? Z k=2 (mod p3).
k=1
But as k ranges from 1| to p — 1, so does k™! modulo p. Hence
p—1 p—1
> k=2 = Y k* (mod p).
k=1 k=1

Now use, for example, the identity

n nin+ 1)(2n + 1)
k? =
& 6
to get

p—1
Y k*=0(modp), p=>5.
k=1

e. The exponent of the largest power of pdividing (};) is the number of carries
needed to add m and n — m in base p. See E. Kummer, Jour. fiir Math. 44
(1852), 115-116, and L. E. Dickson, Quart. J. Math. 33 (1902), 378-384.
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7. Think of a choice of m objects from n with repetitions allowed as a placement
of n — 1 vertical bars in the slots between m dots (including slots at the
beginning and end). For example,

o
corresponds to the multiset {1°,22,3° 42 52} Now change the bars to dots
and vice versa:

AL,
yielding {1%,2°,32,49 51 6° 7°}. This gives the desired bijection. (Of course
a more formal description is possible but only seems to obscure the elegance
and simplicity of the above bijection.)

8. a. One way to prove (34) is to recall the Lagrange interpolation formula.
Namely, if P(x) is a polynomial of degree <n and Xy, ..., X, are distinct
numbers (or indeterminates), then

X —x

P(x) = ; P(xi)l;[x. — x’

Now set P(x) = 1 and x = 0.
Applying the hint, we see that the constant term C(a,,...,a,)satisfies
the recurrence

Clay,...,a,) =Y Clay,...,a; — 1,...,a,),
=1

if a; > 0. If, on the other hand, a; = 0, we have

Cla,...,a;-1,0,a;4,,...,a,) = Clay,...,qi-1,qi11,--.,a,).

This is also the recurrence satisfied by (%" %), and the initial conditions
CQ,...,0) =1and (,. ° ,) = 1 agree.

This result was conjectured by F. J. Dyson in 1962 and proved that
same year by J. Gunson and K. Wilson. The elegant proof given here is
due to I. J. Good in 1970. For further information and references, see
pp- 377-387 of G. Andrews, ed., Percy Alexander MacMahon, Collected
Papers, vol. 1, M.I.T. Press, Cambridge, Mass. 1978.

c. This is the “g-Dyson conjecture,” due to G. E. Andrews, in Theory and
Application of Special Functions (R. Askey, ed.), Academic Press, New
York, 1975, pp. 191-224 (see §5). It was proved by D. Bressoud and
D. Zeilberger, Discrete Math. 54 (1985), 201-224.

d. I. G. Macdonald conjectured a generalization of (a) corresponding to any
root system R. This problem corresponds to R = D,, while (a) is the case
R = A,-, (when all the a;’s are equal). The conjecture was verified by A.
Regev for R = B,, C,, D,. It remains open for Eg, E,, Eg, F,, G,. Mac-
donald also gives a g-analogue of his conjecture, for which (c) corresponds
to A,_, (when all the g;’s are equal). See I. G. Macdonald, Sem. d’Aly. Paul
Dubriel et Marie-Paule Malliavin, Lecture Notes in Math., no. 867, Springer,
Berlin, pp. 90-97, and SIAM J. Math. Anal. 13 (1982), 988—1007.

e. Write

F(x)=F(xp,...,x,) = Y ["(q“""+---+q"")]x‘{‘---xﬁ"

ay...., 2,20} i=
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n

=11

J+...+qi)xij
i=1j2>

(
n "j qj+1) ;
11;—! 120( I — q i
1 n 1 q

N (1 - q)n IIJ [:1 - q-_lxi B 1 - qxi]

n I+ x;
=11

i=1 (1 —q7'x;)(1 — qxi).
We seek the term Fy(x) independent from g. By the Cauchy integral
formula (letting each x; be small),

1 dq 1 + x;
Fo(x) = — P — i
o 27!!'3% q i=nl(1 —q ' x;)(1 — qx;)
1 + 1 n n—1
_ (L4 x) +xn)§;dm q |
2mi i=1(q — x;)(1 — gx;)
where the integral is around the circle |q| = 1. The integrand has a simple
pole at g = x; with residue x7'/(1 — x7)[];+:(x; — x;)(1 — x;x;), and
the proof follows from the Residue Theorem.

o

9. a. Let a; + - + g, be any composition of n > 1. If a, = 1, associate the
composition (a; + a,) + a3z + -+ + a,. Ifa, > 1,associate | + (a; — 1) +
a, + '+ + a,. This defines an involution on the set of compositions of n
that changes the parity of the number of even parts. Thus there are
Lc(n) = 2"72 compositions with an even number of even parts. (Note the
analogy with permutations: there are in! permutations with an even
number of even cycles—namely, the elements of the alternating group.)

b. It is easily seen that
Y (e(m) — om)x" = [T (I + (=1)x))!
n>0 i>1
At the end of Section 1.4 it was shown that
H (1+x)=]]a—=x*1)"
i1 i1
Hence (putting — x for x and taking reciprocals),

1 + (_ l)ixi)—l — n (1 + x2i—1)

iz1 i1

= 3 k(n)x",

n=>0

by the solution to Exercise 23(d).

10. Draw a line of n dots and circle k consecutive dots. Put a vertical bar to the
left and right of the circled dots. For example, n = 9, k = 3: see Figure 1-12.
Case 1. The circled dots don’t include an endpoint. The above procedure

can then be done in n — k — 1 ways. Then there remain n — k — 2 spaces
between uncircled dots. Insert at most one vertical bar in each space in 2"7*7?

Figure 1-12
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R =

Figure 1-13

ways. This defines a composition with one part equal to k circled. For
example, if we insert bars as in Figure 1-13 thenweobtain3 + 1 + 1 + @ + 1.
Case 2. The circled dots include an endpoint. This happens in two ways,
and now there are n — k — 1 spaces into which bars can be inserted in 2" 71
ways.
Hence we get an answer of

(n—k— 1272 42:27% 1 = (n — k + 3)2"7* 2

1

1. a. x(x + D(x+2) " (x+n—1)= n!((n + 1))

x fR—
—1
b. (n)x(n - l)n-—x = n! "
x — 1
X n'fn—1
¢ X E!’(k - 1)

12. For each x €S, we may specify the least i (if any) for which x e T;. There are
k + 1 choices for each x, so (k + 1)" ways in all.

13. There are ("~*~pU~V) sequences involving k j’s and n — (k — 1)j — 1 I’s.
Given such asequence b; < b, <--- < b,,,wherem=n — (k — 1)(j — 1),let
S={14+b,+b,+ - +b:1<i<mand b, =j}. This yields an appro-
priate bijection.

14. a. Obtain a recurrence by considering those subsets S which do or do not

contain n. Answer: F,, ,.
b. Consider whether the first part is 2 or >3. Answer: F,_,.
c. Foiy
d. Consider whether the first part is 1 or >3. Answer: F,.
e. Consider whether ¢, = 0 or 1. Answer: F,,,.
f. The following proof, as well as (g) and (h), are due to Ira Gessel. The sum
Y a,a, - - a, counts the number of ways of inserting at most one vertical
bar between each of the n — 1 spaces separating a line of n dots, and then
circling one dot in each compartment. For example, see Figure 1-14.
Replace each bar by a 1, each uncircled dot by a 2, and each circled dot
by a 1. For example, Figure 1-14 becomes

212211211111211122111212.

We get a composition of 2n — 1 into 1's and 2’s, and this correspondence
is invertible. Hence by (c) the answer is F,,.

.@..l@.!@l@i.@]@..|@|...

Figure 1-14
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15.

16.

17.

18.
19.

20.

21.

A simple generating function proof can also be given using the
identity
Yo+ 2x* 4+ 3x* + ) = x(1 - 3x + x?)7L,

k=1

Let f,(n) denote the answer. For each ie [k] we can decide which T} contain
iindependently of the other i” e [k]. Hence f,(n) = f, (n)*. But computing f, (n)
is equivalent to Exercise 14(e). Hence f,(n) = F¥,,.

Define a, + ‘- + a; to be the least r such that when 1, 2, ..., r are removed
from 7, the resulting partition has k — i blocks.

a. We have
xk
Y S(n,k)x" =
n;O (n, ) (I —x)(1 = 2x)---(1 — kx)
xk
(mod 2).

~ (1 =y
For further congruence properties of the S(n, k), see L. Carlitz, Acta
Arith. 10 (1965), 409-422.

E. R. Canfield, Studies in Applied Math. 59 (1978), 83-93.

b. First note that
bk = ‘;;d(W(A))"""’, (37)

where A4 ranges over all aperiodic cycles of length d (i.e., cycles of length
d that are unequal to a proper cyclic shift of themselves). Now substitute
(37) into the expansion of log [ [(1 — p,)~" and simplify.

This result is implicit in the work of R. C. Lyndon (see reference (4.21]
Thm. 5.1.5). See also N. G. deBruijn and D. A. Klarner, SIAM J. Alg. Disc.
Meth. 3 (1982), 359-368. The result was stated explicitly by 1. Gessel
(unpublished). A different theory of multiset permutations, due to
D. Foata, has a nice exposition in §5.1.2 of D. E. Knuth, The Art of
Computer Programming, vol. 3, Addison-Wesley, Reading Mass., 1973.

c. Letx, = =x,=x,and x;=01ifj > k.

Label the envelopes 1, 2, ..., nin decreasing order of size. Partially order an
arrangement of envelopes by inclusion, and adjoin a root labelled O at the
top. We obtain an (unordered) increasing tree on n + 1 vertices, and this
correspondence is clearly invertible. Hence by Proposition 1.3.16, there are
n! arrangements in all, of which ¢(n, k) have k envelopes not contained in
another and A(n, k) have k envelopes not containing another.

Subtract one from each part of a partition of n into n — t parts to deduce
Pn—.(n) = p(t) if and only if n > 2t.

22. A, >4, > > A correspondstod; +k—1>A, +k—2>> 4.
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23. a. The coefficient of g*x" in the left-hand side is equal to p,(n), as is the
coefficient of x” in x*/(1 — x)(1 — x?)---(1 — x*).
b. Divide the Ferrers diagram of a partition A as indicated in Figure 1-15.
Here A is the biggest square subdiagram, called the Durfee square of 4.
Then B is a partition into <k parts, while C is a partition with largest
part <k. It follows that the coefficient of g™ x" in

quk2 . I . 1
(1 =x) (1 = x*) (1 —gx)--(1 — gx*)
is equal to the number of partitions of n with m parts and Durfee square
of length k. Now sum on k.

k
F_A-_ﬂ

Figure 1-15

c. Use Exercise 22.

d. Suppose 4 is a self-conjugate partition of n; that is, A = A". Divide up the
Ferrers diagram of 4 as illustrated in Figure 1-16. The number of dots in
successive “hooks” defines a partition of » into distinct odd parts, and the
number of parts (or hooks) is equal to the length of the Durfee square of 4.
On the other hand, divide up the Ferrers diagram as illustrated in Figure
1-17. In addition to the Durfee square of length k, we have a partition
with largest part <k and its conjugate. The proof follows easily.

One can also prove (d) by making the substitution x — x?, ¢ = gx~
in (c).

1

e o o
e o
Figure 1-16 Figure 1-17

24. a. Some related results are due to Euler and recounted in §‘303 .of
P. A. MacMahon, Combinatory Analysis, vol. 2, Cambridge University
Press, 1916; reprinted by Chelsea, New York, 1960.




Solutions to Exercises 59

25.

b. This problem was suggested by Dale Worley. For each | <i < n, each

partition 4 of n — i, and each divisor d of i, we wish to associate a
d-element multiset M of partitions of n so that every partition of n occurs
exactly n times. Simply associate with 1d copies of the partition obtained
by adjoining i/d d’s to A.

. See [1], Corollary 8.6.
. Clearly ps(n) = 1 for all n, so the statement g4(n) = 1 is just the uniqueness

of the binary expansion of n.

26. For each partition 1 of n and each part j of 1 occurring >k times, we need

to associate a partition x of n such that the total number of times a given u
occurs is the same as the number m, (1) of parts of 4 that are equal to k. To
do this, simply change k of the j’s in A to j k’s. For example,n = 6,k = 2:

A

j u
111111 1 21111
21111 I 2211
3111 1 321
411 1 42
2211 20 2211
2211 1 222
222 2 222
33 3222

A proof based on generating function is given by M. S. Kirdar and T. H. R.
Skyrme, Canad. J. Math. 34 (1982), 194-195.

27. a. Let P(x) = (1 + x)(1 + x?)- (1 + x") = ¥, 5 o ax*. Let { = €2 (or any

primitive n-th root of unity). Since for any integer k,
i oo = n, ifnlk
= 0, otherwise,

we have
L3 PE) = Ya, = 100

Now if {/ is a primitive d-th root of unity (so d = n/(j, n)), then
x4 — 1 = (x — {)(x — (¥)-++ (x — (%),

so putting x = — 1 yields
. . . 2, dodd
J 2jy... djy . {7
(1+ )1+ 5 (1 + %) {0, L even.
Hence
. 274 d odd
Ny =
P& {O, d even.

Since there are ¢(d) values of je [n] for which {/ is a primitive d-th root
of unity, we obtain

1 &z . 1

=Y P == 3 ¢@d)2"

nj;j= n

- din
d odd
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28.

29.

30.

For further results along these lines, see R. Stanley and M. F. Yoder,
JPL Technical Report 32-1526, Deep Space Network 14 (1972), 117-123,
and A. Odlyzko and R. Stanley, J. Number Theory 10 (1978), 263-272.
b. Suppose n is an odd prime. Identify the beads of a necklace with Z/nZ in
an obvious way. Let S € Z/nZ be the set of black beads. If § # ¢ and
S # Z/nZ, then there is a unique a€ Z/nZ for which

Y (x+a) =

xX€eS
The set {x + a:xeS} represents the same necklace (up to cyclic sym-
metry), so we have associated with each non-monochromatic necklace a
subset of Z/nZ summing to 0. Associate with the necklaces of all black
beads and all white beads the subsets S = ) and S = Z/nZ, and we have
the desired bijection.

We claim that f{(n, k) is just the Stirling number S(n, k) of the second kind.
We need to associate with such a sequence a, a, - - a, a partition of [n] into
k blocks. Simply put i and j in the same block when a; = a;. This yields the
desired bijection. For further information, see S. Milne, Advances in Math.
26 (1977), 290-305.

Given a partition w of [n — 1], let i, i + 1, ..., j, for j > i, be a maximal
sequence of two or more consecutive integers contained in a block of =.
Remove j — 1,j — 3,j— 5, ... from this sequence and put them in a block
with n. Doing this for every such sequence i, i + 1, ..., j yields the desired
bijection. See H. Prodinger, Fibonacci Quart. 19 (1981), 463—-465.

Example. If 7 = 1456-2378, then we get 146-38-2579.

a. Letn =a,a, -a,,,€S,,, have kinversions, where n > k. There are f,(n)
such t with a,,; =n + 1.Ifa; = n + 1 withi < n + 1, then we can inter-
change q; and a;,, to form a permutation z' € S,,, with kK — 1 inversions.
Since n > k,every n’ = b, b, -+ b,,, € S,,, with k — 1 inversions satisfies
b, # n + 1 and can thus be obtained from a n€ &,,; with k inversions as
above.

b. Use induction on k.

c. By Corollary 1.3.10 we have

Y gt =1+ +g+4g>)0+g+-+q"")
k=0
=(1-q@ —g*) (1 —-g"1-qg""
=(1—-q(l —g>)1-g" ) (;n>(—l)"q"-
«>0
Hence if [];>, (1 — ¢)) = ) j> 0 b;q’, then
Ji(n) = i <3n>(_ l)jbk-—j1 n>k (38)

j=0

Note. Itisin fact a well- known identity of Euler that
H 1 — CI =14+ Z q(l/Z)n(3n 4 q(l/Z)n(3n+1))

i>1 n=>1
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31.

32.

33.

34.
35.

36.

37.

so the coefficients (—1)’b,_; in (38) can be given explicitly (in particular,
they are all 0 or +1).

See pp. 15-16 of D. E. Knuth, The Art of Computer Programming,
vol. 3, Addison—-Wesley, Reading, Mass., 1973,

By reasoning similar to the proof of Proposition 1.3.9 and Corollary 1.3.10,
we obtain

n—1
Fx,g)= [l x+q+q*>+- + g*.
k=0
a. First establish the recurrence
Y f(Dn—PN=n!, n>1.
i=1

This problem illustrates the irrelevance of the convergence of a
generating function. See L. Comtet, C. R. Acad. Sci. Paris 275 4 (1972),
569-572.

b. (I. Gessel) Now we have

n! = g(n) + igu -, n>1,

J
where we set g(0) = 1.

We have 34,(2) = ), A(n,k)2*, where A(n,k) permutations of [n] have k
descents. Thus we need to associate an ordered partition 7 of [n] with a pair
(m,S), where ne &, and S < D(n). Given n = a,a, " a,, draw a vertical bar
between qg; and a;,, if a; < a;,, or if a; > a;,, and ieS. The sets contained
between bars (including the beginning and end) are read from left to right
and define 7.

Example. © = 724531968, S = {1,5}. Write 7|2|4|53|1|96]8, so t = (7,2,4,
35,1,69,8). .

Answer: ¢, = c,_, = 1, all other ¢; = 0.

The number of 7 € G, of type ¢ is n!/1°¢,!--- nc,!. It is not hard to see that
this number is prime to ¢ if and only if, setting k = ¢,, we have ¢, > (n, — k)¢
where (") is prime to /. It follows from Exercise 6 that the number of binomial
coefficients (") prime to £is [ [;», (a; + 1). Since (¢, — (n, — k)£, c5,...,Cp-y)
can be the type of an arbitrary partition of a,, the proof follows.

This result first appeared in I. G. Macdonald, Symmetric Functions and
Hall Polynomials, Oxford University Press, 1979, Ex. 10 of Ch. 1.2. The
proof given here appears on pp. 260-261 of R. Stanley, Bull. Amer. Math.
Soc. 4 (1981), 254-265.

a. Use (27).
b. By(a),e *F'(x) = F(x),from which F(x) = ¢**7! so f(n)is the Bell number
B(n).

a. For further information related to this problem and Exercise 36(a), see
D. Dumont, in Séminaire Lotharingien de Combinatoire, 5éme Session,
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38.

39.

40.

41.

Institut de Recherche Mathématique Avancée, Strasbourg, 1982, pp. 59—
78.

b. One computes f(0) =1, f(1) =2, f(2) =6, f(3) =20, .... Hence guess
f(n)=(¥) and F(x):=Y f(n)x" = (1 —4x)""2. By (a) we then have

=Y gn)x" = 5:F(55=) = (1 — 2x — 3x?)™2. To verify the guess,

one must check that T~G() = F(x?), which is routine.
c. (Suggested by Lou Shapiro.) One computes f(0) =1, f(1) =1, f2 =

f(3) =5, f(4) = 14,.... Hence guess f(n) = +1(3") and F(x):= Y fln)x
zl-x(l — (1 — 4x)"?). Then Fl(x) = an+ Dx"=4F(x)-1)= 2x2(1
2x — (1 — 4x)"2), 50 by (a), G(x) := ¥ g(mx" = 755 F1(555) = 55(1 — x —

(1 — 2x — 3x%)"2). To verify the guess, one must check that 13=G(5s) =
F(x?), which is routine. The numbers f(n) are called Catalan numbers.

Answer: ¢, =[], """, where p ranges over all primes. Thus ¢y = 1, ¢; = 1,
¢, =2,c3=06,c, =12,¢c5 = 60, ce = 360, and so on. See E. G. Strauss, Proc.
Amer. Math. Soc. 2 (1951), 24-27.

Let z = y*, and equate coefficients of x"~! on both sides of (4 + 1)y’z = (yz).
See H. W. Gould, Amer. Math. Monthly 81 (1974), 3—-14.

Let log F(x) = Z,,>lg,,x" Then

Z gnx = = z ’_‘Zdad
n>1 x>1,>1 n>1 N din
Hence
ng, =Y day,
d|n
so by the Mobius inversion formula of elementary number theory,
= —ngd#(n/d )- (39)
dln

We have 1 + x = (1 — x)"*(1 — x?) (no need to use (39)).
If F(x) = e¥'™, then g, = | for all n, so by (39) we have a, = ¢(n)/n,
where ¢(n) is Euler’s totient function.

b. Use induction on n.
c. First show the following:
x \" x x!
1. = b,x" <>e* — -
n;l n <1 - X> ngl * néJO i! ZZ i!

(See Exercises 36(a) and 37(a).)

2. For any f(x)=x + Y ,»2a,x" and h(x) = x 4+ ) ,»2b,x", we have
FED(=f(=x)) = hSP(—=h(—x)) if and only if f(x)/h(x) is odd (ie.,
f(=x)/h(=x) = —f(x)/h(x)).

d. Answer: b,, =t,,_,, where tanhx =Y .5 t,,,x*" '/2n — 1)l. Later

(Section 3.16) we will see that (—1)""'t,,_, is the number of alternating

permutations in &,,,,,.
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42.

43.

44.

45.

Leth;=a;,—i+ 1. Thenl <bh, <bh,< < b <n—k+ 1andeach b, is

odd. Conversely, given the b;’s we can uniquely recover the a,’s. Hence setting
—-k+2 . .
m = | =5 |, the number of odd integers in the set [n — k + 1], we obtain

the answer ((7)) = ("*£™") = (¥), where ¢ = | 3% .
This exercise is called Terquem’s problem. For a generalization, see M.

"Abramson and W. O. J. Moser, J. Combinatorial Theory 7 (1969), 162-170,

and J. Combinatorial Theory 7 (1969), 171-180.

a. y=(a+(f— 201 —x—x?)

b. The recurrence yields y’ = (xy) — $+x2y, y(0) = 1. Thus y = (1 — x)™'? x
exp(z + 7)-

c. Weobtain 2y’ = y? + 1, y(0) = 1, whence y = tan(¥ + ) = tan x + sec x.
The significance of this generating function will be explained in Section
3.16.

¢. Now we obtain 2y’ = y?, y(0) = 1, whence y = (1 — 1x)™'. Thus a, =
27"n!.

[ +
a. + X =(1 + x)(1 — x2)712
[ —x
— z 4—n<2n)(x2n+x2n+l)
n>0 n
xZn
b.
nglnz(zn")
2 21(,2 2 2 2 x2n
. —1)"t(t* — 1 — 3%t —(2n — 1)°)—
e T (=1 = 1) = ) (2 = 2n = D)

CIWIE2(52  A2V(42 — A2V.. (12 —2x2n_
d. ngo( 1)'t*(t 2°)(¢t 44)--(t (2n — 2) )(2n)!

To do (c), for instance, first observe that the coefficient of x*"*!/
(2n + D!insin(zsin™! x)is a polynomial P,(¢) of degree 2n + 1 and leading
coefficient (—1)". If ke Z, then sin(2k + 1)8 is an odd polynomial in sin 6
of degree 2k + 1. Hence P,(+(2k + 1)) = O for n > k. Moreover, sin0 = 0
so P,(0) =0. We now have sufficient information to determine P,(t)
uniquely. To get (b), consider the coefficient of ¢2 in (d).

According to our current definitions, the number of compound propositions
that can be made from ten simple propositions is 22'°. It seems unlikely
that Hipparchus, who was an excellent mathematician, could be so far off.
Another possible interpretation is the following. A “compound proposition™
might be a disjoint union of sets of simple propositions, in which case
Hipparchus was attempting to compute the Bell number B(10) = 115,975.
Perhaps the phrase “on the negative side” means that at least one of the
simple propositions is not used in the partition, so that 310,952 is Hipparchus’s
value of B(11) — B(10) = 562,595. Admittedly this value of B(11) — B(10) is
not nearly as accurate as the computation of B(10).
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CHAPTER 2

Sieve Methods

Inclusion—Exclusion

Roughly speaking, a “sieve method” in enumerative combinatorics is a method
for determining the cardinality of a set S that begins with a larger set and
somehow subtracts off or cancels out the unwanted elements. Sieve methods have
two basic variations: (1) We can first approximate our answer by an overcount,
then subtract off an overcountgd approximation to our original error, and so on,
until after finitely many steps we have “converged” to the correct answer. This
is the combinatorial essence of the Principle of Inclusion—Exclusion, to which
this section and.the next four are devoted. (2) The elements of the larger set can
be weighted in a natural combinatorial way so that the unwanted elements cancel
out, leaving only the original set S. We discuss this technique in Sections 2.5-2.7.
The Principle of Inclusion—Exclusion is one of the fundamental tools of
enumerative combinatorics. Abstractly, the Principle of Inclusion—Exclusion
amounts to nothing more than computing the inverse of a certain matrix. As
such it is simply a minor result in linear algebra. The beauty of this principle lies
not in the result itself, but rather in its wide applicability. We will give several
examples of problems that can be solved by the Principle of Inclusion—Exclusion,
some in a rather subtle way. First we state the principle in its purest form.

2.1.1 Theorem. Let S be an n-set. Let V be the 2"-dimensional vector space
(over some field k) of all functions f:25 — k. Let ¢ : V — V be the linear trans-
formation defined by

¢f(T)= Y f(Y), forall TSS. (1)
Y=2rT
Then ¢! exists and is given by
¢ f(T)= ¥ (=) Tf(Y), forall T<S. (2)
Ya2T

Proof. Define y:V =V by yf(T) =Y ,o+(—1)'"Tf(Y). Then (composing
functions right to left)

64
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WAT) = 3 (= DY)
= g IY TIZZ;Yf(Z)

=2 ( (—U"‘”)f(Z).
Z22T \Z2Y=2T

Setting m = |Z — T|, we have

T (== Z": < )=5om,

ZQYQT
(Z,Tfixed)

so pYf(T) = f(T). Hence ¢yf = f,so ¢ = ¢ 1. a

The following is the usual combinatorial situation involving Theorem 2.1.1.
We think of S as being a set of properties that the elements of some given set A4
of objects may or may not have. For any subset T of S, let f_(T') be the number
of objects in A that have exactly the properties in T (so they fail to have the
propertiesin T = § — T). (More generally, if w: 4 — k is any weight function on
A with values in a field (or abelian group) k, then one could set f_(T) =
Y . w(x), where x ranges over all objects in 4 having exactly the properties in T.)
Let f,(T) be the number of objects in A that have at least the properties in T.
Clearly then

fo(T) = y;TJL(Y). (3)
Hence by Theorem 2.1.1,
fo(T) = y;(— NI (Y). 4)

In particular, the number of objects having none of the properties in S is given by
J(0) =;(—1)"'f2(Y), )

where Y ranges over all subsets of S. In typical applications of the Principle of
Inclusion—Exclusion it will be relatively easy to compute f.(Y) for Y = §, so
(4) will yield a formula for f_(T).

In equation (4) one thinks of f5(T) (the term Y = T) as being a first
approximation to f_(T). We then subtract

Y fa(D),
Y2T
|Y=T]=1
to get a better approximation, add back in

S fs(Y)

YoT
|Y~T|=2

and so on, until finally reaching the explicit formula (4). This explains the
terminology “Inclusion-Exclusion.” .
Perhaps the standard formulation of the Principle of Inclusion—Exclusion is




66

Chapter 2 Sieve Methods

one that dispenses with the set § of properties per se, and just considers subsets of

A.Thuslet 4, ..., A, be subsets of a finite set 4. For each subset T of [n], let
AT = ﬂ Ah
ieT
(with Ay = A) and for 0 < k < n set
Sk = Z ,ATL (6)
[TT=k

the sum of the cardinalities (or more generally the weighted cardinalities

wiAr) = ¥ W)
xeAy
of all k-tuple intersections of the A4;’s. Think of A4; as defining a property P, by
the condition that x € 4 satisfies P, if and only if xe 4;. Then A is just the set
of objects in 4 that have at least the properties in T, so by (5) the number
#(A, -0 A,) of elements of 4 lying in none of the A;s is given by

#(A_lﬁ"'ﬁz‘f,,)=so—sl+SZ—"'+(—1)"S,,, (7)

where S, = |4 5| = |4|.

The Principle of Inclusion—Exclusion and its various reformulations can be
dualized by interchanging n with U, € with 2, and so on, throughout. The
dual form of Theorem 2.1.1 states that if

(1) =Y f(Y), forall TSS,

Yer

then ¢! exists and is given by

$f(T)= 3 (=1)TYf(Y), forall T<S.
YerT
Similarly, if we let f_(T) be the (weighted) number of objects of 4 having
at most the properties in T, then

f«(M)y= 3% f(Y)

YT

(D)= 3 (=D (Y). t)
YT

A common special case of the Principle of Inclusion-Exclusion occurs when
the function f_ satisfies f_(T) = f_(T’) whenever |T| = |T"|. Thus also f5(T)
dependsonly on |T|,and we set a(n — i) = f_(T)and b(n — i) = f,(T) whenever
|T| = i. (Caveat: In many problems the set 4 of objects and S of properties will
depend on a parameter p, and the functions a(i) and b(i) may depend on p. Thus,
for example, a(0) and b(0) are the number of objects having all of the properties.
and this number may certainly depend on p. Proposition 2.2.2 is devoted to the
situation when a(i) and b(i) are independent of p.) We thus obtain from (3) and
(4) the equivalence of the formulas

b(m) = i (’7.1>a(i), 0<m<n, &)

i=o \ 1
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a(m) = -g) (?)(— 1"~ h(i), 0<m<n. (10)

In other words, the inverse of the (n + 1) x (n + 1) matrix whose (i, j)-entry
(0 <i,j < n)is (4)has (i, j)-entry (— 1)/~i(4). For instance,

111 17 I —1 1 -1
1o 1 2 3 _jo 1 -2 3
0 01 3 1o 0 1 -3f
0 0 0 1 0o 0 0 1

Of course we may let n approach oo so that (9) and (10) are equivalent for n = co.
Note that in the language of the calculus of finite differences (see Chapter
1, equation (27)), (10) can be rewritten as

a(m) = A"b(0), O0<m<n.

Examples and Special Cases

The canonical example of the use of the Principle of Inclusion—Exclusion is the
following.

2.2.1 Example. (The “derangement problem” or “probléme des rencontres.”)
How many permutations 7€ S, have no fixed points, that is, n(i) # i for all
i€ [n]? Such a permutation is called a derangement. Call this number D(r). Thus
D) = 1,D(1) =0, D(2) = 1, D(3) = 2. Think of the condition (i) = i as the i-th
property of n. Now the number of permutations with at least the set T < [n] of
points fixed is f5(T) = b(n — i) = (n — i)!, where | T'| = i(since we fix the elements
of T and permute the remaining n — i elements arbitrarily). Hence by (10) the
number f_((Q)) = a(n) = D(n) of permutations with no fixed points is

> (’.’)(—1)""':'!. (1)
i=0\!

This last expression may be rewritten

D(n)

L1 (—1y
Sincee ™ =Y ;5 o(—1)//j!, itis clear from (12) that n!/e is a good approximation

to D(n), and indeed it is not difficult to show that D(n) is the nearest integer to
n!/e. It also follows immediately from (12) that forn > 1,

D(n) =nD(n — 1) + (— 1) (13)
D(n) = (n — 1)(D(n — 1) + D(n — 2)). (14)

While it is easy to give a direct combinatorial proof of (14), considerably more
work is necessary to prove (13) combinatorially. (See Exercise 4.) In terms of
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generating functions we have that

D(n)x"  e7*

n>0 n! l—x'

The function b(i) = i! has a very special property—it depends only on i, not
on n. Equivalently, the number of permutations that have at most the set T < [n]
of points unfixed depends only on | T}, not on n. This means that (11) can be
rewritten in the language of the calculus of finite differences (see Chapter 1,
equation (27)) as

D(n) = A"x!, -,

which is abbreviated A”0!. Since the number b(i) of permutations in &, that have
at most some specified i-set of points unfixed depends only on i, the same is true
of the number a(i) of permutations in S, that have exactly some specified i-set
of points unfixed. It is clear combinatorially that a(i) = D(i), and this is also
evident from (10) and (11).

Let us state formally the general result that follows from the above con-
siderations.

2.2.2 Proposition. Foreach neN, let B, be a (finite) set, and let S, be a set of n
properties that elements of B, may or may not have. Suppose that for every
T < S,, the number of x € B, that lack at most the properties in T (i.e., that have
at least the properties in S, — T') depends only on | T}, not on n. Let b(n) = card
B,, and let a(n) be the number of objects x € B, that have none of the properties
in S,. Then

a(n) = A"b(0). O

2.2.3 Example. Let us consider an example to which the previous proposition
does not apply. Let h(n) be the number of permutations of the multiset M, =
{12,22,...,n?} with no two consecutive terms equal. Thus 2(0) = 1, k(1) = 0, and
h(2) = 2 (corresponding to the permutations 1212 and 2121). Let A4 be the set of
all permutations n of M,, and let P, for | <i < n, be the property that the
permutation n has two consecutive i’s. Hence we seek f_(Q) = h(n). It is clear
by symmetry that for fixed n, f5(T) depends only on i = |T}|, so write g(i) =
f5(T). Clearly g(i) is equal to the number of permutations n of the multiset
{1,2,...,i,(i + 1)%,...,n*} (replace any j < i appearing in 7 by two consecutive
J’s), so

gli) = (2n — iy2-0 0,

Note that b(i):=g(n — i) = (n + i)!27" is not a function of i alone, so that
Proposition 2.2.2 is indeed inapplicable. However, we get from (10) that

o8

h(n) =

1

0

L

<rf>(— 1Y “in + D127 = A"(n + )12 7 |i=0-

We turn next to an example for which the final answer can be represented
as a determinant.
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2.2.4 Example. Recall that in Chapter 1 (Section 1.3.3), we defined the descent
set D(r) of a permutation n = a,a, " a, of [n] by D(n) = {i:a; > a;,,}. Our
object here is to obtain an expression for the quantity f3,(S), the number of
permutations n € &, with descent set S. Let «,(S) be the number of permutations
ne S, whose descent set is contained in S. Thus (as pointed out in Chapter 1,
equation (16)),

a,(S) = Y. B.AT),

TSS
whence by (8),
BS) = Y (=15 T (T).
T<S

Recall also that if the elements of S are givenby | <s, <s; <" <5, <n-—1,
then by Proposition 1.3.11,

n
o,(S) =1{ >
81,82‘81,...,1’1—8,(

Therefore

. n
B.(S) = > (— 1y ( ) (15)
1Si1<i2<'-'<ijgk S,-I,Siz—Sil,...,n—Sij

We can write (15) in an alternative form, as follows. Let f be any function defined
on [0,k + 1] x [0,k + 1] satisfying f(i,j) = O if i > j. Then the terms of the sum

Av= T (DO, Sk + 1)

1<ig<iy< - <ij<k
are just the non-zero terms in the expansion of the (k + 1) x (k + 1) determinant
with (i, j)-entry f(i, j + 1),(i, j) € [0,k] x [0,k]. Henceif we set f(i, j) = 1/(s; — s,)!
(with sq = 0, 5,4+, = n), we obtain from (15) that
B,(S) = ntdet[1/(s;, — 59!, (16)
(1, /)€ [0,k] x [0,k]. For instance, if n = 8 and S = {1, 5}, then

I 1 1
[T ]

I 1

' l
0 1 3

By an elementary manipulation (whose details are left to the reader), (16) can
also be written in the form

B.(S) = det[< "o )] (17)
Sj+1 — Si

where (i, /)€ [0,k] x [0, k] as before.
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2.2.5 Example. We can obtain a “g-analogue” of the previous example with
very little extra work. We seek some statistic s(n) of permutations = € S, such that

s(m) __ n
Y g —( _ ) (18)
e Gy, Sl,Sz—'Sl,...,n—-Sk

where the elementsof Sare | <5, <5, < <s, <n— lasabove. We will then
automatically obtain g-analogues of (15), (16), and (17). We claim that (18) holds
when s(n) = i(n), the number of inversions of 7. To see this, sett; = s,,t, = s, —
Sireslygry =n—s5,. Let M ={1" ... (k+ 1y~}. Recall from Proposition
1.3.17 that

. n
2. q"“’=( ) (19)
ceS(M) tla t23'-'9tk+l
Now, given ¢ € S(M), define a permutation t€ S, by replacing the ¢, I’sin ¢ by
1,2,...,s, inincreasing order, then the t, 2’sby s, + 1,5, + 2,..., s, Inincreasing

order, and so on. (We then call 7 a shuffle of the sets [1,s,], [s; + I,s,], ...,
[s, + 1,n].) Clearly i(6) = i(t). Now set = 7!, It is easy to see that 7 is a shuffle
of [1,5,1,[s; + 1,5,],...,[sx + 1,n] ifand only if D(%) < {s,,s,,...,5,}. Itis also
easily seen that a permutation and its inverse have the same number of inversions.
Hence i(t) = i(n), and we obtain

. n
>, 47 =( ) (20)
neC, $1482 — Spy.ey D — §

D(r)SS

as desired.
Thus set

B.S.q)= ) q"™.

e,
D(m)=S§

By simply mimicking the reasoning of Example 2.2.4, we obtain

Bu(S,q) = (m)!det[1/(si41 — )15

. k
=det[( .S )] . 21
Siv1—Si/ o

For instance, if n = 8 and S = {1, 5}, then

1 1 1

a Gy @)

| l

B.(S.q) = (8)! @ o
1

e

=q% + 3¢® + 6¢* + 99° + 13¢° + 17q" + 21¢® + 23¢°

+240'0 + 23¢"* + 21q"% + 18¢"> + 14¢'* + 10¢"°
+7q'° + 497 + 2q9'% + q"°.
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If we analyze the reason why we obtained a determinant in the previous two
examples, then we get the following result.

2.2.6 Proposition. Let S={P;,...,P,} be a set of properties, and let T =
{P,,,...,P,} < §,where 1 <s, < <s, < n. Suppose that f_(T) has the form

fs(T) = h(n)e(sq,s,)e(sy,52) - e(Sk, Sx+1)
for certain functions hon N and eon N x N, where weset s, = 0,s,,, =n + 1,

e(i,i)=1and e(i,j) = 01f j < i. Then
J=(T) = h(n)det[e(s:, 5;+1)16- a

Permutations with Restricted Position

The derangement problem asks for the number of permutations 7 € S, where for
each i, certain values of 7(i) are disallowed (namely, n(i) # i). We now consider
a general theory of such permutations. It is traditionally described using termi-
nology from the game of chess. Let B < [n] x [n], called a board. If ne S, then
define the graph G(n) of = by

n) = {(i,n(i)): ie[n]}.
Now define
N;=card {nre G, :j = #(Bn G(n))},

r, = number of k-subsets of B such that no two
elements have a common coordinate

= number of ways of placing k non-attacking
rooks on B.

We may identify ne &, with the placement of n non-attacking rooks on the
squares (i,n(i)) of [n] x [n]. Thus N; is the number of ways of placing n non-
attacking rooks on [n] x [n] such that exactly j of these rooks lie in B. For
instance, if B = {(1,1),(2,2),(3,3),(3,4),(4,4)},then Ny = 6,N; =9, N, =7,N; =
I, Ny=1ro=1,r,=5r,=8ry=35,r,=1. Our object is to describe the
numbers N;, and especially Ny, in terms of the numbers r,. To this end, define
the polynomial

Na(x) =3 N;x7.
7
2.3.1 Theorem. We have
N,(x) = Z (n — K)l(x — 1. (22a)
In particular,

Ny = NO) = 3 (= DFr(n — k. (22b)

k=0
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First Proof. Let C, be the number of pairs (r, C), where e S, and C is a k-subset
of B G(xn). For each j, choose 7 in N; ways so that j = card B n G(r), and then
choose C in ({) ways. Hence C, = Y ;({)N;. On the other hand, we first could
choose Cinr, ways and then “extend” to min (n — k)! ways. Hence C, = r(n — k)!.
Therefore

Z(i) N; = r(n — k),

j
or equivalently,

YO+ N, =3 rn(n—k)yt.
J k

Putting y = x — 1 yields the desired formula. O

Second Proof. 1t suffices to assume x € P. The left-hand side of (22a) counts the
number of ways of placing n non-attacking rooks on [n] x [n] and labeling each
rook on B with an element of [x]. On the other hand, such a configuration can
be obtained by placing k non-attacking rooks on B, labeling each of them with
an element of {2,..., x}, placing n — k additional non-attacking rooks on [n] x
[n]in (n — k)! ways, and labeling the new rooks on B with 1. This establishes the
desired bijection. O

The two proofs of Theorem 2.3.1 provide another illustration of the principle
enunciated in Chapter 1 (third proof of Proposition 1.3.4) about the two com-
binatorial methods for showing that two polynomials are identical. It is certainly
also possible to prove (22b) by a direct application of Inclusion-Exclusion,
generalizing Example 2.2.1. Such a proof would not be considered combinatorial,
since we have not explicitly constructed a bijection between two sets (but see
Section 2.6 for a method of making such a proof combinatorial). The two proofs
we have given may be regarded as “semi-combinatorial,” since they yield by
direct bijections formulas involving parameters y and x, respectively; and we then
obtain (22b) by setting y = —1 and x = 0, respectively. In general, a semi-
combinatorial proof of (5) can easily be given by first showing combinatorially
that

‘XLL(X)X‘X' = ;fZ(Y)(x — "

or
;f=(x)(y + = ;fZ(Y)y'Y',

and then setting x = 0 and y = — 1, respectively.
As an example of Theorem 2.3.1, take B = {(1,1),(2,2),(3,3),(3,4).(4,4)} as
above. Then

NyGx) =41 +5-31x — 1) + 8-2l(x — 12 + 5-11(x — 1)* + (x — 1)*
=x*4+ x>+ 7x%>+9x + 6.
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2.3.2 Example. (Derangements revisited.) Take B = {(1,1),(2,2),...,(n, n)}. We
want to compute N, = D(n). Clearly r, = (}), so

N = ¥ (Z)(n ~ B — 1)

k=0

i x—l

n

=Ny =N,(0) =Y (—1)nl/k!.

2.3.3 Example. (Probléme des ménages.) This famous problem is equivalent to
asking for the number M (n) of permutations ne &, such that n(i) # i, i + 1 (mod n)
for all i€ [n]. In other words, we seek N, for the board B = {(1,1),(2,2),...,(n,n),
(1,2),(2,3),...,(n — 1,n),(n,1)}. By looking at a picture of B, we see that r, is equal
to the number of ways of choosing k points, no two consecutive, from a collection
of 2n points arranged in a circle.

2.3.4 Lemma. The number of ways of choosing k points no two consecutive,
from a collection of m points arranged in a circle is 7= (" %).

First Proof. Let f(m,k) be the desired number; and let g(m, k) be the number of
ways of choosing k nonconsecutive points from m points arranged in a circle,
next coloring the k points red, and then coloring one of the non-red points blue.
Clearly g(m, k) = (m — k) f(m, k). But we can also compute g(m, k) as follows. First
color a point blue in m ways. We now need to color k points red, no two
consecutive, from a linear array of m — 1 points. One way to proceed is as follows.
Placem — 1 — k uncolored points on a line, and insert k red points into the m — k
spaces between the uncolored points (counting the beginning and end) in (%)
ways. Hence g(m, k) = m(™.*), so f(m, k) = 7=(™%). 0

The above proof is based on a general pr1n01ple of passing from “circular”
o “lincar” arrays. We will discuss this principle further in Chapter 4 (see Prop-
osition 4.7.11).

Second Proof. Label the points 1, 2, ..., min clockwise order. We wish to color
k of them red, no two consecutive. First we count the number of ways when 1
isn’t colored red. Place m — k uncolored points on a circle, label one of these 1,
and insert k red points into the k spaces between the uncolored points in ("¢ *)
ways. On the other hand, if 1 is to be colored red, then place m — k + 1 points
on the circle, color one of these points red and label it 1, and then insert in
mk1) ways k — 1 red points into the m — k — 1 allowed spaces. Hence
Slm k) = (") + (M) = A= (M), O

2.3.5 Corollary. The polynomial N,(x) for the board B = {(i,i),(i,i + 1)
(modn):1 < i < n}is given by
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In particular, the number N, of permutations ne S, such that n(i)% i, i + 1
(modn) for 1 <i < nisgiven by

n 2n (2n——k

N°:k;ozn—k ) )(n—k)!(——l)“. O

Corollary 2.3.5 suggests the following question. Fix k€ P, and let B, denote
the board

B, = {(,i),(,i + 1),...,(,i + k — 1)(modn): 1 < i < n}.

Find the rook polynomial R,(x) = 3 ;r,(n)x’ of B,. This problem is known as the
“problem of k-discordant permutations.” When k > 2 there is no simple explicit
expression for r;(n) as there was for k = 1, 2. However, we shall see in Example
4.7.17 that there exists a polynomial Q,(x, y)e Z[x, y] such that

d
- y'a_y Qk(x7 J’)
Qk(x’ y) ’

provided R,(x) is interpreted suitably when n < k. For instance, Q,(x,y) =
L= (1+x)yp, Q206 =1 —(1+2x)y+x>y*)(1 —xy), Q30x,y)=(1—(I +
2x)y — xy* + x3y3)(1 — xy).

Y R.(x)y" =

Ferrers Boards

Given a particular board or class of boards B, we can ask whether the rook
numbers r; have any special properties of interest. Here we will discuss a class of
boards called Ferrers boards. Given integers 0 < b, < -+ < b,,, the Ferrers board
of shape (b,,...,b,) is defined by

B={Gj):1<i<m1<j<b}.

The board B depends (up to translation) only on the positive b’s. However, it will
prove to be a technical convenience to allow b; = 0.

2.4.1 Theorem. Let ) r,x* be the rook polynomial of the Ferrers board B of
shape (by,...,b,). Sets; = b, — i + 1. Then

m

Zrk(x)m—k = l_I(x + S,-).

1

Proof. Let xeN, and let B be the Ferrers board of shape (b, + x,..., b, + X).
Regard B = B U C, where C is an x x m rectangle placed below B. We count
r.(B’) in two ways.

1. Place krooks on B inr, ways, then m — k rooks on C in (x),,—, ways, to get

Tm(B) = 21 ()i
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2. Place a rook in the first column of B’ in x + b, = x + s, ways, then a
rook in the second column in x + b, — 1 = x + s, ways, and so on, to get

ra(B) =[]x + s).
1
This completes the proof. O

2.4.2 Corollary. Let B be the “triangular board” of shape (0,1,2,...,m — 1).
Then r, = S(m,m — k).

Proof. We have each s; = 0. Hence by Theorem 2.4.1,
x™ = Z rk(x)m—k'

It follows from equation (24d) in Chapter | that r, = S(m,m — k). O

A combinatorial proof of Corollary 2.4.2 is clearly desirable. We wish to
associate a partition of [m] into m — k blocks with a placement of k non-
attackingrookson B = {(i,j): 1 <i<m,1 <j <i}.Ifarook occupies (i, j), then
define i and j to be in the same block of the partition. It is easy to check that this
yields the desired correspondence.

243 Corollary. Two Ferrers boards, each with m columns (allowing void
columns), have the same rook polynomial if and only if their multisets of the
numbers s; are the same. a

Corollary 2.4.3 suggests asking for the number of Ferrers boards with a rook
polynomial equal to that of a given board B.

2.44 Theorem. Let 0<c¢, <--<c,, and let f(c,,...,c,) be the number of
Ferrers boards with no void columns and having the same rook polynomial as
the Ferrers board of shape (¢,,...,c,). Add enough initial O’s to ¢, ..., ¢, to get
a shape (b,,...,b) = (0,0,...,0,¢c,,...,c,) such that if s; = b; — i + 1 then only
s; =0 (ie, s; <0 for 2 <i<t). Suppose a; of the s;'s are equal to —i, so0
Yis1a;=t— 1. Then

a1+az—'1 a2+a3—1 a3+a4—1.'.
f(Cl’“.’CM)—( a )( as )( as .

Proof. By Corollary 2.4.3, we seek the number of permutations d,d,---d,_, of
the multiset {1%:,2%,...} such that 0>d, —1>d, —2>-->d,_, —t+ 1.
Equivalently, d, = 1 and d; must be followed by a number <d; + 1. Place the
a, 1I’'sdown in a line. The a, 2’s may be placed arbitrarily in the a, spaces follow-
ing each 1 in ((3!)) = (“*#27") ways. Now the a; 3’s may be placed arbitrarily in
the a, spaces following each 2 in ((3?)) = (“Zﬁ;’;“) ways, and so on, completing

the proof. a
For instance, there are no other Ferrers boards with the same rook poly-
nomial as the triangular board (0,1,...,n — 1), while there are 3"~' Ferrers

boards with the same rook polynomial as the n x n chessboard [n] x [n].
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If in the proof of Theorem 2.4.4 we want all the columns of our Ferrers board
to have distinct lengths, then we must arrange the multiset {1%,2%,.. .} to first
strictly increase to its maximum and then to be non-increasing. Hence we obtain:

2.4.5 Corollary. Let B be a Ferrers board. Then there is a unique Ferrers board
whose columns have distinct (non-zero) lengths and that has the same rook
polynomial as B. m]

For instance, the unique “increasing” Ferrers board with the same rook
polynomial as [n] x [n] has shape (1,3,5,...,2n — 1).

V-partitions and Unimodal Sequences

We now give an example of a sieve process that cannot be derived (except in a
very contrived way) using the Principle of Inclusion—Exclusion. By a unimodal
sequence of weight n (also called an n-stack), we mean a P-sequence d,d, - d
such that

a. Zd,=n
b. Forsomej,d; <d, < - <d;>dj,, > >d,.

m

Many interesting combinatorial sequences turn out to be unimodal. In this
section we shall be concerned not with any particular sequence, but rather with
counting the total number u(n) of unimodal sequences of weight n. By convention
we set u(0) = 0. For instance, u(5) = 15, since all 16 compositions of 5 are
unimodal except 212. Now set

Ux)= > u(m)x"=x + 2x> +4x> + 8x* + 15x° + ---.

n=0
Our object is to find a nice expression for U(x). It is easy to see that the number

of unimodal sequences of weight n with largest term k is the coefficient of x" in
x*/(k = 1)!(k)! (where we take (j)! in the variable x). Hence
xk
Ulx) = _—
=2, &= Doy

This is analogous to the formula

(23)

xk

n)x" = —

2P = 2

where p(n) is the number of partitions of n. What we want, however, is an ana-
logue of the formula

T pyxm= [T —x)

It turns out to be easier to work with objects slightly different from unimodal
sequences, and then relate them to unimodal sequences at the end. We define a
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V-partition of n to be an N-array

a, a, -
C

B e
suchthatc+ Y a;+ Y bj=n,c>a, >a,>-,andc>b, > b, >---. Hence
a V-partition may be regarded as a unimodal sequence “rooted” at one of its
largest parts. Let v(n) be the number of V-partitions of n, with v(0) = 1. Thus for
instance v(4) = 12, since there is one way of rooting 4, one way for 13, one for
31, two for 22, one for 211, one for 121, one for 112, and four for 1111. Set

Vix)= Y vn)x" =1+ x+ 3x* + 6x> + 12x* + 21x° + -

n=20 )

Analogously to (23) we have

xk

Vix) = Z (T)!T’

k=0

but as before we want a product formula for V(x).
Let V, be the set of all V-partitions of n, and let D, be the set of all double
partitions of n, that is, N-arrays

a, a, -
- e

such that Y a; + Y. b;=n,a, >a, > ,b; > b, > --. If d(n) = card D,,, then
clearly
Y odnx" =[]0 —-x)"2 (26)
n>0 i21

Now define I'; : D, — V, by

b, b,

V.
92 9 T ifa, > by
al bl bZ P
rl LY .« .
b: [ ], if b, > a,.

Clearly T, is surjective, but it is not injective. Every V-partition in the set

VJ:{[C Zl ZZ ::':]el/,,:c>al}
1 2 ’

appears twice as a value of I';, so
# I/n = #Dn - # I/nl .
Next define I, : D,_, = V,! by

, Ifb;>a, + 1.
bz b3 . 1 1

a +1 25 ] ifa, + 1 >b,
a, - bl bz
I; b ]
1

b, - [b a, +1 a,
1
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Again T, is surjective, but every V-partition in the set

a, a, a; -
V"zz{[c oo _”};c>al>a2}
appears twice as a value of I',. Hence #V,! = #D,_, — # V2, so

#[/nz #Dn— #Dn~l + #I/nz'
Next define I’y : D,_; — V2 by

g 42 @T1 @ a ] if a,+2 > b,
4 a - b, by by ---
Dle b = 12 w4l a
1 2 a, a 3 .
[bl b, b, b ] if b, > a, + 2.
We obtain
#V,=#D, — #D,_, + #D,_ — #V>.

Continuing this process, we obtain maps I;: D (i)—> Vi~1. The process
n=2
stops when (%) > n, so we obtain the sieve-theoretic formula
v(n)=dn) —dn—-1)+dn—-3)—dn—6)+ -,

where we set d(m) = 0 for m < 0. Thus using (26) we obtain:

2.5.1 Proposition. We have
Vx) = (Z(—l)ﬂx("?)> T1a — xH2. 0
n>0 i>1

We now obtain an expression for U(x) using the following result.

2.5.2 Proposition. We have
Ux)+ V(x)= ] —x)"2

21

Proof. Let U, be the set of all unimodal sequences of weight n. We need to find
a bijection D, — U, u V,. Such a bijection is given by

Tt 4, 4y bl bz ot N ifal>b1
a, a, -
[bl b ]H [bl ‘;‘ ‘;2 } ifh, > a,. D
2 b3

2.5.3 Corollary. We have

Ulx) = [;( 1)"1(2]1:[11—x . 0
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Involutions

Recall now the viewpoint of Section 1.1 that the best way to determine that two
finite sets have the same cardinality is to exhibit a bijection between them. We
will show how to apply this principle to the identity (5). (The seemingly more
general (4) is done exactly the same way.) As it stands this identity does not assert
that two sets have the same cardinality. Therefore we rearrange terms so all signs
are positive. Thus we wish to prove the identity

<@+ ¥ =) f()), 27)
1Y} 0dd |Y|even
where f_(T) (respectively, f.(T)) denotes the number of objects in a set A having
exactly (respectively, at least) the properties in T < S. The left-hand side of (27)
is the cardinality of the set M U N, where M is the set of objects x having none
of the properties in S, and N is the set of ordered triples (x, Y, Z), where x € A has
exactly the properties Z = Y with | Y| odd. The right-hand side of (27) is the
cardinality of the set N’ of ordered triples (x’, Y’, Z’), where x’ € A has exactly the

properties Z' = Y’ with | Y| even. Totally order the set S of properties, and define
6:M UN — N'as follows:

ox)=(x,0,D), ifxeM
((x,Y —i,2), if(x,Y,Z)eN
and minY =minZ =i

(x,YuiZ), if(x,Y,Z)eN

o(x,Y,Z) = <

L and minZ =i <minY.

It is easily seen ¢ is a bijection with inverse
(xeM,ifY=Z=0Q

(x,Y —i,Z)eN, ifY#Q

. andminY =minZ =i
A=Y yUiZ)eN, ifZ#and

minZ=i<minY

L (where we set min Y = o0 if Y = Q).

This yields the desired proof.

Note that if in the definition of ¢ ™! we identify x € M with (x, O, D)eN’ (§o
a Y x, D, D) = (x, O, D)), then s L ™" is a function T: N U N - NuUN satis-
fying: (a) T is an involution; that is, 2 = id; (b) the ﬁxcd points of.r are the tfxples
(x, @, @), so are in one-to-one correspondence with M; and (c) if (x, Y, Z) is not
a fixed point of t and we set 1(x, Y, Z) = (x, Y, Z), then

(=M + (=17 =0.

Thus the involution t selects terms from the right-hand side of (5) (or rather,
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terms from the right-hand side of (5) after each /. (Y) is written as a sum (3))
that add up to the left-hand side, and then 7 cancels out the remaining terms.

We can put the preceding discussion in the following general context.
Suppose that the finite set X is written as a disjoint union X * U X~ of two subsets
X" and X7, called the “positive” and “negative” parts of X respectively. Let t
be an involution on X that satisfies:

a, If1(x) = yand x # y, theneither xe X* and ye X", orelse xe X" andye X *.
b. If 7(x) = x then xe X *.

If we define a weight function w on X by

I, xeX*
w(x) = _
-1, xeX~,

then clearly

#(Fixt) = Y w(x) (28)
xeX
where Fix v denotes the fixed point set of 7. Just as in the previous paragraph,
the involution 1 has selected terms from the right-hand side of (28) which add
up to the left-hand side, and has cancelled the remaining terms.

We now consider a more complicated situation. Suppose we have an-
other set X that is also expressed as a disjoint union X = X* U X~, and an in-
volution 7 on X satisfying (a) and (b) above. Suppose we also are given a sign-
preserving bijection f: X — X; that is, f(X*)= X" and f(X~) = X ™. Clearly
then # (Fix 1) = #(Fix ©), since #(Fixt)=|X"| —|X | and #(Fix?)=|X"| -
|X~|. We wish to construct in a canonical way a bijection g between Fix t and
Fix 7. This construction is known as the involution principle and is a powerful
technique for converting non-combinatorial proofs into combinatorial ones.

The bijection g : Fix 1 — Fix T is defined as follows. Let x e Fix 7. It is easily
seen that, since X is finite, there is a positive integer n for which

f(f "V if)(x) e Fix 7. (29)

Define g(x) to be f(zf ~1f)"(x) where n is the least positive integer for which (29)
holds.

We leave it to the reader to verify rigorously that g is a bijection from Fix t
to Fix 7. There is, however, a nice geometric way to visualize the situation.
Represent the elements of X and X as vertices of a graph I'. Draw an undirected
edge between two distinct vertices x and y if (1) x, ye X and t(x) = y; or (2) x,
ye X and #(x) = y; or 3) xe X, ye X, and f(x) = y. Every component of I" will
then be either a cycle disjoint from Fix t and Fix , or a path with one endpoint
z in Fixt and the other endpoint Z in Fix%. Then g is defined by g(z) = Z. See
Figure 2-1.

There is a variation of the involution principle that is concerned with
“sieve-equivalence.” We will mention only the simplest case here; see Exercise 17
for further development. Suppose X and X are (disjoint) finite sets. Let Y€ X
and ¥ = X, and suppose that we are given bijections /: X - X and g: Y - Y.
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Figure 2-1

Hence |X — Y| ={X — Y|, and we wish to construct an cxplicit bijection h
between X — Y and X — Y. Pick xe X — Y. As in (29) there will be a positive
integer n for which

flg7 frx)eX — Y. (30)

In this case n is unique since if ye X — ¥ then g7'(}) is undefined. Define h(x)
to be f(g ~'/)"(x), where n satisfies (30). One easily checks that h: X — Y - X — ¥
is a bijection.

Let us consider a simple example of the bijection h: X — Y - ¥ — Y.

2.6.1 Example. Let Y be the set of all permutations n in S, that fix 1, that is,
n(1) = 1. Let Y be the set of all permutations n in S, with exactly one cycle. Thus
Y| =Y =@n— 1), s0

IS, — Y =18,— Y =n"—(n—1).

It may not be readily apparent, however, how to construct a bijection h between
S, — Y and S, — Y. On the other hand, it is easy to construct a bijection ¢
between Y and Y; namely, if 7 = la,---a,e Y (where n is written as a word, i..,
n(i) = a;), then set g(n) = (1,a,,...,a,) (written as a cycle). Of course we choose
the bijection f:S, — S, to be the identity. Then (30) defines the bijection
h:S, — Y-S, — Y. Forexample, when n = 3 we depict f by solid lines and ¢
by broken lines in Figure 2-2. Hence (writing permutations in the domain as

123 < (1)(2)(3)
\\\
132 <> (1)(23)
N \\
213 S (12)(3)
\\ \\
231 ~—> (123)
\\
312 > (132)
321 (13)(2)

Figure 2-2
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words and in the range as products of cycles),
h(213) = (12)(3)
h(231) = (1)(2)(3)
h(312) = (1)(23)
h(321) = (13)(2).

Itis natural to ask here (and in other uses of the involution and related principles)
whether there is a more direct description of . In this example there is little
difficulty because Y and Y are disjoint subsets (when n > 2) of the same set S,
This special situation yields

Cfm ifng? |
h(m) = {g"(n), ifre?. (31)

Determinants

In Proposition 2.2.6 we saw that a determinant det[a;]5, with a; = 0if j <i — 1,
can be interpreted combinatorially using the Principle of Inclusion—Exclusion.
In this section we will consider the combinatorial significance of arbitrary deter-
minants, by setting up a combinatorial problem in which the right-hand side of
(28) is the expansion of a determinant.

A finite, nonnegative lattice path in the plane (with unit steps to the right
and down) is a sequence L = (v,,...,0,), where v;e N? and v;,; — v; = (1,0) or
(0, —1). We picture L by drawing an edge between v;and v;,,,1 <i <k — 1. For
instance, the lattice path ((1,4),(2,4),(2,3),(2,2),(3,2),(3, 1)) is drawn in Figure
2-3. An n-path is an n-tuple L = (L,,...,L,) of lattice paths. Let a, 8, y, 6eN".
Then L is of type (a, B,y,8) if L; goes from (B;,7;) to («;, ;). (Clearly then «; > B,
and y; > 4,.) L is intersecting if for some i # j L; and L; have a point in common;
otherwise L is nonintersecting. Define the weight of a horizontal step from (i, j)
to (i + 1, j) to be the indeterminate x;, and the weight of L to be the product of
the weight of its horizontal steps. For instance, the path in Figure 2-3 has weight
X,Xg4.

If o = (,...,a,)eN" and ne S, then let n(a) = (Ar(y),---» %) LEL & =
o (a, B,7,6) be the set of all n-paths of type («, 8,7,6), and let A = A(a, fB,y,0) be
the sum of their weights. Consider a path from (f;, y;) to («;,9;). Let m = o; — f;.
For each j satisfying 1 < j < m there is exactly one horizontal step of the form
(j— 1+ B,k = (j + Bi,k;). Thenumbers k,, k5, ..., k, can be chosen arbitrarily
provided

vizk 2k, > 2k, >0 (32)
Hence if we define

h(m;y;,6;) = Z-’(k,xk2 T Xk
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Figure 2-3

summed over all integer sequences (32), then
Ale, B,y,0) = [ h(o; — Bi;7:, 6)). (33)
i=1

Now let # = %(a, B,7,5) be the set of all nonintersecting n-paths of type
(2, B,7,6), and let B = B(a, B,7,5) be the sum of their weights. For instance, let
a=(23), B=(L1), y=(23), 6 =(1,0). Then B(x,B,7,6) = x,x} + x,x3 +
Xy X;X3, corresponding to the nonintersecting 2-paths shown in Figure 2-4.

b

r
v
'

Figure 2-4

2.7.1 Theorem. Leta,B,y,0eN"such thatforneS,, B(rn(a),B,y, n(d)) is empty
unless 7 is the identity permutation. (For example, this condition occurs if
% < %iyys Bi < Brvrs ¥i < Virr»@nd ; < 64y for 1 <i<n— 1) Then

B(o, B,7,0) = det [h(“j ~ Bisvis 5,')]'; ) (34)

where we set h(a; — f;;7;,9;) = 0 whenever there are no sequences (32).

Proof. When we expand the right-hand side of (34) we obtain
Y. (sgnm)A(n(@), B, 7, 7(5)). (35)

e,

Let o/, = o/(n(x),B,7,n(6)). We shall construct a bijection L —» L* from
(Uzes, ) — B to itself satisfying:

a. L** = L; that is, * is an involution

b. w(L*) = w(L); that is, * is weight-preserving

c¢. fLes/, and L*e ./, then sgno = —sgn .
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Then by grouping together terms of (35) corresponding to pairs (L, L*) of inter-
secting n-paths, we see that all terms cancel except for those producing the desired
result B(a, 3,7,9).

To construct the involution *, let L be an intersecting n-path. We need to
single out some canonically defined pair (L;, L;) of paths from L that intersect.
One of many ways to do this is the following. Let i be the least integer for which
L;and L, intersect for some k # i, and let j be the least integer > for which L,
and L; intersect. Construct L by following L, to its first intersection point v with
L; and then following L; to the end. Construct L} similarly by following L, to ¢
and then L; to the end. For k # i,jlet L} = L,.

Property (a) follows since L, and L intersect in u if and only if L¥ and L}
also intersect in u, so that the triple (i, j, v) can be obtained frem L* by the same
rule as it can be obtained from L. Property (b) is immediate since the totality of
single steps in L and L* is identical. Finally ¢ is obtained from = by multiplication
by the transposition (i, j), so (c) follows. 0

Theorem 2.7.1 has important applications in the theory of symmetric func-
tions, but here let us be content with a simple example of its use.

2.7.2 Example. Letr, seN and let S be a subset of [0,r] x [0,s]. How many
lattice paths are there between (0,r) and (s,0) that don’t intersect S? Call this
number f(r,s,S). Let S = {(a,,b,),...,(a, b,)}. and set

«=(s,ay,...,a,), B=1(0,ay,...,a)

y=(r,by,....b), d=1(0,by,....b).
Then f(r,s,S) = B(a, B,y,9), where we set each weight x; = 1. Now

o+ — B — 9,
h(aj - ﬂn Yi’éj)lxj=l = ( ! % — ﬁi J)'

Hence by Theorem 2.7.1,
r+s r+al—b1) (1‘+czk—bk>
S al ak

Shal'l"bl 1 . ak—bk—611+h]>'
fir,s,8)= s—a, a, — d, 4

5 — a, + by (al—bl-—ak+bk> |
G I
where we set (}) = 0if j < 0 or i — j < 0. When we expand this determinant we
obtain a formula for f(r, s, S) that can also be deduced directly from the Principle
of Inclusion-Exclusion. Indeed, by a suitable permutation of rows and columns
the above expression for f(r, s, S) becomes a special case of Proposition 2.2.6. (In

its full generality, however, Theorem 2.7.1 cannot be deduced from Proposition
2.2.6; indeed, the determinant (34) will in general have no zero entrics.)
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Notes'

As P. Stein says in his valuable monograph [1.16], the Principle of Inclusion—
Exclusion *“is doubtless very old; its origin is probably untraceable.” An extensive
list of references is given in [21], and exact citations for results mentioned below
without reference may be found there. In probabilistic form, the Principle of
Inclusion—Exclusion can be traced back to De Moivre and less clearly to J.
Bernoulli, and is sometimes referred to as “Poincaré’s theorem.” The first state-
ment in combinatorial terms may be due to da Silva, and is sometimes attributed
to Sylvester.

Example 2.2.1 (the derangement problem) was first solved by Montmort (in
probabilistic terms) and later independently investigated by Euler.

Example 2.2.4 goes back to MacMahon [15, vol. 1, p. 190] and has been
rediscovered several times since. Example 2.2.5 first appears in [20, Cor. 3.2].
The ménage problem (Example 2.3.3) was suggested by Tait to Cayley and Muir,
but they did not reach a definitive answer. The problem was independently
considered by Lucas, and solved by him in a rather unsatisfactory form. The
elegant formula given in Corollary 2.3.5 is due to Touchard. For references to
more recent work see [3, p. 185]. The theory of rook polynomials in general is
due to Kaplansky and Riordan [12]; see [17, Chs. 7-8]. The theory of Ferrers
boards presented in Section 2.4 appears (with much additional material) in
[6]-[10]. The proof given here of Theorem 2.4.4 was suggested by P. Leroux.
The results of Section 2.5 first appeared in [18, Ch. IV.3] and were restated in
[19, §23].

" The involution principle was first stated in [4], where it was used to give a
long-sought-for combinatorial proof of the Rogers—Ramanujan identities. For
further discussion of the involution principle, sieve equivalence, and related
results, see [2], [11], [22], [24]. The combinatorial proof of the Principle of
Inclusion—Exclusion given in Section 2.6 appears implicitly in [16] and is made
more explicit in [23]. Theorem 2.7.1 and its proof are anticipated in [1], [13],
[14], though the first explicit statement appears in a paper of Gessel and Viennot
[5]. Our presentation closely follows that of Gessel and Viennot.
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Exercises

1. Let S ={P,,...,P,} be a set of properties, and let f; (respectively, f.,)

denote the number of objects in a finite set A that have exactly k (respec-
tively, at least k) of the properties. Show that

fi= i(‘ (g (36)

and

for = __‘;(— D *(ih)g, (37)




(2]

[2+]

(2]

(2]

(2]

[2+]

(1+]
(1+]

(3-1]
(2-]

[2—]
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4.
5.

where
9 = Z Jo(T).
7SS
| T =i
a. Let 4,,..., 4, be subsets of a finite set 4, and define S,, 0 < k < n, by (6).

e.
f.

Show that
Se — Sesr + o H(=1)"FS, >0, 0<k<n (38)
Find necessary and sufficient conditions on a vector (S,, S,,...,S,) e N"*!

so that there exist subsets A, ..., A, of a finite set A satisfying (6).

Let
2, Qe O B
0=V, 3V S Vs W0 (39)
be an exact sequence of finite-dimensional vector spaces over some field;
that is, the &;’s are linear transformations satisfying im d;,, = ker ¢; (with
0, injective and d, surjective). Show that

dimW = ) (—1)dim V¥, (40)
i=0

Show thatfor0 <j <n,

rank g, = Y (—1)7dim ¥, (41)

i=j

so in particular the quantity on the right-hand side is nonnegative.
Suppose we are given only that (39) is a complex; that is, §;d;,, = 0 for
0 <j <n —1,orequivalently imd,,, < ker J;. Show that if (41) holds for
0 <j < n, then (39) is exact.
Let A,,..., A, be subsets of the finite set 4, and for T < [n] set A =
ﬂ,-eTA,-. In particular, Ay = A. Let Vr be the vector space (over some
field) whose basis consists of all symbols [a, T] where ae Ay. Set V; =

I_LT,:J- Vr, and define for 1 < j < n linear transformations d;: V; = V,_, by
j .
0i[a, T] = ; (-1 [a T-1t], (42)
where the elements of T are t, < -+ <t;. Also, define W to be the vector
space with basis {[a] :ae A, n-"*n A,}, and define 0, : V, - W by
[a], ifaedA,nNA,
Jola. 41 = {O, otherwise.
(Here A; = A — A;.) Show that (39) is an exact sequence.
Deduce equation (7) from (a) and (d).
Deduce Exercise 2(a) from (b) and (d).

Give a combinatorial proof of (13); that is, D(n) = nD(n — 1) + (—1)".

Prove the formula

A*0? = k!S(d, k)

of Proposition 1.4.2(c) using the Principle of Inclusion—Exclusion.

6. a. Given a permutation n = a,a,a; € S;, let P, denote the corresponding

3 x 3 permutation matrix; that is, the (i, j)-entry of P, is equal to J; u-
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(2]

(2]

[1+]
[2-]
[2—]
[2-]

[3-]

(3]

7.

8.
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Leto,, where me &;, be integers satisfying Y , a, P, = 0. Show thata,,; =
A3pp = Ap3; = —App3 = — U35, = — %5,

b. Let H;(r) denote the number of 3 x 3 N-matrices 4 for which every row
and column sums to r. Assume known the theorem that 4 is a sum of
permutation matrices. Deduce from this result and (a) that

F+ 5 2
H3<r)=< : )—(’7; ) 3

Fix k > 1. How many permutations of [n] have no cycle of lengthk ? If /, (n)
denotes this number, compute lim, ., f(n)/n!.

a. Let f,(n) be the number of permutations 7 of the integers modulo n that
consist of a single cycle n = (a,,a,,.... a,) and for which «,,, = a, + 1
(mod n) for all i (with a,,, = a,). For example, for n = 4 there is one such
permutation; namely, (1,4, 3,2). Set f,(0) = 1 and f,(1) = 0. Use the Prin-
ciple of Inclusion-Exclusion to find a formula for f,(n).

Write the answer to (a) in the form A"g(0) for some function y.

Find the generating function ano./z(”)x /n!.

Express the derangement number D(n) in terms of the numbers /.(k).
Show that

f2(n) _ 1

o Rp T

Iim = —.
rlix (n - l)’ €
f. Generalize (e) to show that f,(n) has the asymptotic expansion
f>(n) I l 1 1 2 9 q;
D T ] T b ), (44
mn—1)! e n? N n? + n* n® ni (@4

where Y ;. a;x'/i! = exp(l — ¢*). By definition, (44) means that for any
keN,

- Sa(n
tim | 215 4o

Let k > 2. Let f,(n) be the number of cycles as in Exercise 8 such that for no
i do we have

n(i +j)=n()+j(modn), forallj=1,2,....k—1,
where the argument i + j is taken modulo n. Use the Principle of Inclusion
Exclusion to show that

131 141

i =1 T s —a
Syl)fn = ) =1 =~ =55 = =5+ 0(n™)
I 5 291 .

famfin = M= 1= 5 =5 = 4 0™
I k=2 tk+1) I

fun/n = 1 =1 = s = 2 e

_Mkf”@“—ﬁk—lml O,
24 n*

for fixed k > 5.
In particular, for fixed k > 3.lim,_ . fi(n)/(n — )} = L.
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[2] 10.

[3-1 11

[2]
[3] 12.
[3] 13.

Call two permutations of the 2n-element set S = {a,, a,,....a,,bh,,b,,....b,}
equivalent if one can be obtained from the other by interchanges of consecutive
elements of the form a;b; or h;a;. For example, a,b;asb,a, b, is equivalent
toitselfand to a,azbyb,a, b, a,bya3h,bh,a,,and a,ash3b,ha,. How many
equivalence classes are there?

a. Let F be a forest, with /# = 7(F) components, on the vertex set [n]. We
say that F is rooted if we specify a root vertex for each connected compo-
nents of F. Thusifc¢,, ..., ¢, are the number of vertices of the components
of F (so Y c¢; = n), then the number p(F) of ways to root F is ¢ ¢, " ¢;.
Show that the number of k-component rooted forests on [n] that contain
F is equal to

pF)(j=in” ™~
b. Given any graph G on [n], define the polynomial

P(G,x) =3 x" O, (45)

summed over dll rooted forests F on [n] contained in G. Let G denote the
complement of G; that is, {i, j; €('5') is an edge of G if and only if {i, j} is
not an edge of G. Use (a) and the Principle of Inclusion—Exclusion to show
that

P(G,x) = (~1)""'P(G, —x — n). (46)
In particular, the number ¢(G) of spanning trees of G is given by
c(G) = (—1)""'P(G, —n)/n. 47)
Let r > 1. An r-stemmed V-partition of n is an array of nonnegative integers
bbby
a,a, -4,
CCrCy

such thata, >a, > >a,>2b, 2b,2by; >, a, 2, 2, >2c3>""",
and Y a; + Y b;+ Y. ¢; = n. Hence a 1-stemmed V-partition is just a V-
partition. Let v,(n) denote the number of r-stemmed V-partitions of n. Show
that :

S b, (n)x" = p.(x )T(’C) ~ 4,(x)

nSo (1 —x)(1 —x?) - rl)n.>11‘x

where
pi(x) =1, p(x) =2,q,(x) =0, g,(x) =1
p(x) = 2p,_1(x) + (x""2 = 1)p,_,(x), r >2
(

q(x) = 2¢,-1(x) + (x"72 = D)g,_5(x), r > 2
(1)

T = ¥ (= 1yx2)

i>0
Give a sieve-theoretic proof of the Euler pentagonal number formula,
1 + an l(_ l)n[xn13n—l)/2 + xn(3n+1)/2]
ﬂiz (1 - xi)
Your sieve should start with all partitions of all n > 0 and sieve out all but
the void partition of 0.

=1.
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[21 14
[2—] 15.
16.
[1+]
[2-]
[1+]
[2]
[2+]
[3—-1 17.

Suppose that in Proposition 2.2.6 the function e(i, j) has the form

e(t, J) = o;_;
for certain numbers a,, with a5 = 1 and «, = 0 for k < 0. Show that f_(S) is
equal to the coefficient of x"*! in the power series

h(n)(1 — o, x + o, x? — oyx3 + )7L,
Deduce from (21) that

— n—1 n
det[(j :l i _: 1)]0 = q(Z). (48)

A tournament T on the vertex set [n] is a directed graph on [n] with no loops

such that each pair of vertices is joined by exactly one directed edge. The

weight w(e) of a directed edge e from i to j (denoted i — j) is defined to be X;

if i <jand —x;if i > j. The weight of T is defined to be w(T) =[], w(e),

where e ranges over all edges of T.

a. Show that

2w(T)= T[] (x5~ x), (49)
T 1<i<j<n
where the sum is over all tournaments on [n].

b. T is transitive if there is a permutation ne &, for which n(i) = n(j) if and
only if { <j. Show that a non-transitive tournament contains a 3-cycle,
i.e., a triple (u, v, w) of vertices for whichu —» v - w — wu.

¢. If Tand T' are tournamentson [n] then write T <> T if T’ can be obtained
from T by reversing a 3-cycle; that is, by replacing the edges u — v, v — w,
w —u with v - u, w > v, u - w, and leaving all other edges unchanged.
Show that w(T") = —w(T).

d. Show that if T« T' then T and T’ have the same number of 3-cycles.

e. Deduce from (a)-(d) that

det[x/"'11= ] (x;—x)
1 <i<j<n
by cancelling out all terms in the left-hand side of (49) except those
corresponding to transitive T.

Let A,, ..., A, be subsets of a finite set A, and B,, ..., B, subsets of a finite
set B. For each subset S of [n], let Ag = ();.s 4; and Bg = ();cs B;. Given
bijections fg: Ag — Bgforeach S < [n], construct an explicit bijectionh: 4 —
(Ji- 4= B - (Ji-1 B;. Your definition of h should depend only on the f{’s,
and not on some ordering of the elements of 4 or on the labeling of the
subsets 4,,..., A,and B, ..., B,.

Solutions to Exercises

1.

We have

S (=g = 5 (=14 S fo(T)
t=k i=k |7]|g=bl
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Il
M=

i
i

(=17 Y f=(R)
Tﬁf N

= ) J-(R) ) (-

R<S TSR

~n

—

(T,

If |R| = r then the inner sum is equal to

r

Y (=) ) = () ZO<— ) = 5.,

Jj=0

and the proof of (36) follows. The sum (37) is evaluated similarly. These
formulas are due to Charles Jordan. An extensive bibliography appears in

[21].

2. a.

b.
3. a.

If we regard A, as the set of elements having property P, then

Ar= fz(T) = Z f=(Y)-

Y2T
Hence
Se — Sies +"'+(—l)"—kS"= Z (_1)!Tl—ku(T)

|T| >k

= Y Y (=Y

T[>k Y2 T

= D f=(Y) ¥ (=1
|¥[>k TCSY
T2k

Y] )
= Y (Y)Y (=17,
. |Y[>k i=k

It is easy to see that Y T, (—1)7*(7) = (7=}) = 0. Since f-(Y) = 0, (38)
follows.

Setting

S:=f;«b)= #(EAO'HFL{J=“%—_S1+"‘+(“lr&n
the inequality (38) can be rewritten

§$>0

$<S,

S>S,—- S,

S S SO - Sl + SZ

In other words, the partial sums S, — S; + --- + (—1)*S, successively
overcount and undercount the value of S. In this form, (38) is due to
Bonferroni, Pubblic. Ist. Sup. Sc. Ec. Comm. Firenze § (1936), 1 —62. These
inequalities sometimes make it possible to estimate S accurately when not
all the S;’s can be computed explicitly.
Answer: Y 1o (= 1)7*()S; 20, 0<k<n
The most straightforward proof is by induction on n, the case n = 0
being trivial (since when n = 0 exactness implies that W = Vo). The
details are omitted.
The sequence

a2, Oy Oiny o
0O-V-V_,—— Vj——>1maj—+0

is exact. But dim(im d;) = rank d;, so the proof follows from (a).
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e, f. Follows from dim V; = |T|, whence dimV; = §

By (41) we have dimV; = rank 0; + rank d;,,. On the other hand,
rank 0;,, =dim(imJ;,,) and rank ¢; = dimV;— dim(ker d;), so
dim(im 0;.,) = dim(ker d;). Since im @;,, < ker ¢;, the proof follows.
For fixed ae A let V§ be the span of symbols [a, T] if ae A;; other-
wise A7 = 0. Let V}* =Um -; V7', and let W* be the span of the single
element [a] if ae A, N+~ A4,; otherwise W* = 0. Then 8;: Vj* - V<,
Jj=1,and d,: Vg — W< (Thus the sequence (39) is the direct sum of
such sequences for fixed a.) From this it follows that we may assume
A = {a}.

Clearly ¢, is surjective, so exactness holds at W. It is straight-
forward to check that d,¢;,; = 0,50 (39) is a complex. Since 4 = {a} we
have dimV,=(}) and Y '_(—1)~dimV, = ("Z}). There are several
ways to show that rank d; = (Z}), so the proof follows from (c).

There are many other proofs, whose accessibility depends on back-

ground. For instance, the complex (39) in the case at hand (with 4 =

{a}) is the tensor product of the complexes %;:0 — U, 5 W — 0 where
U; is spanned by [a, {t;}]. Clearly each %; is exact; hence so is (39). (The
definition (42) was not plucked out of the air; it is a Koszul relation and
(39) (with A = {a}) is a Koszul complex. See almost any text on homo-
logical algebra for further information.) ‘

j.

4. J. B. Remmel, European J. Combinatorics 4 (1983), 371-374.

5. Weinterpret k!S(d, k) as the number of surjective functions f: [d] — [k]. Let
A be the set of all functions f: [d] — [k], and for ie [k] let P, be the property
that i¢im f. A function f€ A lacks at most the properties T < S = {Py, ...,
P} if and only if im f < {i: P,e T}; hence the number of such [ is i‘, where
|T| = i. The proof follows from Proposition 2.2.2.

6. a.

b.

The result follows easily after checking that any five of the matrices P, are
linearly independent.

Let A be a 3 x 3 N-matrix for which every row and column sums to r. It
is given that

A=) oP, (50)

where o, e N and ) a, = r. By Section 1.2, the number of ways to choose
o€ N such that ¥ a, = ris ("%*). By (a), the representation (50) is unique
provided at least one of a3, %325, % 3, i 0. The number of ways to choose
Xy23, 0312, %23 €N and ay3, o35, 3, € P such that Y a, = risequal to
the number of weak 6-compositions of r — 3; that is, ("%%). Hence H,(r) =
(%) = (%), |

Equation (43) appears in §407 of [15], essentially with the abf)ve
proof. To evaluate H,(r) by a similar technique would be completely im-
practical, though it can be shown using the Hilbert syzygy theorem that
such a computation could be done in principle. See R. Stanley, Duke
Math. 40 (1973), 607--632. For a different approach toward evaluating
H,(r) for any n, see Proposition 4.6.19. The theorem mentioned in the
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statement of (b) is the case n = 3 of the Birkhoff-von Neumann theorem
and is proved for general n in Lemma 4.6.18.
n/k] n!

1. fuln) = i;)(— 1)‘?,@
llmf;‘(n) - Z (— l)‘ ~1/k

3 =€
n—o n! i>0 itk!

[
o

8 a ) (r;)(— 1)(n — i — 1), provided we define (- 1)! = 1.
)

gn) = (n — D!, with g(0) = 1.
e (1 — log(l ~ x))
D(n) = f(n) + f(n + 1).

This problem goes back to W-. A. Whitworth, Choice and Chance, 5th
ed. (and presumably earlier editions), Stechert, New York, 1934 (Prop. 34
and Ex. 217). For further information and references, see S. M. Tanny,
J. Combinatorial Theory 21 (1976), 196202, and R. Stanley, JPL Space
Programs Summary 37-40, vol. 4 (1966), 208-214.

9. R. Stanley, JPL Space Programs Summary 37-40, vol. 4 (1966), 208-214.

10. Call a permutation standard if b, is not immediately followed by g, for
| <i<n. Clearly each equivalence class contains exactly one standard
permutation. A straightforward use of Inclusion-Exclusion shows that the
number of standard permutations is equal to

o

n

5 (',')(— 1YQ2n — i)l = A"(n + i)!
i=0 \! i=0
I1. a. The case k = 1 is equivalent to Theorem 6.1 of J. W. Moon, Counting
Labelled Trees, Canadian Mathematical Monographs, no. 1, 1970. The
general case can be proved analogously.
b. Let £,(G) denote the coefficient of x*~! in P(G,x); that is, £,(G) is equal to
the number of k-component rooted forests F of G. By the Principle of
Inclusion—Exclusion,

SdG) = Y (=1 Pg(F),
F

where F ranges over all spanning forests of G, and where g,(F) denotes
the number of k-component rooted forests on [n] that contain F. (Note
that n — /(F) is equal to the number of edges of F.) By (a), g.(F) =
p(F)(4=4)n” 7%, where ¢ = ¢(F). Hence

— £ — 1 _
5(G) = Z(—l)"_/P(F)</ k)”/ . 1)
- -
On the other hand, from (46) the coefficient of x*~! in (—1)""! P(G,

—x — n)is equal to

(_])n*lZ(_l)/—lp(F)<i: ;)n/—l-(k—l)’ (52)
F

again summed over spanning forests F of G, with / = /(F). Since (51) and
(52) agree, the result follows.
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12.

Equation (47) (essentially the case x = 0 of (46)) is implicit in H. N.
V. Temperley, Proc. Phys. Soc. 83 (1964), 3—16. See also J. W. Moon, cited
in (a), Theorem 6.2. The general case (46) is due to S. D. Bedrosian, J.
Franklin Inst. 227 (1964), 313-326. A subsequent proof of (46) using
matrix techniques is due to A. K. Kelmans. See equation (2.19) in D. M.
Cvetkovi¢, M. Doob., and H. Sachs, Spectra of Graphs, Academic Press,
New York, 1980. A simple proof of (46) and additional references appear
in J. W. Moon and S. D. Bedrosian, J. Franklin Inst. 376 (1983), 187-190.

Equation (46) may be regarded as a “reciprocity theorem” for rooted
trees. It can be used, in conjunction with the obvious fact P(G + H, x) =
xP(G,x)P(H, x) (where G + H denotes the disjoint union of G and H), to
unify and simplify many known results involving the enumeration of
spanning trees and forests. For instance, letting K, and K, denote the
complete and complete bipartite graphs, respectively, we have

P(K,,x)=1=PnkK,,x)=x""!

= P(K,,x) = (x + n)"!

=P(K, + K, x)=x(x +r) " '(x+ sy}

= P(K, ,x)=(x+r+s)(x+s) x+r)!

=c(K, ) =s"1rh

This result appeared in [18, Ch. V.3] and was stated without proof in [19,
Prop. 23.8].

13. G. E. Andrews, in The Theory of Arithmetic Functions (A. A. Gioia and

14.

15.

16.

D. L. Goldsmith, eds.), Lecture Notes in Math., no. 251, Springer, Berlin,
1972, pp. 1-20.
See also Ch. 9 of reference [1.1].

We have
f-8) = Y (=157 (T)

TESS

= h(n) Z (_ ])n-kaa,aaz*a,'“an+l—ak

1<a,<:<aq<n

= h(n) Y (= 1) %oy, 0, %,

by+ - +by s =n+1

b;eP
b 5[ o aa® =P
k>-1n+1
= h(n) l: (1 —oayx + oyx? — )7L

n+l

Let S={1,2,...,n— 1} in (21). There is a unique ne&, with D(n) = S,

(3)
namely, = = (n,n — 1,.., 1), and then i(x) = (3). Hence B,(S.q) =q %) On
the other hand, the right-hand side of (21) becomes the left-hand side of (48),
and the proof follows.

This exercise is due to I. Gessel, J. Graph Theory 3 (1979),. 305 1307. Pgrt (d)
was first shown by M. G. Kendall and B. Babingtop Smith, Biometrika 33
(1940), 239-251. The crucial point in (e) is the following. Let G be‘lhe graPh
whose vertices are the tournaments 7 on [n] and whose edges consist of pairs
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T, T' with T T’. Then from {c) and (d) we deduce that G is bipartite and
regular, so the connected component of G containing T consists of 4 number
of tournaments of weight w(T) and an equal number of weight —w(T),

Some far-reaching generalizations appear in D. Zeilberger and D. M.
Bressoud, 4 proof of Andrews’ q-Dyson conjecture, Discrete Math. 54 (1985).
201-224; D. M. Bressoud, Colored tournaments and Weyl's denominator
Jormula, Pennsylvania State University Research Report; and R. M. Calder-
bank and P. Hanlon, The extension to root systems of a theorem on tourna-
ments, J. Combinatorial Theory (A) 4] (1986), to appear. The first of these
references gives a solution to Exercise 8(c) in Chapter 1.

17. [11].
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CHAPTER 3

Partially Ordered Sets

Basic Concepts

The theory of partially ordered sets (or posets) plays an important unifying role
in enumerative combinatorics. In particular, the theory of Mobius inversion on
a partially ordered set is a far-reaching generalization of the Principle of Inclusion-
Exclusion, and the theory of binomial posets provides a unified setting for various
classes of generating functions. These two topics will be among the highlights of
this chapter, though many other interesting uses of partially ordered sets will
also be given.

To get a glimpse of the potential scope of the theory of partially ordered
sets as it relates to the Principle of Inclusion-Exclusion, consider the following
example. Suppose we have four finite sets A, B, C, D, such that D = A4

B=AnC=BnC=AnBnC. It follows from the Principle of Inclusion-
Exclusion that

|JAUBUC|=|A|+|B|+|C|=|AnB|-|AnC| - |BAC]
+1AnBAC]
= |A| + |B| + |C| — 2|D|. (1

The relations AnB=AnNC = Bn C=An Bn Ccollapsed the general seven-
term expression for |4 u B u C|into a four-term expression, since the collection
of intersections of A, B, C, has only four distinct members. What is the significance
of the coefficient — 2 in (1)? Can we compute such coefficients efficiently for more
complicated sets of equalities among intersections of sets A4,, ..., 4,7 It is clear
that the coefficient —2 depends only on the partial order relation among A, B,
C, D—that is, on the fact that D < A, D < B, D < C. In fact, we shall sce that
—2 is a certain value of the Mobius function of this partial order (with an
additional clement corresponding to the void intersection adjoined). Hence
Mobius inversion results in a simplification of Inclusion  Exclusion under appro-
priate circumstances. However, we shall also see that the applications of Mobius
inversion are much further-reaching than as a generalization of Inclusion -
Exclusion.

96
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Before plunging headlong into the theory of incidence algebras and Mébius
functions, it is worthwhile to develop some feeling for the structure of finite
partially ordered sets. Hence in the first five sections of this chapter we collect
together some of the basic definitions and results on the subject, though strictly
speaking most of them are not needed in order to understand the theory of
Mobius inversion.

A partially ordered set P (or poset, for short) is a set (which by abuse of
notation we also call P), together with a binary relation denoted < (or <, when
there is a possibility of confusion), satisfying the following three axioms:

1. Forall xe P, x < x. (reflexivity)
2. If x < yand y < x, then x = y. (antisymmetry)
3. If x < yand y < z, then x < z. (transitivity)

We use the obvious notation x > ytomean y < x,x < ytomean x < yand
X # y.and x > ytomean y < x. Wesay two elements x and y of P are comparable
if x < yory < x;otherwise x and y are incomparable *

Before plunging into a rather lengthy list of definitions associated with
posets, let us look at some examples of finite posets of combinatorial interest
that will later be considered in more detail.

3.1.1 Example.

a. Let ne P. The set [n] with its usual order forms an n-element poset with
the special property that any two elements are comparable. This poset is decnoted
n. Of course n and [n] coincide as sets, but we use the notation n to cmphasize
the order structure.

b. Let ne N. We can make the set 2"} of all subsets of [n] into a posct B,
by defining S < T in B, if S < T as sets. One says that B, consists of the subsets
of [n] “ordered by inclusion.”

c. Let ne P. The set of all positive integral divisors of n can be made into a
poset D, in a “natural” way by defining i < j in D, if j is divisible by i (denoted
ilj)-

d. Let neP. We can make the set I1, of all partitions of [n] into a poset
(also denoted IT,) by defining = < ¢ in I, if every block of n is contained in a
block of ¢. For instance, if n = [9] and if = has blocks 137, 2, 46, 58, 9 and ¢ has
blocks 13467, 2589, then = < ¢. We then say that n is a refinement of o and that
I1, consists of the partitions of [n] “ordered by refinement.”

e. In general, any collection of sets can be ordered by inclusion to form a
poset. Some cases will be of special combinatorial interest. For instance, let L, (¢)
consist of all subspaces of an'n-dimensional vector space V,(g) over the ¢-element
field F,, ordered by inclusion. We will see that L,(g) is a nicely-behaved “¢-
analogue” of the poset B, defined in (b).

*“Comparable™ and “incomparable™ are accented on the syllable “com.”
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Figure 3-1

We now list a number of basic definitions and results connected with
partially ordered sets. Some readers may wish to skip directly to Section 3.6, and
to consult the intervening material only when necessary.

Two posets P and Q are isomorphic if there exists an order-preserving
bijection ¢ : P — Q whose inverse is order-preserving; that is,

x < yin P<¢(x) < ¢(y)in Q.

Some care has to be taken in defining the notion of “subposet.” By a weak
subposet of P, we mean a subset Q of the elements of P and a partial ordering of
Q such that if x < y in Q, then x < y in P. If Q 1s a weak subposet of P with
P = Q as sets, then we call P a refinement of Q. By an induced subposet of P, we
mean a subset Q of P and a partial ordering of Q such that for x, ye Q we have
x < yin Q if and only if x < y in P. We then say that the subset Q of P has the
induced order. Thus the finite poset P has exactly 2" induced subposets. By a
subposet of P, we will always mean an induced subposet. A special type of
subposet of P is the (closed) interval [x,y] = {ze P: x < z < y}, defined whenever
x < y. (Thus the void set is not regarded as an interval.) The interval [x, x]
consists of the single element x. If every interval of P is finite, then P is called a
locally finite poset. We also define a subposet Q of P to be convex if yeQ
whenever x < y < z in P and x, ze Q. Thus an interval is convex. We similarly
define the open interval (x,y) = {ze€P:x < z < y}, 50 (x, x) = .

If x, ye P, then we say y covers x if x < y and if no element ze P satisfies
x < z < y. Thus y covers xifand only if x < yand [x, y] = {x,y}. A locally finite
poset P is completely determined by its cover relations. The Hasse diagram of a
finite poset P is the graph whose vertices are the elements of P, whosc cdges are
the cover relations, and such that if x < y then y is drawn “above” x (i.e., with a
higher horizontal coordinate). Figure 3-1 shows the Hasse diagrams of all posets
(up to isomorphism) with at most 4 elements. Some care must be taken in

“recognizing” posets from their Hasse diagrams. For instance, the graph 1S

a perfectly valid Hasse diagram, yet it appears to be missing from the above table.
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5 B, Dy, I,

Figure 3-2

We trust the reader will resolve this anomaly. Similarly, why does the graph
not appear above? Figure 3-2 illustrates the Hasse diagrams of some of

the posets considered in Example 3.1.1.

We say that P has a 0 if there exists an element Oe P such that x > 0 for all
x e P. Similarly, P has a | if there exists 1€ P such that x < 1 for all xe P. We
denote by P the poset obtained from P by adjoining a 0 and 1 (in spite of a 0 or
I which P may already possess). See Figure 3-3 for an example.

A chain (or totally ordered set or linearly ordered set) is a poset in which any
two elements are comparable. Thus the poset n of Example 3.1.1(a) is a chain. A
subset C of a poset P is called a chain if C is a chain when regarded as a subposet
of P. The chain C of P is called saturated ( or unrefinable) if there does not exist
ze P — Csuch that x < z < y for some x, ye C and such that C U {z} is a chain.
In a locally finite poset, a chain x, < x; < -** < x,, is saturated if and only if x;
covers x;_, for 1 <i < n. The length £(C) of a finite chain is defined by 7(C) =
|C| — 1. The length (or rank) of a finite poset P is #(P) := max{/(C): C is a chain
of P}. The length of an interval [x,y] of P is denoted #(x, y). If every maximal
chain of P has the same length n, then we say that P is graded of rank n. In this
case there is a unique rank function p: P — {0,1,...,n} such that p(x) = 0 if x is
a minimal element of P, and p(y) = p(x) + 1 if y covers x in P. If p(x) = i, then
we say that x has rank i. Thus if x < y, then £(x, y) = p(y) — p(x). If P is graded
of rank n and has p; elements of rank i, then the polynomial

F(P,q) = ZO piq'

is called the rank-generating function of P. For instance, all the posets n, B,,, D,,,
I1, and L,(gq) of Example 3.1.1 are graded. The reader can check the entries of
the following table (some of which will be discussed in more detail later).

1

e T

P P
Figure 3-3
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Poset P Rank of xe P Rank of P
n x—1 n—1
B, card x n
D, number of prime divisors of x number of prime divisors of n
(counting multiplicity)
I, n —|x| n—1
L,(q) dim x n

A multichain of the poset P is a chain with repeated elements; that is, a
multiset whose underlying set is a chain of P. A multichain of length n is just a
sequence x, < x; < x, < - < x, of elements of P.

An antichain (or Sperner family or clutter) is a subset A of a poset P such
that any two distinct elements of 4 are incomparable. An order ideal (or semi-ideal
or down-set or decreasing subset) of P is a subset I of P such that if xel and
y < x,then yel. Similarly a dual order ideal {or filter)is a subset I of P such that
ifxeland y > x,then yel. When P is finite, there is a one-to-one correspondence
between antichains 4 of P and order ideals I. Namely, A4 is the set of maximal
elements of I, while

I ={xeP:x < yfor some ye A}. : (2)

The set of all order ideals of P, ordered by inclusion, forms a poset denoted J(P).
In Section 3.4 we shall investigate J(P) in greater detail. If I and A4 arc related as
in (2), then we say that A generates I. If A = [x,,...,x,}. then we write | =
{xy,...,Xx. forthe orderideal generated by 4. The order ideal {x) is the principal
order ideal generated by x, denoted A,. Similarly V, denotes the principal dual
order ideal generated by x, thatis, V, = {ye P:y > x}.

New Posets from Old

Various operations can be performed on one or more posets. If P and Q are
posets on disjoint sets, then the disjoint union (or direct sum) of P and Q is the
poset P + Q on the union P u Q such that x < y in P + Q if either (a) x, ye P
and x < yin P,or(b)x, yeQ and x < yin Q. A poset that is not a disjoint union
of two non-void posets is said to be connected. The disjoint union of P with itself
n times is denoted nP; hence an n-element antichain is isomorphic to n1. If P and
Q are on disjoint sets as above, then the ordinal sum of P and Q is the poset P ® Q
on the union PuQsuch that x < yin P® Q if(a) x. ye Pand x < yin P, or (b)
x,yeQand x < yin Q, or(c) xe P and ye Q. Hence an n-element chain is given
byn=1®01® - @1 (ntimes). Of the 16 four-element poscts, exactly one of
them cannot be built up from the poset 1 using the operations of disjoint union
and ordinal sum. Posets that can be built up in this way are called series-parallel
posets.

If P and Q are posets, then the direct (or cartesiany product of P and Q is the
poset P x Q on the set {(x,y): xe P and ye Q} such that (x,y) < (X,})in P x Q
if v < x'in Pand y < y'in Q. The direct product of P with itself n times is denoted
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Figure 3-4

P". To draw the Hasse diagram of P x Q (when P and Q are finite), draw the
Hasse diagram of P, replace each element x of P by a copy Q. of Q, and connect
corresponding elements of @, and Q. (with respect to some isomorphism Q, = Q)
if x and y are connected in the Hasse diagram of P. For instance, the Hasse

diagram of (/\ o) x (N) is drawn as indicated in Figure 3-4.

It is clear from the definition of the direct product that P x Q and Q x P
are isomorphic. However, the Hasse diagrams obtained by interchanging P and
Q in the above procedure in general look completely different, although they are
of course isomorphic. If P and Q are graded with rank-generating functions
F(P,q) and F(Q, g), then it is easily seen that P x Q is graded and

F(P x Q,q) = F(P,q)F(Q,9). (3)

A further operation on posets is the ordinal product P ® Q. Thisis the partial
orderingon {(x,y): x€ P and ye Q} obtained by setting (x, y) < (x',)")if (i) x = X’
and y <y, or (i) x < x. To draw the Hasse diagram of P ® Q (when P and Q
are finite), draw the Hasse diagram of P, replace each element x of P by a copy
Q. of Q, and then connect every maximal element of Q. with every mini-
mal element of Q, whenever y covers x in P. If P and Q are graded and Q has
rank r, then the analogue of equation (3) for ordinal products becomes

F(P®Q,q) = F(P,q"")F(Q,q).

Note that in general P ® Q and Q ® P do not have the same rank-generating
function, so in particular they are not isomorphic.

A further operation that we wish to consider is the dual of a poset P. This
is the poset P* on the same set as P, but such that x < yin P*ifand only if y < x
in P.If P and P* are isomorphic, then P is called self-dual. Of the 16 four-element
posets, 8 are self-dual.

If P and Q are posets, then Q” denotes the set of all order-preserving maps
f:P = Q;thatis, x < yin Pimplies f(x) < f(3) in Q. We give Q" the structure
of a poset by defining f < ¢ if f(x) < g(x) for all x € P. It is an elementary exercise
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to check the validity of the following rules of cardinal arithmetic (here an equal
sign 1s to be interpreted as an isomorphism).

a. + and x are associative and commutative

b. Px(Q+ R)=(Px Q)+ (P x R)

c. RP*¢ =R" x R?

d. (RY)Y = R2**

Lattices

We now turn to a brief survey of an important class of posets known as lattices.
If x and y belong to a poset P, then an upper bound of x and y is an element ze P
satisfying z > x and z > y. A least upper bound of x and y is an upper bound :
of x and y such that every upper bound w of x and y satisfies w > z. If a least
upper bound of x and y exists, then it is clearly unique and 1s denoted x v y (read
“x join y” or “x sup y”). Dually one can define the greatest lower bound x A v
(read “x meet y” or “xinf y”), when it exists. A lattice is a poset L for which every
pair of elements has a least upper bound and greatest lower bound. One can also
define a lattice axiomatically in terms of the operations v and A, but for
combinatorial purposes this is not necessary. The reader should check, however,
that in a lattice L:

a. the operations v and A are associative, commutative, and idempotent (i.e.,
XAX=XVX=X),

b. x A (x v y)=x=xv(x A y)(absorption laws);

CXAYy=X<XVYy=ye=X <)

QOO TR0

SANOQ S0
AESRCI RIS

Figure 3-5
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Clearly all finite lattices have a Oand 1.1f L and M are lattices, then so are
L* L x M, and L/G-)\M. However, L + M will never be a lattice unless one of L
or M is void, but L + M is always a lattice. Figure 3-5 shows the Hasse diagrams
of all lattices with at most six elements.

In checking whether a (finite) poset is a lattice, it is sometimes easy to see
that meets, say, exist, but the existence of joins is not so clear. Thus the criterion
of the next proposition can be useful. If every pair of elements of a poset P has
a meet (respectively, join), we say that P is a meet-semilattice (respectively,
join-semilattice).

3.3.1 Proposition. Let P be a finite meet-semilattice with 1. Then P is a lattice.
(Of course, dually a finite join-semilattice with O is a lattice.)

Proof. If x, y€e P, then the set § = {zeP:z> xand z > y} is finite (since P is
finite) and non-empty (since 1 €S). Clearly by induction the meet of finitely many
elements of a meet-semilattice exists. Hence we have x v y = \..sz. a

Proposition 3.3.1 fails for infinite lattices L because an arbitrary subset of
L need not have a meet or a join. If in fact every subset of L does have a meet
and join, then L is called a complete lattice. Clearly a complete lattice has a 0
and 1.

We now consider one of the types of lattices of most interest to combina-
torics.

3.3.2 Proposition. Let L be a finite lattice. The following two conditions are
equivalent:

i. L is graded, and the rank function p of L satisfies p(x) + p(y) = p(x A y) +
p(x v y)forall x, ye L.

ii. If x and y both cover x A y, then x v y covers both x and y.

Proof. (i) = (i1). Suppose x and y cover x A y. Then p(x) = p(y) = p(x A y) + 1
and p(x v y)> p(x) = p(y). Hence by (1), p(x v y) =p(x) + 1 =p(y) + 1, so
x v ycovers both x and y.

(ii) = (i). Suppose L is not graded, and let [u, v] be an interval of L of minimal
length that is not graded. Then there are elements x,, x, of [u,v] that cover
u and such that all maximal chains of each interval [x;,v] have the same length
¢;,where /£, # ¢,. By (ii), there are saturated chains in [x;, v] of the form x; < x, v
X, <y, < y; <-* <y, =v,contradicting ¢, # /,. Hence L is graded.

Now suppose there is a pair x, y € L with

p(x) + p(y) < p(x A Y) + p(x v y) (4)

and choose such a pair with Z(x A y,x v y) minimal, and then with p(x) + p(y)
minimal. By (ii), we cannot have both x and y covering x A y. Thus assume that
X A y < x' < x, say. By the minimality of #(x A y,x v y) and p(x) + p(y), we
have

p(x) + p(y) = p(xX" A y) + p(X Vv y). (5)




104

Chapter 3 Partially Ordered Sets

Now X" A y = X A y,50(4) and (5) imply
p(x) + p(x" v y) < p(x) + p(x v ).

Clearly x A (x" v y) > x"and x v (x’ v y) = x v y. Hence setting X = x, Y =
x" v y,wehavefoundapair X, Ye Lwithp(X)+ p(Y)< p(X A Y)+ p(X v Y)
and /(X A Y, X v Y)</(x A y,x v y) a contradiction. This completes the
proof. a

A finite lattice satisfying either of the conditions of the previous proposition
1s called a finite upper semimodular lattice, or just a finite semimodular lattice.
The reader may check that of the 15 lattices with six elements, exactly eight are
semimodular. ,

A finite lattice L whose dual L* is semimodular is called lower semimodular.
A finite lattice that is both upper and lower semimodular is called a modular
lattice. By Proposition 3.3.2, a finite lattice L is modular if and only if it is graded
and its rank function p satisfies

px)+ p(y)=p(x A y)+ p(x vy forallx, yelL. (6)

For instance, the lattice L,(q) of subspaces (ordered by inclusion) of an n-
dimensional vector space over the field F, is modular, since the rank of a subspace
is just its dimension, and (6) is then familiar from linear algebra. Every semi-
modular lattice with at most six elements is modular. There is a unique seven-
element non-modular, semimodular lattice, which is shown in Figure 3-6. This

Figure 3-6

lattice is not modular since x v y covers x and y, but x and y don’t cover x A ).
It can be shown that a finite lattice L is modular if and only if for all x, y, zin L
such that x < z, we have

xv{yAzZy=(xV Yy Az (7)

This allows the concept of modularity to be extended to non-finite lattices,
though we will only be concerned with the finite case.

A lattice L with 0and 1 is complemented if for all xe L there is a ye L such
that x A y = 0 and x v y = 1. If for all xe L the complement y is unique, then
L is uniquely complemented. If every interval [x, y] of L is itself complemented,
then L is relatively complemented. An atom of a finite lattice L is an element
covering 0, and L is said to be atomic (or a point lattice) if every element of L
is the join of atoms. Dually, a coatom is an element that 1 covers, and a coatomic
lattice is defined in the obvious way. Another simple result of lattice theory,
whose proof we omit, is the following:
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Figure 3-8

3.3.3 Proposition. Let L be a finite semimodular lattice. The following two
conditions are equivalent:

i. L is relatively complemented,
ii. L is atomic. U

A finite semimodular lattice satisfying either of conditions (i) or (ii) above is
called a finite geometric lattice. A basic example is the following. Take any finite
set S of points in some affine space V over a field k (or even over a division ring).
Then the subsets of S of the form S n W, where W is an affine subspace of V,
ordered by inclusion, form a geometric lattice L(S). For instance, taking S < R?
to be as in Figure 3-7, then the elements of L(S) consist of @, {a}, (b}, {c], {d},
{a,d}, {b,d}, {c,d}, {a.b,c}, {a,b.c,d}. For this example, L(S) is in fact modular
and is shown in Figure 3-8.

The reader may wish to verify the (partly redundant) entries of the following
table concerning the posets of Example 3.1.1.

Properties that Properties that
Poset P P possesses P lacks (n large)
n modular lattice complemented, atomic,

coatomic, geometric
B, modular lattice, relatively
complemented, uniquely
complemented, atomic,
coatomic, geometric
. modular lattice complemented, atomic,
coatomic, geometric
(unless n is squarefree,
in which case D, = B,)
I1, geometric lattice modular
L,(q) modular lattice, relatively uniquely complemented
complemented, atomic,
coatomic, geometric

3.4 Distributive Lattices

The most important class of lattices from the combinatorial point of view are
the distributive lattices. These are defined by the distributive laws

XVyAzZy=xVvYYA(xvz

XxXA(yvz)=(xAy V(XA 2). (8
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(One can prove that either of these laws implies the other.) If we assume x < z
in the first law, then we obtain (7) since x v z = z. Hence every distributive lattice
is modular. The lattices n, B,, and D, of Example 3.1.1 are distributive while
[1,(n > 2)and L,(q) (n > 1) are not distributive. Further examples of distributive
lattices are the lattices J(P) of order ideals of the poset P. The lattice operations
v and A on order ideals are just ordinary union and intersection (as subsets
of P). Since the union and intersection of order ideals is again an order ideal, it
follows from the well-known distributivity of set union and intersection over one
another that J(P) is indeed a distributive lattice. The fundamental theorem for
finite distributive lattices (FTFDL) states that the converse is true when P is finite.

3.4.1 Theorem. (FTFDL) Let L be a finite distributive lattice. Then there is a
unique (up to isomorphism) finite poset P for which L = J(P).

Remark. For combinatorial purposes, it would in fact be best to define a finite
distributive lattice as any poset of the form J(P), P finite. However, to avoid
conflict with established practices we have given the usual definition.

To prove Theorem 3.4.1, we first need to produce a candidate P and then
show that indeed L =~ J(P). Toward this end, define an element x of a lattice L
to be join-irreducible if one cannot write x = y v z where y < x and z < x.
(Meet-irreducible is dually defined.) An order ideal I of the finite poset P is
join-irreducible in J(P)if and only if it is a principal order ideal of P. Hence there
is a one-to-one correspondence between the join-irreducibles A of J(P) and the
elements x of P. Since A, < A, if and only if x < y, we conclude:

3.4.2 Proposition. The set of join-irreducibles of J(P), considered as an (in-
duced) subposet of J(P), is isomorphic to P. Hence J(P) = J(Q) if and only if
P=Q. a

Proof of Theorem 3.4.1. Because of Proposition 3.4.2, it suffices to show that if
P is the subposet of join-irreducibles of L, then L = J(P). Given xeL, let
I, ={yeP:y < x}. Clearly I,eJ(P), so the mapping x> I, defines an order-

preserving (actually, meet-preserving) injection L kA J(P) whose inverse is order-
preserving on ¢(L). Hence we need to show that ¢ 1s surjective. Let I € J(P) and
x = \/{y:yel}. We need to show I = I,. Clearly I < I,. Suppose zeI,. Now

V{y:yel} =\/{y:yel}. 9)
Apply Az to (9). By distributivity, we get
\V{yrziyel} =\/{y rz:yell}. (10)

The right-hand side is just z, since one term is z and all others are <z. Since z 1s
join-irreducible (being by definition an element of P), it follows from (10) that
some yel satisfies y A z = z, that is, z < y. Since [ is an order ideal, z€e ], so
I, = 1. Hence I = I, and the proof is complete. o

In certain combinatorial problems, infinite distributive lattices of a special




3.4 Distributive Lattices 107

type occur naturally. Thus we define a finitary distributive lattice to be a locally
finite distributive lattice L with 0. It follows that L has a unique rank function
p: L — N given by letting p(x) be the length of any saturated chain from 0 to x.
If L has finitely many elements p; of any given rank ie N, then we can define the
rank-generating function F(L, q) by

F(L.g) = Y piq".
i>0
In this case, of course, F(L, g) need not be a polynomial but in general is 2 formal
power series. We leave it to the reader to check that the FTFDL carries over to
finitary distributive lattices as follows.

3.4.3 Proposition. Let P be a poset such that every principal order ideal is finite.
Then the poset J.(P) of finite order ideals of P, ordered by inclusion, is a finitary
distributive lattice. Conversely, if L is a finitary distributive lattice and P is its
subposet of join-irreducibles, then every principal order ideal of P is finite and
L = J.(P). ' a

We now turn to an investigation of the combinatorial properties of J(P)
(where P is finite) and of the relationship between P and J(P). If I is an order
ideal of P, then the elements of J(P) that cover I are just the order ideals I U {x},
where x is a minimal element of P — I. From this we conclude:

3.4.4 Proposition. If P is an n-element poset, then J(P) is graded of rank n.
Moreover, the rank p(I) of I e J(P) is just the cardinality |I| of I, regarded as an
order ideal of P. a

It follows from Propositions 3.4.2,3.4.4,and FTFDL that there is a bijection
between (non-isomorphic) posets P of cardinality n and (non-isomorphic) dis-
tributive lattices of rank n. This bijection sends P to J(P), and the inverse sends
J(P) to its subposet of join-irreducibles. In particular, the number of non-
isomorphic posets of cardinality nequals the number of non-isomorphic distribu-
tive lattices of rank n.

If P = n, an n-element chain, then J(P) = n 4+ 1. On the other extreme, if
P = nl, an n-element antichain, then any subset of P is an order ideal, and J(P)
is just the set of subsets of P, ordered by inclusion. Hence J(n1) is isomorphic to
the poset B, of Example 3.1.1(b), and we simply write B, = J(nl). We call B, a
boolean algebra of rank n.(The usual definition of a boolean algebra gives it more
structure than merely that of a distributive lattice, but for our purposes we simply
regard B, as a certain distributive lattice.) It is clear from FTFDL (or otherwise)
that the following conditions on a finite distributive lattice L are equivalent:

a. L is a boolean algebra,

b. L is complemented,

c. L is relatively complemented,
d. L is atomic,

e. lisa join of atoms of L,

f. L is a geometric lattice,
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Figure 3-9 Step 1

Figure 3-10

g. every join-irreducible of L covers 0,

h. if L has n join-irreducibles, then L has at least (equivalently, exactly) 2"
elements,

i. the rank-generating function of L is (1 + g)" for some neN.

Given an order ideal I of P, define a map f;: P — 2 by

1, xel
fi) = {2’ e

Then f; < f;. in 2P if and only if I 2 I'. Hence J(P*) = 2F. Note also that
J(P*)=J(P)*and J(P + Q) = J(P) x J(Q). In particular, B, = J(nl) = J(1)" =
2". This gives an efficient method for drawing B, using the method of the previous
section for drawing products. For instance, given that the Hasse diagram of B,
is given by Figure 3-9, then Figure 3-10 shows how to obtain the Hasse diagram
of B,.

If I < I' in the distributive lattice J(P), then the interval [1,I'] is isomorphic
toJ(I" — I), where I’ — I 1s regarded as an (induced) subposet of P. In particular.
[1,1'] is itself a distributive lattice. (More generally, any sublattice of a distributive
lattice is distributive.) It follows that there is a one-to-one correspondence
between intervals [/, 1] of J(P) isomorphic to B, (k > 1) such that no interval
[K,I'"] with K < I is a boolean algebra, and k-element antichains of P. Equiva-
lently, k-element antichains in P correspond to elements of J(P) that cover
exactly k elements.

We can use the above ideas to describe a method for drawing the Hasse
diagram of J(P), given P. Let I be the set of minimal elements of P, say of
cardinality m. To begin with, draw B,, = J(I). Now choose a minimal element of
P — I, say x. Adjoin a join-irreducible to J(I) covering the order ideal A, — {x].
The set of joins of elements covering A, — x must form a boolean algebra, so
draw in any new joins necessary to achieve this. Now there may be elements
covering A, — x whose coversdon’t yet have joins. Draw these in to form boolean
algebras. Continue until all sets of elements covering a particular element have
joins. This yields the distributive lattice J(I U {x}). Now choose a minimal
element y of P — I — {x} and adjoin a join-irreducible to J(I U {x}) covering the
orderideal A, — {y}. “Fill in” the covers as before. This yields J(I U {x, y}). Con-
tinue until reaching J(P). The actual process is easier to carry out than to de-
scribe. Let us illustrate it with P given by Figure 3-11. We will denote subsets of
P such as {a,b,d} by abd. First, draw B; = J(abc) as in Figure 3-12. Adjoin the
order ideal A, = abd above ab (and label it d) (Figure 3-13). Fill in the joins of
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Figure 3-11 Figure 3-12 Figure 3-13
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Figure 3-14 Figure 3-15 Figure 3-16

Figure 3-18

JIP)
Figure 3-21

Figure 3-20

elements covering ab (Figure 3-14). Adjoin bce above bc (Figure 3-15). Fill in
joins of elements covering bc (Figure 3-16). Fill in joins of elements covering abc
(Figure 3-17). Adjoin ¢f above ¢ (Figure 3-18). Fill in joins of elements covering
¢. These joins (including the void join c) form a rank three boolean algebra. The
elements ¢, ac, b, ¢f, and abc are already there, so we need the three additional
joins acf, bef, and abcf (Figure 3-19). Now fill in joins of elements covering bc
(Figure 3-20). Finally, fill in joins of elements covering abc¢ (Figure 3-21). With a
little practice, this procedure yields a fairly efficient method for computing the
rank-generating function F(J(P), q) by hand. For the above example, we see

F(J(P),g) =1+ 3q + 4% + 5¢° + 4¢* + 3¢° + ¢°.

For further information about “zig-zag” posets (or fences) as in Figure 3-11, see
Exercise 23.
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Chains in Distributive Lattices

We have seen that many combinatorial properties of the finite poset P have
simple interpretations in terms of J(P). For instance, the number of k-element
order ideals of P equals the number of elements of J (P) of rank k, and the number
of k-element antichains (k = 1) of P equals the number of elements of J(P) that
cover exactly k elements. We wish to discuss one further example of this nature.

3.5.1 Proposition. Let P be a finite poset and me N. The folldwing quantities
are equal:

a. the number of order-preserving maps ¢ : P — m,
b. the number of multichains 0 = I, < I, <+ < I,, = 1 of length m in J(P),
c. the cardinality of J(P x m—1).

Proof. Given ¢: P —m, define I, =07'(j). Given 0 = I, < I, <--- < I, = ],
define the order ideal I of P x m—1by I = {(x,j)e P x m—1:x€l,_;}. Given
the order ideal I of P x m—1, define 6: P - m by o(x) = min{m — j:(x,j)el}
if (x,j)e I for some j, and otherwise a(x) = m. These define the desired bijections.
0

Note that the equivalence of (a) and (c) also follows from the computation

m? ~ (Zm—l)P ~ 2m—1 xP

As a modification of the preceding proposition, we have:

3.5.2 Proposition. Preserve the notation of Proposition 3.5.1. The following
quantities are equal:

a. the number of surjective order-preserving maps ¢ : P — m,
b. the number of chains 0 = I, < I, < - < I, = 1 of length m in J(P).

Proof. Left to reader. O

One special case of Proposition 3.5.2 is of particular interest. If | P| = n, then
an order-preserving bijection ¢ : P — nis called an extension of P to a total order
or linear extension of P. The number of extensions of P to a total order is denoted
e(P) and is probably the single most useful number for measuring the “com-
plexity” of P. It follows from Proposition 3.5.2 that ¢(P) is also equal to the
number of maximal chains of J(P).

We may identify an extension ¢: P —n of P to a total order with the
permutation ¢~ !(1), ..., a7 (n) of the elements of P. Similarly we may identify a
maximal chain of J(P) with a certain type of “lattice path™ in Euclidean space,
as follows. Let C,, ..., C, be a partition of P into chains. (It is a consequence of
a well-known theorem of Dilworth that the smallest possible value of k is equal
to the cardinality of the largest antichain of P.) Define a map 6 : J(P) - N* by

oy =(InC,LHNCyl,.... [T A Cyl)
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If we give N* the obvious product order, then ¢ is an injective lattice homo-
morphism that is cover-preserving (and thercfore rank-preserving). (Thus in
particular J(P) is isomorphic to a sublattice of N*. If we choose each |C| = 1,
then we get a rank-preserving injective lattice homomorphism J(P) — B,, where
|P| = n)Given ¢ : J(P) - N*asabove, define I, = (Jrex(3(T)), where cx denotes
convex hull in R*¥ and T ranges over all intervals of J(P) that are isomorphic to
boolean algebras. Thus Iy is a compact polyhedral subset of R¥. It is then clear
that the number of maximal chains in J(P) is equal to the number of lattice paths
in I'; from the origin (0,0,...,0) = 6(0) to 9 l) with unit steps in the directions
of the coordinate axes. In other words, e(P) is equal to the number of ways of
writing ()(l) =0, + v, + - + v,, where each v; is a unit coordinate vector in R*
and wherev, + v, + -~ + v,-eré for all i. The enumeration of lattice paths is an
extensively developed subject, which we encountered in Section 2.7. The point
here is that certain lattice path problems are equivalent to determining ¢(P) for
some P. Thus they also are equivalent to the problem of counting certain types
of permutations.

3.5.3 Example. Let P be given by Figure 3-22. Take C, = {a,c}, C, = {b,d,e}.
Then J(P) has the embedding d into N? given by Figure 3-23. To get the
polyhedral set I';, we simply “fill in” the squares in Figure 3-23, yielding the
polyhedral set of Figure 3-24. There are nine lattice paths of the required type
from (0,0) to (2, 3) in [, that is, ¢(P) = 9. The corresponding nine permutations
of P are abcde, bacde, abdce, badce, bdace, abdec, badec, bdaec, bdeac.

23

22 13

21 03

€ 10 01
c d
a b 00

Figure 3-22 Figure 3-24 Figure 3-24

3.5.4 Example. Let P be a disjoint union C, + C, of the chains C, and C, of
cardinalities m and n. Then I'; is the m x n rectangle with vertices (0, 0), (m,0),
(0, n), (m, n). As noted in Exercise 3 in Chapter 1, the number of lattice paths from
(0,0) to (m,n) with steps (1,0) and (0, 1) is just (",;") = e(C, + C,). An extension
o:P—m+n to a linear order is completely determined by the image a(C),
which can be any m element subset of m + n. Thus once again we have e(C, +
C,) = (":"). More generally, ifP=P, + P, + -+ P,and n; = | PJ, then

e(P) = (”‘ oo "k> e(Pe(Py) + e(P,).

nl,...,nk
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Figure 3-25

3.5.5 Example. Let P =2 x n, and take C, = {(2,j):jen}, C, = {(1,j):jen].
Then 3(J(P)) = {(i,j)e N?:0 < i <j < n|. For example, when n = 3 we obtain
Figure 3-25. Hence ¢(P) is equal to the number of lattice paths from (0, 0) to (1. n).
with steps (1,0) and (0. 1), which never rise above the main diagonal x = y of the
(x, v)-plane. By the definition of ¢(P), we see that this number is also equal to the
number of 2 x n matrices with entries the distinct integers 1. 2, ..., 2n, such that
every row and column is increasing. For instance, ¢(2 x 3) = 5, corresponding to

123 124 125 134 135
456 356 346 256 246.

[t can be shown thate(2 x n) = "':f‘f(z,,"). These famous numbers are called Catalan
numbers (see also Exercise 37(c) in Chapter 1).

We have now seen two ways of looking at the numbers ¢(P): as counting
certain order-preserving maps (or permutations), and as counting certain chains.
There is yet another way of viewing ¢(P)- -as satisfying a certain recurrence.
Regard ¢ as a function on J(P); that is, if I eJ(P) then ¢(I) 1s the number of
extensions of I (regarded as a subposet of P) to a total order. Thus ¢(/) is also
the number of saturated chains from 0 to I in J(P). From this it is clear that

e(1)=;e(1’)‘ (L
where I’ ranges over all elements of J(P) that I covers. In other words. ¢(I) is the
sum of those ¢(I') that lie “just below™ I. This is analogous to the definition of
Pascal’s triangle, where each entry is the sum of the two “just above.” Indeced, if
we take P to be the infinite poset N + N and let J,(P) be the lattice of finite order
ideals of P, then J(P) = N x N, and labeling the clement I € J (P) by ¢(]) yiclds
precisely Pascal's triangle (though upside-down from the usual convention in
writing it). Each finite order ideal I of N + N has the form m + n for some m,
neN, and from Example 3.5.4 we indeed have ¢(J(m + n)) = e¢(m+1 x n41) =
("*™. See Figure 3-26.

Because of this example, we define a generalized Pascal triangle to be a
finitary distributive lattice L. = J,(P), together with the function ¢: L — P. The
entries e(I) of a generalized Pascal triangle thus have three propertics in common
with the usual Pascal triangle: (a) they count certain types of permutations, (b)
they count certain types of lattice paths, and (c) they satisfy a simple recurrence.
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J AN +N)
Figure 3-26

The Incidence Algebra of a Locally Finite Poset

Let P be a locally finite posct, and let Int(P) denote the set of intervals of P.
(Recall that the void set is not an interval.) Let K be a field. If /: Int(P) - K.
then write f(x, y) for f([x,y]).

3.6.1 Definition. The incidence algebra I(P, K) of P over K is the K-algebra of
all functions

fInt(P) > K
(with the usual structure of a vector space over K), where multiplication (or
convolution) is defined by

folx,y) = ) flx.2)g(z ).

x<z <y

The above sum is finite (and hence fy is defined) since P is locally finite. It
1s easy to see that I(P, K) is an associative K-algebra with (two-sided) identity,
denoted ¢ or 1, defined by

I, ifx=y

o)) = {0, if x # J.

For our purposes, it will suffice always to take K = C, so we write simply I(P)
for I(P, C).

One can think of I(P,K) as consisting of all formal expressions [ =
Y txvjemur f1X ¥)[x, ¥]. Then convolution is defined uniquely by requiring

[x,w], ify=:
0, ify #z,

and then extending to all of I(P, K) by bilinearity (allowing infinite linear com-
binations of the [x, y]'s).

If P is finite, then label the elements of P by x, ..., x, where x; < x;=1i <.
(There are exactly ¢(P) such labelings, where ¢(P) is defined in Section 3.5.) Then
1(P) is isomorphic to the algebra of all upper triangular matrices M = (m;;) over

Lx,y}-[=.w] = {
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Figure 3-27

C,where | <i,j < n,such that my; = 0il x; € x,. (Proof. Identify my;with f(x;, x;).)

For instance, if P is given by Figure 3-27, then 1(P)1s isomorphic to the algebra
of all matrices of the form

—* 0 =« 0 =kﬁ
0 * x x =
0 0 x 0 =«
0 0 0 %= =«
|0 0 0-0 * |

3.6.2 Proposition. Let [ e(P). The following conditions are equivalent:
a. f has a left inverse,
b. f has a right inverse,

c. [ has a two-sided inverse (which is necessarily the unique left and right
inverse),

d. f(x,x)# Oforall xeP.

Moreover, if /™! exists, then f~!(x, y) depends only on the poset [x, y].

Proof. The statement that fg = J is equivalent to

Sx,x)g(x,x)=1, forall xeP (12)
and
glx, )= —fx,x)™" Y f(x,2)9(z,y), forallx < yin P. (13)

[t follows that f has a right inverse g if and only if f(x, x) # O for all xe P. and
thatin this case f ' (x. ) depends only on [x, y']. Now the same reasoning applied
to hf = o shows that f has a left inverse h if and only if f(x,x) % 0 for all xe P:
that is, if and only if f has a right inverse. But from fg = 0 and hf = § we have
that ¢ = h, and the proof follows. L

Let us now survey some useful functions in I(P). The zeta function { is
defined by

dx,y)y=1, forallx < yinP.
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Thus
(2x,y)= > 1 =card[x,y]

x<z<y

More generally, if ke P then
Frn= X L,

r=xp=xp S Sx=y

the number of multichains of length k from x to y. Similarly,

1, ifx<y

«—nmw=ﬂ)”x:y

Hence if ke P then ({ — 1)*(x, y) is the number of chains x = x, < x, < - < x, =

y of length k from x to y. By Propositions 3.5.1 and 3.5.2, we have additional

interpretations of {¥(x, y) and ({ — 1)*(x, y) when P is a distributive lattice.
Now consider the function 2 — { e I(P). Thus

1, ifx=y
—1, ifx<y.

2- C)(x,y)={

By Proposition 3.6.2, 2 — { is invertible. We claim (2 — {)™*(x, y) is equal to the
total number of chains x = xy < x; < < x, = y from x to y. We sketch two
Jjustifications of this fact.

First Justification. Let 7 be the length of the longest chain in the interval [x, y].
Then ({ — 1Y ' (u,v) =0forallx <u<v <y Thusforx <u<v <y,

=0 +C-D+C=D*+ -+ (= 1))
=1 -C-I+C=D++C—=D)Tuv)
=[1 = (= 1" 1(,0) = 5(u,v).

Hence(2 — )™ ' =1+ ( — 1)+ - + (( — 1)’ when restricted to Int([ x, y]). But
by the definition of , itisclear that[1 + ({ — 1) + -+ + ({ — 1)](x, y) is the total
number of chains from x to y, as desired. a

Second Justification. Our second justification is essentially equivalent to the
first one, but it uses a little topology to avoid having to restrict our attention to
an interval. The topological approach can be used to perform without effort
many similar kinds of computations in I(P). We define a topology on I(P)
(analogous to the topology defined on C[[x]] in Chapter 1) by saying that a
sequence f}, f5,... of functions converges to f if for all x <y, there exists
ny, = ny(x, y)€ P such that f,(x,y) = f(x, y) for alln > ny. With this topology, the
following computation is valid (because the infinite series converges):

2-07'=0-(-1)"= kZO(C — 1),
so (2—0)7)(

from x to y)

Y) = ksol — D¥(x,y) = Y450 (number of chains of length k
total number of chains from x to y. O

=

I
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Similarly to the above interpretation of (2 — {)7!, we leave it to the reader
to verify that (I — 7)7'(x, y) is equal to the total number of maximal chains in
[x, y], where # is defined by

(1) I, il ycovers x
X, y) = .
X 0, otherwise.

The Mobius Inversion Formula

It follows from Proposition 3.6.2 that the zeta function ¢ of alocally finite poset

P is invertible; its inverse is called the Mdbius function of P and is denoted 4 (or

pp if there is possible ambiguity). One can define u inductively without reference

to the incidence algebra. Namely, the relation ul = d is equivalent to
u(x,x)=1, forall xeP

. 14

pwx,¥)=— 3 p(x,z), forallx < yinP. (14)

x<z<y
3.7.1 Proposition. (MG&bius inversion formula). Let P be a poset in which every
principal order ideal is finite. Let f, g: P — C. Then

g(x) = > f(y), forall xeP,

y<x

if and only if
Sx) =3 g()uly,x) forall xeP.

y<x

Proof. The set CF of all functions P — C forms a vector space on which I(P)
acts (on the right) as an algebra of linear transformations by

(SO = 3 f(EW,x),

y<x

where e C”, ¢eI(P). The Mdbius inversion formula is then nothing but the
statement

=g f=gu U

A dual formulation of the Mdbius inversion formula is sometimes con-
venient.

3.7.2 Proposition. (Mobius inversion formula, dual form). Let P be a poset in
which every principal dual order ideal V, is finite. Let f, ge C”. Then

g(x)= > fly), forallxeP,

y2x
if and only if
Sx) = ulx, y)gly), forall xeP.

y2x
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Proof. Exactly as above, except now I(P) acts on the left by

(&) (x) = Z ECa ). 0

As in the Principle of Inclusion—-Exclusion, the purely abstract statement of
the Mobius inversion formula as given above i is just a trivial observation in linear
algebra. What is important are the applications of the Mébius inversion formula.
First we show that the Mébius inversion formula does indeed explain formulas
such as (1).

Given n finite sets S;,...,S,, let P be the poset of all their intersections
ordered by inclusion, including the void intersection Siu-uS, = i1f TeP,
then let f(T) be the number of elements of T which belong tono T' < Ti m P

and letq(T) |T). We want an expression for|S, U U S,| =Y ; f(T)
Now ¢(T) =Y 7. .+ f(T’), so by Mébius inversion on P we have
f(i) = Z DT =g(0)= - ¥ | TIT 1),
T<]

asdesired. In the example given by equdnon (1), P1s given by Figure 3-28. Indeed,
u(A, 1) uw(B, 1) = u(C, 1) — 1 and u(D, 1)—2, so (1) follows.

Figure 3-28

Techniques for Computing Mébius Functions

In order for the M&bius inversion formula to be of any value, it is necessary to
be able to compute the M&bius function of posets P of interest. We begin with
a simple example that can be done by brute force.

3.8.1 Example. Let P be the chain N. It follows directly from (14) that
1, ifi=j

uijy=< -1, ifi+1=j
0, otherwise.

The Mobius inversion formula takes the form

gn)= > f(i), foralln>0< f(n)=g(n) —gn— 1)foralln>0.

e

1
In other words, the operations ) and A (with } suitably initialized) are inverses
of one another, the finite difference analogue of the “fundamental theorem of
calculus.”
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Since only in rare cases can Mobius functions be computed by inspection
as in Example 3.8.1, we need general techniques for their evaluation. We begin
with the simplest result of this nature.

3.8.2 Proposition. (The product theorem.) Let P and Q be locally finite posets,
and let P x Q be their direct product. If (x,y) < (x'.)")in P x Q, then

1 o((x, 1), (X5 3)) = pp(x, X g1, ).

Proof. Let(x,y) < (x',)’). We have

/1,,(x,u)/1Q(_\‘,z:)=< Z ,u,,(x.u)>< Z .,/1(_,(,\'.1*))

(X W< () <)Ly x<u<x' r<r <)
= 5.\:_\"5)1\*’ = 6(.\:.)~).(.\".)")‘
Comparing with (14), which determines y uniquely, completes the proof. O

For readers familiar with tensor products, we mention a more conceptual
way of proving the previous proposition. Namely, one easily sees that I(P x Q) =
I(P)®c 1(Q) and {p, o = {p ® (o hence pip o = 1p @ -

3.8.3 Example. Let P = B,, the boolean algebra of rank n. Now B, = 2" and
the Mobius function of the chain 2 = {1,2} is given by pu(1,1) = u(2,2) =1,
u(1,2) = — 1. Hence if we identify B, with the set of all subsets of an n-sct X, we

conclude from the product theorem that
W(T,S) = (—1)5-7.

Since |S — T} is the length 7(T, S) of the interval [T, S 7], in purely order-theoretic
terms we have

W(T,S) = (= 1y, (15)

The Mobius inversion formula for B, becomes the following statement. Let f,
g: B, — C; then
g(S)= Y f(T), forall§cX,

TES
if and only if
f8) =Y (=S Tg(T), forallS < X.

TES
This is just equation (8) from Chapter 2. Hence we can say that Mébius inversion
on a boolean algebra is equivalent to the Principle of Inclusion--Exclusion. Note
that equation (8), Chapter 2, together with the Mobius inversion formula, actually
proves (15), so we now have two proofs of this result.

3.84 Example. Lectn,,n,,..., n, be nonnegative integers, and let P =n; +1 x
n,+1 x <=+ x ng+1. Note that P is isomorphic to the distributive lattice
J(ny + ny + -++ + ny). Identify P with the set of all k-tuples (a,,d,, ..., ayye it
with 0 < a; < n,, ordered componentwise. If ¢; < b, for all i, then the interv.
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[(ay,...,a).(by,...,b)] in P is isomorphic to bj—a;+1 x -+ x by~a,+1.
Hence by Example 3.8.1 and Proposition 3.8.2, we have

(— 12 ®i=a)  jfeach b; —a;,=0or 1

Ayy-.s ), (by,...,b)) = )
u((a, 1) (b, K) {0’ otherwise. (16)
Equivalently,
(— 1Y, if [x, y] is a boolean algebra
ux,y) = 0 :
otherwise.

(See Example 3.9.6 for a mild generalization).
There are two further ways of interest to interpret the lattice P = n;+1 x
- x m+1. First, P is isomorphic to the poset of submultisets of the multiset
{x1',..., x¢*}, ordered by inclusion. Second, if N is a positive integer of the form
py' " e where the p;'s are distinct primes, then P is isomorphic to the poset Dy,
defined in Example 3.1.1(c) of positive integral divisors of N, ordered by divisi-
bility (i.e., r < sin P if r|s). In this latter context, (16) takes the form

(= 1), ifs/risa product of ¢ distinct primes
0, otherwise.

u(r,s) = {

In other words, u(r,s) is just the classical number-theoretic Mébius function
p(s/r). The M&bius inversion formula becomes the classical one, namely,
g(n) =Y f(d), foralln|N,

d|n

if and only if
fn) =Y g(d)u(n/d), for all n|N.

dln
This explains the terminology “Md&bius function of a poset.”

Rather than restricting ourselves to the divisors of a fixed integer N, it is
natural to consider the poset P of all positive integers, ordered by divisibility.
Since any interval [, s] of this poset appears as an interval in the lattice of divisors
of s (or of any N for which s|N), the Mobius function remains u(r,s) = u(s/r).
Abstractly, the poset P is isomorphic to the finitary distributive lattice

Jf(P+P+P+-~):Jf<ZP>;UN (17)

where the product [],», N is the restricted direct product; that is, only finitely
many components of an element of the product are non-zero. Alternatively, P
can be identified with the lattice of all finite multisets on the set P (or any
countably infinite set).

We now come to a very important way of computing Mobius functions.

3.8.5 Proposition. Let P be a finite poset and let P denote P with a 0 and 1
adjoined. Let ¢; be the number of chains 0 = x, < x, < --- < x; = 1 of length i
between 0 and 1. (Thus ¢, =0 and ¢, = 1.) Then

llp(é,i):CO_cl+cZ_C3+.'-- (18)
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Proof. We have
up0,1) = (1 + ¢ = 19710, 1)
=1-C=-D+C-1?--)01
=50,1) - ¢ — DO, )+ - 1*0,1) -
=Cyp—C +cC3 —cC3+ . O

The significance of Proposition 3.8.5 is that it shows that ,u(@,i) (and
therefore u(x, y) for any interval [x, y]) can be interpreted as an Euler charac-
teristic, and therefore links Mobius inversion with the powerful machinery of
algebraic topology. To see the connection, recall that an (abstract) simplicial
complex on a vertex set V is a collection of subsets of V satisfying:

a. If xe V then {x} €A, and
b. if SeAand T < S, then TeA.

An element SeA is called a face of A, and the dimension of S is defined to be
|S| — 1. In particular, the void set @ is always a face of A (provided A # (),
of dimension — 1. Also define the dimension of A by
dim A = max(dim F).
FeA

If A 1s finite, then let f; denote the number of i-dimensional faces of A. Define the
reduced Euler characteristic 7(A) by

f(A)zg(_l)ifi= —fa+fo—-fit =—1+fo—fi+ . (19)

(7(A)1s related to the ordinary Euler characteristic y(A) by #(A) = x(A) — 1.) Now
if P is any poset, define a simplicial complex A(P) as follows: The vertices of A(P)
are the elements of P, and the faces of A(P) are the chains of P. A(P) is called the
order complex of P. We then conclude from (18) and (19) the following:

3.8.6 Proposition. (Proposition 3.8.5, restated.) Let P be a finite poset. Then
up(0,1) = 7(AP)). o

Proposition 3.8.5 gives an expression for ,u(ﬁ,i) that is self-dual (..,
remains unchanged if P is replaced by P*). Thus we see that in any locally finite
poset P,

up(x,y) = pps(y, x).

(One can also prove this using u = {u.)

Let us recall that in topology one associates a topological space |Al, called
the geometric realization of A, with a simplicial complex A. (One also says that
A is a triangulation of |A|.) The reduced Euler characteristic 7(X) of the space

= |A] 1s defined by

=Z(—1)i rank H,(X,Z),
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where H,(X,Z) is the i-th reduced homology group of X. One then has that
7(X) = 7(4), (20)
so that up(0, T) depends only on the geometric realization |A(P)| of A(P).

3.8.7 Example. (For readers familiar with some topology.) A finite regular cell
complex T is a finite set of non-empty pairwise-disjoint open cells g; = R" such
that:

a. (6,6, — ;) ~ (B",S""!), for some n = n(i),

b. each &; — o;1s a union of g;’s.

Here 6; denotes the closure of g;, = denotes homeomorphism, B" is the unit ball
{(x1s.--»,x,)eR":x3 + -+ + x2 < 1}, and $"7! is the unit sphere {(x,,...,x,)€
R":x? + -~ 4+ xZ = 1}. Note that a cell o; may consist of a single point, corre-
sponding to the case n = 0. Also, define the underlying space of I" to be the
topological space |I'| = | ) 6; = R". Given a finite regular cell complex I', define
its (first) barycentric subdivision sd(I') to be the abstract simplicial complex whose
vertices consist of the closed cells ; of I', and whose faces consist of those sets
{G:,....,0; } of vertices forming a flag &; < &;, = - < &, . The crucial property
of a finite regular cell complex to concern us here is that the geometric realization
[sd(I)] of the simplicial complex sd(I") is homeomorphic to the underlying space
[I"] of the cell complex I'.

Now given a finite regular cell complex I', let P(I") be the poset of cells of
I', ordered by defining o; < g; if 5; < g;. It follows from the above paragraph that
A(P(I')) = sd(I"). From Proposition 3.8.6 and (20), we conclude the following.

3.8.8 Proposition. LetI be a finite regular cell complex, and let P = P(I'). Then
up(0,1) = 7(IT)), (21)

where 7(|I'}) 1s the reduced Euler characteristic of the topological space [I'|. O

Propositions 3.8.6 and 3.8.8 deal with the topological significance of the
integer ,up(@, 1). We are also interested in the other values up(x, y), so we briefly
discuss this point. Let A be any finite simplicial complex and let F e A. The link
of F is the subcomplex of A defined by

IkF={GeA:GnF=_@and GuFeA}.

If P is a finite poset and x < yin P, then choose saturated chains x; < x, < - <
x,=xand y =y, <y, <+ < y,in P such that x, is a minimal element and y;
is a maximal element of P. Let F = {x,,...,X,, V1,..., Y} €A(P). Then Ik F is just
the order complex of the open interval (x,y) = {ze P: x < z < y}, so by Proposi-
tion 3.8.6,

p(x,y) = 7(lk F). (22)

Now suppose that A is an abstract simplicial complex that triangulates a
manifold M, with or without boundary. (In other words, |A| ~ M.) Let ¢ #
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FeA. It is well known from topology that then lk F has the same homology
groups as a sphere or ball of dimension equal to dim(lk F) = maxg;.,, »(dim G).
Moreover, Ik F will have the homology groups of a ball precisely when F lies on
the boundary J0A of A. (Somewhat surprisingly, Ik F need not be simply-connected
and |lk F| need not be a manifold!) Since #(S") = (— 1)"and 7(B") = 0, we deduce
from (21) and (22) the following result.

3.8.9 Proposition. Let I' be a finite regular cell complex. Suppose that |I'| is a
manifold, with or without boundary. Let P = P(I'). Then

0, if x #0, y= 1, and the cell x lies on the
boundary of ||

He(x.y) = Lzurs), if (x, y) = (0, 1)
(— 1Y, otherwise. O

Motivated by Proposition 3.8.9, we define a finite graded poset P with 0
and 1 to be semi-Eulerian if up(x, y) = (— 1)’ whenever (x, y) # (0, 1), and to be
Eulerian if in addition uP(G, i) =(— 1)/‘6' D Thus Proposition 3.8.9 implies that
if |I'| is a manifold (without boundary), then P(I") is semi-Eulerian. Moreover, if
IT"| is a sphere, then P(T') is Eulerian. By Example 3.8.3, boolean algebras B, are
Eulerian; indeed, B, = P(I'), where I is the boundary complex of an (n — 1)-
simplex. Hence |A(B,)| ~ $""2. Some interesting properties of Eulerian posets
appear in Section 3.14.

3.8.10 Example.

a. The diagrams of Figure 3-29 represent finite regular cell complexes I" such
that |I'| = S! or |I'| = S2. (Shaded regions represent 2-cells.) The corre-
sponding Eulerian posets P(I') are shown in Figure 3-30. Note that P(I",) and
P(I';) are lattices. This is because in I', and I';, any intersection &; N o;is some

G,.
L & N L oL I
Figure 3-29
AT Py =B, Py P(T) PT)  PE)=PD)

Figure 3-30
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b. The diagram O represents a certain cell complex I' that is not regular,

since for the unique I-cell ¢ we do not have & — ¢ &~ S°. (S° consists of two

points, while ¢ — o is just a single point.) The corresponding poset P = P(F)
is the two-element chain, and iA(P)l 1s not-homeomorphic to [I'|. (II'] =
while [A(P)| = B'.) Note that P is not Eulerian even though |I'|1s a sphere

c. Let I" be given by Figure 3-31. Then |I"| is a manifold without boundary with
the same Euler characteristic as S' (namely, 0), though |I'| # S*. Hence B(I)

is Eulerian even though |I"| does not even have the same homology groups as
a sphere. See Figure 3-32.

00

Figure 3-31 Figure 3-32

d. If I is a disjoint union of ¢ points then |I'| is a manifold with Euler characteristic
t. Hence P(I') is semi-Eulerian but not Eulerian if ¢ # 2. See Figure 3-33.

B

Figure 3-33

For our final excursion into topology, let P be a finite graded poset with 0
and 1. We say that the Mobius function of P alternates in sign if

(—1Y*Yu(x,y) >0, forallx <yinP.

A finite poset P is said to be Cohen—Macaulay (over Q) if for avery x < y in P,
the order complex A(x, y) of the open interval (x, y) satisfies

H(A(x,y),Q) =0, ifi < dimA(x,y). (23)

Here H,(A(x,y), @) denotes reduced simplicial homology with rational coef-
ficients Q. One can easily show that a Cohen—Macaulay poset is graded. If (23)
holds and if d = dim A(x, y), then

up(x.y) = 7(Ax, y) = (= 1) dimg Hy(A(x, y), Q).
Since d = /(x,y) — 2, we conclude

(= 1/*Iup(x, y) = dimg A,(A(x, y), @) > 0.
We have proved:

3.8.11 Proposition. If P is Cohen-Macaulay, then the Mdbius function of P
alternates in sign. O
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Examples of Cohen—Macaulay posets include those of the form P(I"), where
I" 1s a finite regular cell complex such that |I"| is a manifold of dimension 4, with
or without boundary. satisfying H,(|T'}, Q) = 0if i < d. It can be shown that for
any finite regular cell complex I', the question of whether P(I') is Cohen-
Macaulay depends only on the space |I"|. It can also be shown that if P is a finite
semimodular lattice, then P is Cohen—Macaulay. Though we will not prove this
here, we will later prove the weaker assertion that the Mobius function of a finite
semimodular lattice alternates in sign.

Lattices and Their Mobius Algebras

There are special methods for computing the Mobius function of a lattice that
are inapplicable to general posets. We will develop these results in a unified way
using the theory of Mobius algebras. While the applications to Mdbius functions
can also be proved without recourse to Mobius algebras, we prefer the con-
venience and elegance of the algebraic viewpoint.

3.9.1 Definition. Let L be a lattice and K a field. The Mdobius algebra A(L, K)
1s the semigroup algebra of L with the meet operation, over K. In other words,
A(L, K) is the vector space over K of formal linear combinations of elements of
L, with (bilinear) multiplication defined by x-y = x A yforall x, ye L.

The Mobius algebra A(L, K) is commutative and has a vector space basis
consisting of idempotents, namely, the elements of L. It follows from general
ring-theoretic considerations (Wedderburn theory or otherwise) that when L is
finite we have A(L, K) = K. We wish to make this isomorphism more explicit.
To do so, define for x € L the element é,€ A(L, K) by

5x = Z ,u(y,x)y

y<x

Hence by the Mobius inversion formula,

x= 396, (24)
y<x
The number of é.’s is equal to |L| = dimy A(L, K), and (24) shows that they span
A(L, K). Hence the d,’s form a K-basis for A(L, K).

3.9.2 Theorem. Let L be a finite lattice and let A’(L, K) be the abstract algebra
[],.. K., where each K, =~ K. Denote by &, the identity element of K,, so
8,0, = 6,,0,. Define a linear transformation 6: A(L, K) - A'(L,K) by setting
6(d,) = &, and extending by linearity. Then @ is an isomorphism of algebras.

Proof. 1f xeL, then let x' =) ., 06,€ A" Since 0 is clearly a vector space
isomorphism, we need only to show x'y’ = (x A y). Now
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w-(ga)(gs)= 5o
z<x \w<y zix
wsy

= ) &, =(xAy). O

V<X Ay

§.9.3 Corollary. Let L be a finite lattice with at least two elements, and let
1 #2aeL. Then

Y ulel)=0.

xixAa=0

Proof. 1n the Mobius algebra A(L, C) we have

a5i=<z 5,,>5i=0, ifa 1. (25)
b<a
On the other hand,
adi=ay pex,)x= Y ux 1)a x). (26)
xel xel

Writing ad; =), ., c, - x, we conclude from (25) that c5 = 0 and from (26) that

C(‘) = Zx:x/\a=() ,U(X, 1) O

Looking at the defining recurrence (14) for the Mébius function, we see that
Corollary 3.9.3 gives a similar recurrence, but in general with many fewer terms.
Some applications of Corollary 3.9.3 will be given soon. First we give some other
consequences of Theorem 3.9.2.

3.94 Corollary. Let L be a finite lattice, and let X be a subset of L such that
(@) 1¢X,and (b)if ye L and y # 1, then y < x for some x € X. Then

u0,1) = ¥ (= 11N,

k

where N, is the number of k-subsets of X whose meet is 0.

Proof. Forany xeL, we have in A(L,C) that
I-x= Zay~ Z5y= Zér
y<1 y<x y£x
Hence by Theorem 3.9.2,
H (i —X) = Zé.v’
xeX y

where y ranges over all elements of L satisfying y £ x for all x € X. By hypothesis,
the only such element is 1. Hence

I (i — Xx) = 0j.
xeX

If we now expand both sides as linear combinations of elements of L, and equate
coefficients of 0, the result follows. O
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It is clear that a subset X of L satisfies condition (b) of Corollary 3.9.4 if and
only if X contains the set A4* of coatoms (= elements covered by 1) of L. To make
the numbers N, as small as possible, we should take X = 4*. Note that if 0 is
not the meet of all the coatoms of L, then each N, = 0. Hence we conclude:

3'2'5A Corollary. If LAis a finite lattice for which 0 is not a meet of coatoms, then
u#(0, 1) = 0. Dually, if 1 is not a join of atoms, then again u(0,1) = 0. O

3.9.6 Example. Let L = J(P) be a finite distributive lattice. The interval [1,1"]
of L is a boolean algebra if and only if I’ — I is an antichain of P. More generally,
the join of all atoms of the interval [/,1'] (regarded as a sublattice of L) is the
order ideal I/ U M, where M is the set of minimal elements of the subposet I’ — I
of P. Hence I’ is a join of atoms of [, I'] if and only if [/, I'] is a boolean algebra.
From Example 3.8.3 and Corollary 3.9.5, we obtain the Mobius function of L,
namely,

(— 1Y "I = (= 1)I'=1 if [I,1'] is a boolean algebra (i.e., if
wl,I) = I’ — I is an antichain of P)
0, otherwise.

The Mobius Function of a Semimodular Lattice

We wish to apply the dualized form of Corollary 3.9.3 to a finite semimodular
lattice L of rank n with rank function p. Pick a to be an atom of L. Suppose
avx=I1.Ifalsoa < x, then x = 1. Hence either x A a = 0 or x = 1. Now from
the deﬁmtlon of semimodularity we have p(x) + p(a) > p(x A a) + p(x v a), s0
either x = 1 or p(x) + 1 > 0 + n. Hence either x = 1 or x is a coatom. From
Corollary 3.9.3 (dualized) there follows

n0,H=- Y pOx). 27)

coatoms x
such that
x*a
Since every interval of a semimodular lattice is again semimodular (e.g., by
Proposition 3.3.2), we conclude from (27) and induction on n the following result,

mentioned at the end of Section 3.8.

3.10.1 Proposition. The Mobius function of a finite semimodular lattice alter-
nates in sign. O
_ Since (—1)*%y(x,y) is a nonnegative integer for any x <y in a finite
semimodular lattice L, we can ask whether this integer actually counts something
associated with the structure of L. This question will be answered in Section 3.13.
We now turn to two of the most important examples of ssmimodular lattices.

3.10.2 Example. Let g4 be a prime power, let GF(q) be the g-element field, and
let V,, = V,(q) be an n-dimensional vector space over GF(qg).Let L, = L,(g)denotc
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the poset of all subspaces of V,, ordered by inclusion, as defined in Example
3.1.1(e). We observed in Section 3.3 that L,is a graded lattice of rank n, where
the rank p(W) of a subspace W is just its dimension. We also mentioned that
since any two subspaces W, W’ of V satisfy dim W + dim W’ = dim(W ~ W") +
dim(W + W’), it follows from (6) that L, is in fact a modular lattice. Since every
subspace of V, is the span of its one-dimensional subspaces, L, is also a geometric
lattice. The interval [W, W'] of L, is isomorphic to the lattice of subspaces of the
quotient space W’/W,so [W, W'] = L,, where m = ¢(W, W’) = dim W’ — dim W,
Hence p(W, W’) depends only on the integer ¢ = &(W, W’), so we write Ue =
pu(W, W’). It is now an easy task to compute y, using (27). Let a be an element of
L, of rank 1. Now L, has a total of (,2,) = ¢"™! + ¢"2 + -+ + 1 coatoms, of
which (02}) = ¢""% + ¢"™% + -+~ + 1 lie above a. Hence there are q""! coatoms
x satisfying x # a, so from (27) we have

Hn = _q"—llun—l"
Together with the initial condition u, = 1, there follows

= (= 17g?. (28)

3.10.3 Example. We give one simple example of the use of (28). We wish to
count the number of spanning subsets of V,(g). (Note that the void set () spans
no space, while the subset {0} spans the zero-dimensional subspace {0}.) If
We L,(q), then let f(W) be the number of subsets of V,(g) whose span is W, and
let g(W) be the number whose span is contained in W. Hence g(W) = 24" — 1,
since () has no span. Clearly

gWw)= > f(T),

T<W

so by M&bius inversion in L,(q),
fW)y= % g(Thw(T,W).
TSW

Putting W = V,, there follows
S =% gMuTV,)

TelL,
-2 (:)( g 1)

3.10.4 Example. Let I1(S) denote the set of all partitions of the finite set S, and
write IT, for I1([n]). As in Example 3.1.1(d), we partially order I1(S) by refinement:
that is, define n < o if every block of x is contained in a block of ¢. For instance,
I1,, I1,, and I1; are shown in Figure 3-34. It is easy to see that II, is graded of
rank n — 1. The rank p(n) of nell, is equal to n — (number of blocks of n) =
n — |n|. Hence the rank-generating function of I, is given by

n—1
F(Il,,q) = kgoS(n, n — k)q*, (29)
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Figure 3-34

where S(n,n — k) is a Stirling number of the second kind. If r, s €1, then n A ¢
has as blocks the non-void sets B C, where Ben and Ceo. Hence I, is a
meet-semilattice. Since the partition of [n] with one block is a 1 for I1T,, it follows
from Proposition 3.3.1 that I1, is a lattice.

Suppose n = {B,,...,B,} eIl,. Then the interval [r, 1] is isomorphic in an
obvious way to Il(n), the lattice of partitions of the set {B,,...,B,}. Hence
[r, 1] = I1,. Now it is easy to see that in II,, the join of any two distinct atoms
has rank two. Moreover, any n €I, is the join of those atoms {B,,..., B,_,} such
that |B,| = 2 and B, is a subset of some block of n. Hence I, is a geometric lattice.

The above paragraph determined the structure of [, 1]. Let us now consider
the structure of any interval [o, n]. Suppose n = {B,, B,,..., B,} and that B, is
partitioned into 4; blocks in . We leave to the reader the easy argument that

[o,n] =10, xIT;, x ==~ x II;,

In particular, [0, 7] = 1% x --- x I1°, where type 7 = (a,,..., a,). For instance,
if 6 = 1-2-3-45-67-890 and n = 14567-2890-3, then

{o,n] = [1(1-45-67) x I1(2-890) x I1(3) = I, x I, x I,.

Now set u, = ,u((A), i), where p is the Mobius function of I, If [o, n] = T, x
IT;, x --- x I, ,then by Proposition 3.8.2 we have u(s, ©) = u; u;,  u;, - Hence
to determine u completely, it suffices to compute y,. Although I, is geometric
so that (27) applies, it is easier to appeal directly to Corollary 3.9.3. Pick a to be
the partition with the two blocks {1,2,....n — 1} and {n}. An element x of I,
satisfies x A a = O ifand only if x = O or x is an atom whose unique two-element
block has the form {i,n}, forie [n — 1]. The interval [x, 1] is isomorphic to I, ,

so from Corollary 3.9.3 we have y, = —(n — 1)u,-,. Since po = 1, we conclude
p, = (=1 1(n—= 1) (30)

There are many other ways to prove this important result, some of which we
shall consider later. Let us simply point out here the more general result (which
follows from Exercise 44),
Y wO.mg" =@, =q(q~1)@-n+1) 31

nell,
To get (30), equate coefficients of g.

Equation (31) can be put in the following more general context. Let P be a
finite graded poset with 0, say of rank n. Define the characteristic polynomial

x(P, g) of P by
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AP.q) =Y @, x)g"o=

xeP
n

= ) wq"% say.
k=0

The coefficient w, is called the k-th Whitney number of P of the Sfirst kind,
we= Y u(0x).

xeP
p(x)=k

[n this context, the number of elements of P of rank k is denoted W, and is called

the k-th Whitney number of P of the second kind. Thus the rank-generating
function F(P, q) of P is given by

F(P.g)= T g

xeP
= 2, Wq~
k=0
It follows from (31) that

g =@~ 1G@~2)(q—n+ 1),

since I, has rank n — 1 and || = n — p(n). Hence from Proposition 1.3.4 we
have w, = s(n, n — k), a Stirling number of the first kind. Moreover, equation (29)
yields W, = S(n,n — k) for the lattice 1I,.

Zeta Polynomials

Let P be afinite poset. If n > 2, then define Z(P, n) to be the number of multichains
Xy <X, <+ < x,.in P. We call Z(P, n) (regarded as a function of n) the zeta
polynomial of P. First we justify this nomenclature and collect together some
elementary properties of Z(P, n).

3.11.1 Proposition.

a. Let b; be the number of chains x, < x, < < X;—y in P. Then b;,, =
A'Z(P,2),i > 0. In other words,

Z(P.n) = T b, (" - 2). (2)

i>2 i—2

In particular, Z(P,n) is a polynomial function of n whose degree d is equal to
the length of the longest chain of P, and whose leading coefficient is byi,/d!.
Moreover, Z(P,2) = |P| (as is clear from the definition of Z(P, n)).

b. Since Z(P,n) is a polynomial for all integers n > 2, we can define it for all
neZ (or even all neC). Then

Z(P,1) = y(A(P)) = 1 + pp(0, 1),
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c. If P has a 0 and 1, then Z(P,n)= C"(@, )forallnez (explaining the term zeta
polynomial). In particular,

Z(P, —1) = u(0,1), Z(P,0) = 0 (if 0 # 1), and Z(P, 1) = 1.

Proof.

a. The number of (n - 1) element multichaius with support x; < x, < - < x,_ )
i ((u-1-4-1))) = ("=2), from which (32) follows. The additional mformatlon
about Z(P, n) can be read off from (32).

b. Putting n = [ in (32) yields

Z(P,n) =Y b, ( 12> Y (= 1)b,.

i>2 i >2
Now use Proposition 3.8.5.

c. If Phasa 0 and 1, then the number of multichains x, < x2 < <X, s the
same as the number of multichains 0= Xo <X <X, < <X,y <X, =1,
which is (" (0 l)for n > 2. There are several ways to see that Z(P, n), as defined
by (32) foralln > 2, is equal to ¢"(0, 1) forall n € Z. For instance, we have from
(a) and Proposition 1.4.2 that A?*1¢"(0, 1) = Ofor n > 2. But then for any ne Z,

A A

AP0, 1) = A 1,0, 1)
=0.

Hence C"(f), i) is a polynomial function for all ne Z, and thus must agree with
(32)forall neZ. O

If meP, then let Q(P,m) denote the number of order-preserving maps
o: P —m. It follows from Proposition 3.5.1 that Q(P, m) = Z(J(P), m). Hence
Q(P,m) is a polynomial function of m of degree |P| and leading coefficient
e(P)/|P|\. (This can easily be seen by a more direct argument.) Q(P, m) is called
the order polynomial of P. Thus the order polynomial of P is the zeta polynomial
of J(P). For further information on order polynomials, see Chapter 4, Theorem
4.5.14—-Example 4.5.18.

3.11.2 Example. Let P = B,, the boolean algebra of rank d. Then Z(B,, n) for
n > 1 is equal to the number of multichains ) =S, =S, == S,=S of a
d-set S. For any s€ S, we can pick arbitrarily the least positive integer i€ [n] for
which se S;. Hence Z(B,, n) = n®. (We can also see this from Z(B,, n) = (dl n),
since any map o : d1 — n is order-preserving.) Putting n = — 1 yields g, (O 1) =
(— 1), a third proof of (15). This computation of,u(O 1) is an interesting example
of a “semi-combinatorial” proof. We evaluate Z(B,, n) combinatorially for n > 1
and then substitute n == — . Many other theorems involving Mobius functions
of posets P can be proved in such a fashion, by proving combinatorially for n > 1
an appropriate result for Z(P,n) and then letting n = —1.
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Rank-selection

Let P be a finite graded poset of rank n, with rank function p:P—[0n]. If
§ < [0,n] then define the subposet

Ps = {xeP:p(x)e S},

called the S-rank-selected subposet of P. For instance, Py =@ and P, ,, = P.
Now define (P, S) (or simply «(S)) to be the number of maximal chains of P;.

For instance, a(i) (short for «({i})) is just the number of elements of P rank i.
Finally, define B(P, S) = B(S) by

B(S) =Y (= 1)STy(T).

TES
Equivalently, by the Principle of Inclusion—Exclusion,

a(S) = > B(T). (33)
TES
If g denotes the Mobius function of the poset P, then it follows from Proposition
3.8.5 that

B(S) = (— )51 450, 1). (34)

For this reason we call the function g the rank-selected Mébius invariant of P.
Suppose that P has a 0 and 1. It is then easily seen that

o(P,S)=a(P,Sn[n—-1])
B(P,S)=0if S & [n— 1] (ie,if 0eS or nes).

Hence we lose nothing by restricting our attention to S < [n — 1]. For this
reason, if we know in advance that P hasa 0 and 1 (e.g., if P is a lattice) then we
will only consider S < [n — 1].

Equations (33) and (34) suggest a combinatorial method for interpreting the
Mobius function of P. The numbers «(S) have a combinatorial definition. If we
can define numbers y(S) > 0 so that there is a combinatorial proof that «(S) =
Y res P(T), then it follows that y(S) = B(S) so (0, 1) = (— 1)S1=1y(S). We cannot
expect to define y(S) for any P since in general we need not have B(S) > 0.
However, there are large classes of posets P for which y(S) can indeed be defined
in a nice combinatorial manner. To introduce the reader to this subject we will
consider two special cases here, while the next section is concerned with a more
general result of this nature.

Let L = J(P) be a finite distributive lattice of rank n (so |P| = n). Regard P
as a partial ordering of the set [n], and assume that P is compatible with the
usual ordering of [n]; that is,if i < jin P theni < jin Z. We then call P a natural
partial order on [n]. As in Section 3.5 we may identify an extension ¢ : P — [n]
of P to a total order with a permutation ¢~!(1), ..., 7 (n) of [n]. The set of all
e(P) permutations of [n] obtained in this way is denoted #(P) and is called the
Jordan—Holder set of P. For instance, if P is given by Figure 3-35, then #(P)
consists of the five permutations 1234, 2134, 1243, 2143, 2413.
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Figure 3-35

3.12.1 Theorem. Let L = J(P) be as above, and let S = [n — 1]. Then B(L,S)
is equal to the number of permutations n e ¥ (P) with descent set S.

Proof. LetS = {a,,a,,...,a,} . It follows from Proposition 3.5.1 that «(L,S)
is equal to the number of chains I; = I, < --- < I, of order ideals of P such that
|I;} = a;. Given such a chain of order ideals, define a permutation ne £(P) as
follows: First arrange the elements of 1, in increasing order. To the right of these
arrange the elements of I, — I, in increasing order. Continue until at the end we
have the elements of P — I, in increasing order. This establishes a bijection
between maximal chains of Ly and permutations n e #(P) whose descent set is
contained in S. Hence if y(L, S) denotes the number of n e #(P) whose descent set
equals S, then
a(L,S)= > y(L,T)

TES

and the proof follows. O

3.12.2 Corollary. Let L = B,, the boolean algebra of rank n, and let S <
[n — 1]. Then B(L,S) is equal to the total number of permutations of [n] with
descent set S. (Thus B{(L,S) = B,(S) as defined in Example 2.2.4.) O

Just as Example 2.2.5 is a g-generalization of Example 2.2.4, so we can
generalize the previous corollary.

3.12.3 Theorem. Let L = L,(g), the lattice of subspaces of an n-dimensional
vector space over F,. Let S < [n — 1]. Then

B(L,S)=7Y g™, (35)

where the sum is over all permutations n e &, with descent set S, and where i(n)
is the number of inversions of .

Proof. LetS ={a,,a,,...,a}. Then
- - n—a
aws=(n)(nZn)e ) Gn)
a; a, — a4, a3 — A, n-—ag
n
~\a,,a,—a,,....n—a, /)

The proof now follows by comparing equation (20) from Chapter 2 with (33).
5]
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R-labelings

In this section we give a wide class .« of posets P for which the rank-selected
Moébius invariant B(P, S) has a direct combinatorial interpretation (and is there-
fore nonnegative). If P e .o then every interval of P will also belong to </, so in
particular the Mobius function of P alternates in sign.

Let J#(P) denote the set of pairs (x, y) of elements of P for which y covers
x. We may think of elements of #(P) as edges of the Hasse diagram of P.

3.13.1 Definition. Let P be a finite graded poset with 0 and 1. A function
A H(P) — Z is called an R-labeling of P if, for every interval [x, y] of P, there is
a unique saturated chain x = x, < x; < - < x, = y satisfying

Alxg,xy) < Xy, x0) <o < AXpoy, Xp). (36)

A poset P possessing an R-labeling A is called an R-poset, and the chain x = x, <
x, < -+ < x, = y satisfying (36) is called the increasing chain from x to y.

Note that if I = [x, y] is an interval of P, then the restriction of A to s#(I)
is an R-labeling of #(I). Hence I is also an R-poset, so any property satisfied by
all R-posets P is also satisfied by any interval of P.

3.13.2 Theorem. Let P be an R-poset, and set n = /(P). Let A be an R-labeling
of P, and let S < [n — 1]. Then B(P,S) is equal to the number of maximal
chains M:0 =x,<x, < -<x,=1 of P for which the sequence i(M):=
(A(xgsXq),---5A(x,-1,X,)) has descent set S; that is, for which

D(A(M)) = {i: Alx;_q, %) > Axi xi44)} = S.

Proof. Let C: 0 < y, <+ <y, < I be a maximal chain in P;. We claim there
is a unique maximal chain M of P containing C and satisfying D(4(M)) < S. Let
M:0= Xo < X; < -+ < x, =1 be such a maximal chain (if one exists), and let
S ={a,,...,a;}<. Thus x, = y;. Since A(x, ,Xa_ +1) < AlXa_ +1,Xq_+2) < " <
AXg—15Xg) for 1 <i < s+ 1(where weseta, = 6, gy = f), we must take x, |,
Xg,_,+1> ---» X4, to be the unique increasing chain of the interval [y, ,y;] =
[x,, ,»Xa,]- Thus M exists and is unique, as claimed.

It follows that the number &'(P,S) of maximal chains M of P satisfying
D(A(M)) < S is just the number of maximal chains of Pg; that is, (P, S) = a(P, S).
If B'(P, S) denotes the number of maximal chains M of P satisfying D(4(M)) = S,
then clearly

«(P,S)= > P(P,T).

T<S

Hence from (33) we conclude B'(P, S) = B(P,S). a

3.13.3 Example. We now consider some examples of R-posets. Let P be a
natural partial order on [n], as in Theorem 3.12.1. Let (I, 1') e #(J(P)), so I and
I’ are order ideals of P with I < I’and |I' — I| = 1. Define A(, I) to be the unique
element of I' — I. For any interval [K, K'] of J(P) there is a unique increasing
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chain K = K, < K| < --- < K, = K’ defined by letting the sole element of K; —
K;_, consist of the least integer (in the usual linear order on [n]) contained in
K’ — K;_,. Hence 4 is an R-labeling, and indeed Theorems 3.12.1 and 3.13.2
coincide. We will mention without proof two generalizations of this example.

3.13.4 Example. A finite lattice L is supersolvable if it possesses a maximal chain
C, called an M-chain, such that the sublattice of L generated by C and any other
chain of L is distributive. Examples of supersolvable lattices include modular
lattices, the partition lattice Il,, and the lattice of subgroups of a finite super-
solvable group. For modular lattices, any maximal chain is an M-chain. For the
lattice [1,,a chain0 = 7y < 7, < - < m,_, = 1 isan M-chain if and only if each
partition n; (1 < i < n — 1) has exactly one block B; with more than one element
(so B, « B, < -~ < B,_; = [n]). The number of M-chains of I1, is n!/2, n > 2.
For the lattice L of subgroups of a supersolvable group G, an M-chain is given
by a normal series {1} = G, < G, < - < G, = G; that is, each G; is a normal
subgroup of G, and each G,,,/G; is cyclic of prime order. (There may be other
M-chains.) .

If L is supersolvable with M-chain C: 0= Xo < X; <~ < x,=1,thenan
R-labeling 4 : #(P) — Z 1s given by

Ax,y)=min{i:x v x; =y v x;}. (37)

If we restrict A to the (distributive) sublattice L’ of L generated by C and some
other chain, then we obtain an R-labeling of L’ that coincides with Example
3.13.3. Figure 3-36 shows a (non-semimodular) supersolvable lattice L with a
M-chain denoted by solid dots, and the corresponding R-labeling /. There are
five maximal chains, with labels 312, 132, 123, 213, 231 and corresponding

descent sets {1}, {2}, @, {1}, {2}. Hence B(Q) = 1, B(1) = p(2) = 2, f(1,2) = 0.

Figure 3-36

3.13.5 Example. Let L be a finite (upper) semimodular lattice. Let P be the
subposet of join-irreducibles of L. Let w: P — [k] be an order-preserving bijec-
tion, and write x; = w~!(i). Define for (x, y) e #(L),

Ax,y) =min{i:x v x; = y}. (38)

Then Z is an R-labeling, and hence semimodular lattices are R-posets. Figurc
3-37 shows on the left a semimodular lattice L with the elements x; € P denoted
by i, and on the right the corresponding R-labeling 4. There are seven maximal
chains, with labels 123, 132, 213, 231, 312, 321, 341 and corresponding descent
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Figure 3-37 Figure 3-38

sets 9, {2}, {14 {2}, {1} {1,2}, {2}. Hence B(@) =1, f(1) =2, () =3,
p(1,2) = 1.

Examples 3.13.4 and 3.13.5 both have the property that we can label certain
elements of L as x; and then define 4 by the similar formulas (37) and (38). Many
additional R-lattices have this property, though not all of them do. Of course
(37) and (38) are meaningless for posets that are not lattices. Figure 3-38 illustrates
a poset P that is not a lattice, together with an R-labeling 4.

Eulerian Posets

Let us recall the definition of an Eulerian poset following Proposition 3.8.9: A
finite graded poset P with 0 and 1 is Eulerian if up(x,y) = (=1Y*»forallx <y
in P. Eulerian posets enjoy many remarkable “duality” properties. We begin by
considering the zeta polynomial of an Eulerian poset.

3.14.1 Proposition. Let P be Eulerian of rank n. Then Z(P, —m) = (—1)"Z(P,m).

Proof. By Proposition 3.11.1(c), we have
Z(P, —m) = p™(0,1)

= ZN(xo, xl) T :u(xm—l ’xm)9
summed over all multichains 0 = x, < x, < < x,, = 1. Since P is Eulerian,
)u(xi—l’xil = (— ])/’(x,-_l.x]:). Hence #(Xo’xl)“'#(xm—.l’xm) = (— ])"’ SO Z(P’ —m) =
(=D™0,1) = (=1)"Z(P, m). X o
Define a finite poset P with O to be simplicial if each interval [0, x] is
isomorphic to a boolean algebra.

3.14.2 Proposition. Let P be simplicial. Then Z(P,m) = ¥ ;50 Wi(m — 1), where
W, = #{xeP:[@,x] ~ B;}.
In particular, if P is graded then Z(P,q + 1) is the rank-generating function of P.
Proof Let xe P, and let Z,(P, m) denote the number of multichains x; < x2 <
- < X, = x in P. By Example 3.11.2, Z (P,m) = (m — 1) where [O x] =

But Z(P,m) = er,,Z (P,m), and the proof follows. o
Now suppose P is Eulerian and P’ := P — {1} is simplicial. By considering
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multichains in P that do or do not contain f, we see that
Z(P\m+ 1) =Z(P,m + 1) — Z(P,m) = AZ(P, m).
Hence by Proposition 3.14.2,

n—1
AZPP,m) =Y Wmi, (39)
i=0

where P has W, elements of rank i. On the other hand, by Proposition 3.14.1 we
have Z(P, —m) = (— 1)"Z(P, m), so AZ(P, —m) = (—1)"AZ(P,m — 1). Combining
with (39) yields

n—1

> (=) Wm', (40)

i=0

n—1
Y, Wim — 1) =
i=0

Equation (40) imposes certain linear relations on the Ws, known as the Dehn-
Sommerville equations. In general, there will be 2] independent equations (in
addition to W, = 1). We list below these equations for 2 < n < 6, where we have

n=2:W =2
n=4W -W,+W,=2

2‘4’2—'3W3=0
n=5W -W,+W, - W, =

n:6:W1—W2+W3—W4+W5:2
2W, — 3W, + 4W, — SW, =0
2W, — SW, = 0.

A more elegant way of stating these equations will be discussed in conjunction
with Theorem 3.14.9. .

A fundamental example of an Eulerian lattice L for which L— {1} is
simplicial is the lattice of faces of a triangulation A of a sphere, with a 1 adjoined.
In this case W, is just the number of (i — 1)-dimensional faces of A.

Let us point out that although we have derived (40) as a special case of
Proposition 3.14.1, one can also deduce Proposition 3.14.1 from (40). Namely,
given an Eulerian poset P, apply (40) to the poset of chains of P with a 1 adjoined.
The resulting formula is formally equivalent to Proposition 3.14.1.

Next we turn to a duality theorem for the numbers S(P,S) when P is
Eulerian.

3.14.3 Lemma. Let P be afinite poset with O and i, andlet xeP — {6, i}. Then

p— (0, 1) = pp©, 1) — pp 0, x)pp(x, 1).
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Proof. This is a simple consequence of Proposition 3.8.5. O

3.144 Lemma. Let P be as above, and let Q be any subposet of P containing
0 and 1. Then

o0, 1) = SS(=1*up©, x Dwp(xy, X3) - - - p(Xis 1),

where the sum ranges over all chains 0 < x, < - < x, < 1in P such that x;€Q
for all i.

Proof. Iterate Lemma 3.14.3 by successively removing the elements of Q from
P. a

3.145 Proposition. _Let P be Eulerian of rank n, and let Q be any subposet of
P containing O and 1. Set Q = (P — Q) u {0, 1}. Then

1o(0, 1) = (= 1) 110, 1)
Proof. Since P is Eulerian, we have

#P(O,xl)ﬂr(xl,xz)'  pp(Xss i) =(—1)
for all chains 0 < x, < - < x, < 1 in P. Hence from Lemma 3.14.4 we have

uQ(Q, 1) = Y (— 1)*", where the sum ranges over all chains 0 < x, <-* < x, < 1
in Q. The proof follows from Proposition 3.8.5. O

3.14.6 Corollary. Let P be Eulerian of rank n, let S < [n — 1], and set S =
[n — 1] — S. Then B(P,S) = B(P,S).

Proof. Apply Proposition 3.14.5 to the case Q = Pgu {6, f} and use (34). O

Topological Digression. Proposition 3.14.5 provides an instructive example of
the usefulness of interpreting the Mobius function as a (reduced) Euler charac-
teristic and in then considering the actual homology groups. In general, we expect
that if we suitably strengthen the hypotheses to take into account the homology
groups, then the conclusion will be similarly strengthened. Indeed, suppose that
instead of merely requiring that pp(x, y) = (— 1Y%, we assume that

0, i#/(x,y)—2

where K is a field (or any coefficient group), and A denotes the order complex as
defined in Section 3.8. Equivalentiy, P is Eulerian and Cohen-Macaulay over
K.Let Q, Q be as in Proposition 3.14.5,and set Q' = Q — {0,1},Q" = Q — {0, 1}.
The Alexander duality theorem for simplicial complexes asserts in the present
context that

H(AQ),K) = H"'3(A(Q), K).
(When K is a field there is a (non-canonical) isomorphism A/(A, K) = H;(A,K)))




138

Chapter 3 Partially Ordered Sets

In particular, F(A(Q')) = (—1)""'7(A(Q")), which is equivalent to Proposition
3.14.5 (by Proposition 3.8.6). Hence Proposition 3.14.5 may be regarded as the
“Mobius-theoretic analogue” of the Alexander duality theorem.

Finally we come to a remarkable “master duality theorem” for Eulerian
posets P. We will associate with P two polynomials f(P,x) and g(P, x) defined
below. Define P to be the set of all intervals [6, y] of P, ordered by inclusion.
Clearly the map P — P defined by y+ [0, y] is an isomorphism of posets. The
polynomials f and g are defined inductively as follows:

1. f(1,x) =g(1,x) = 1. . 41)
2. If n + 1 =rank P >0, then f(P,x) has degree n, say f(P,x) =ho + h;x +
-+ + h,x". Then define

— o _ 2 _ m
’ 0 m m— i
g(P,x) = hy + (hy — hg)x + (h, — h)x* + -+ (h Rp—1)X

where m = | n/2). 42)
3. Ifn + 1 =rank P > 0, then define
f(P,x) = ZFQ(Q,X)(X — 1), (43)
S=p

3.14.7 Example. Consider the six Eulerian posets of Figure 3-39. Write f; and
g; for f(P;, x) and g(P,, x), respectively. We compute recursively that

Jo=9o=1

fi=go=1 ¢g1=1

=29, +gox—1)=14+x, g,=1
f3=29,+29,(x—D+(x -1 =1+x% g;=1-x
fo=3g,+3g,x—D+x—-1P=1+x+x% g,=1
fs =294+ g3+ 4g,(x — 1) + 3g,(x — 1> + (x — 1)?

=1+x% gs=1-—x

K P P, Py P, 5

Figure 3-39

3.14.8 Example. Write f, = f(B,,x) and g, = g(B,, x), where B, is a boolean
algebra. A simple computation yields

fo=1, go=1, fi=1, g=1, fL=1+%x g¢g,=1,
fi=1+x+x% gs=1, fa=l+x+x>+x° go=1
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This suggests that f, =1 + x + -+ + x""! (n>0)and g, = 1. Clearly (41) and
(42) hold; we need only to check (43). The recurrence (43) reduces to

1 n+41 -
Jar1 = ng< k )(X—])" k.
k=0
ly

Substituting g, = 1 yields

.m1=i("+ju—n"k
k=0 k )

=(x—=D7'[{(x = 1)+ 1) — 1], by the binomial theorem
=l4+x+ -4+ x"
Hence we have shown:
SBypx)=1+x+ - +x"1 n>1
9(Bp,x) =1, n>=0.

Now suppose P is Eulerian of rank n+ 1 and P — {1} is simplicial. Since
g(B,,x) = 1 we get from (43) that

fP.x)y= % (x— 1)+
Q7P

= i Wix — 1)y (44)
i=0

where P has W, elements of rank i.
We come to the main result of this section.

3.14.9 Theorem. Let P be Eulerian of rank n + 1. Then f(P,x) = x"f(P,1/x).
Equivalently, if f(P,x) =)t h,x', then h; = h,_,. '

Proof. We write f(P) for f(P,x), g(P) for g(P,x), and so on. Set y = x — 1.
Muitiply (43) by y and add g(P) to obtain

g(P) + yf(P) = Z g(Q)y* PP @

QEF

=y *®(g(P) + yf(P)) = EQ(Q))’_"(Q’-
By Mobius inversion we obtain
g(P)y #® = %(Q(Q) + ¥A(Q@)y " Pup(Q, P).

Since P is Eulerian we get up(Q, P) = (— 1)/(@P 5o
9(P) = 2.(4(Q) + 3@ (= y/@". (45)

Let f(Q) =ay + a;x + -+ + a,x", where p(Q) = r + 1. Then

9(Q) + Q) = (ag — ag ) x*"! + (agyy — agyo)x 2 + -1,
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where s = | r/2]. By induction on p(Q) we may assume a; = a,_, for r < n. In this
case

9(Q) + yf(Q) = (a, — a,_)x**' + (@, — a;_,)x**2 + -
= _-,CP(Q)g(Q’ ]/x). (46)
Now subtract yf(P) + g(P) from both sides of (45) and use (46) to obtain

—yf(P) = 3 x*9g(Q,1/x)(—y) @D
2<1

= f(P) =}, x"9g(Q,1/x)(—y) P!
Q<1

= x"f(P,1/x), by (43),

and the proof is complete. O

Equation (44) gives a direct combinatorial interpretation of the polynomial
f(P,x) provided P — {i} is simplicial, and in this case Theorem 3.14.9 is equiva-
lent to (40). In general, however, f(P,x) seems to be an exceedingly subtle
invariant of P. See Exercises 70—72 for further information.

Binomial Posets and Generating Functions

We have encountered many examples of generating functions thus far, primarily
of the form ano f(m)x"or Y 5o f(n)x"/n!. Why are these types so ubiquitous,
and why do generating functions such as anof(n)x"/(] + n?) never seem to
occur? Are there additional classes of generating functions besides the two above
that are useful in combinatorics? The theory of binomial posets seeks to answer
these questions. It allows a unified treatment of many of the different types of
generating functions that occur in combinatorics. The remainder of this chapter
will be devoted to this topic. Most of the subsequent material of this book will
be devoted to more sophisticated aspects of generating functions that are not
really appropriate to the theory of binomial posets. We should mention that
there are several alternative approaches to unifying the theory of generating
functions. We have chosen binomial posets for two reasons: (a) We have already
developed much of the relevant background material concerning posets, and (b)
of all the existing theories, binomial posets give the most explicit combinatorial
interpretation of the numbers B(n) appearing in generating functions of the form
> ws0 S (n)x"/B(n). (Do not confuse these B(n)’s with the Bell numbers.)

Let us first consider some of the kinds of generating functions F(x)e C[[x]]
that have actually arisen in combinatorics. These generating functions should be
regarded as “representing” the function f: N — C by the power series F(x) =
Y w>0 f(n)x"/B(n), where the B(n)’s are certain complex numbers (which turn out
in the theory of binomial posets always to be positive integers).
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3.15.1 Example.

a. (Ordinary generating functions). These are generating functions of the
form F(x) =} ,50f(m)x". (More precisely, we say that F(x) is the ordinary
generating function of f) Of course we have seen many examples of such gener-
ating functions, such as

t
n;)(n)x = (1 + x)

(8)
x"=(1-x)"
nz=0 n

Y pmx"= 11 —x)™".

n=0 i1

b. (Exponential generating functions). Here F(x) = ), f(n)x"/n!. Again
we have many examples, such as

Y. B(n)x"/n! = "1

n=20

e—x

Y D(n)x"/n! = ———.

n=0 l—-x

c. (Eulerian generating functions). Let g be a fixed positive integer (almost
always taken in practice to be a prime power corresponding to the field F,).
Sometimes it is advantageous to regard g as an indeterminate, rather than an
integer. The corresponding generating function is

F(x)= ), f(m)x"/(n),,

n=0

where M)! =(1 + q)(1 +q +¢*)---(1 + g+ -+ q""!) as in Section 1.3. Note
that (n)! reduces to n! upon setting ¢ = 1. Sometimes in the literature one sees
the denominator replaced with (1 — g)(1 — g?)*--(1 — g"); this amounts to the
transformation x — x/(1 — gq). We will see that our choice of denominator is the
natural one insofar as binomial posets are concerned. One immediate advantage
is that an Eulerian generating function reduces to an exponential generating
function upon setting g = 1. An example of an Eulerian generating function is

flmx" x"\?
s = ()

W0 (m)! n=0

where f(n) is the total number of subspaces of V,(q) (i.., f(n) = D i-o })).

d. (Doubly-exponential generating functions). These have the form F(x) =
Y w>0 f(n)x"/n!?. For instance, if f(n)is the number of n x n matrices of nonnega-
tive integers such that every row and column sum equals two, then F(x) =
e*?(1 — x)"'2. Sometimes one has occasion to deal with the more general r-
exponential generating function F(x) =) ,50 f(n)x"/n!", where r is any positive
Integer.
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e. (Chromatic generating functions). Fix ge P. Then

Fx)= Y f(n)):"/q(g)n!.

n=0

n
() replaced with ¢"*2, amounting to the transformation
. An example is

Sometimes one sees ¢
x — xq 172

n n -1
S fox2nr = ( Y (- 1)"x”/2(2)n!) ,
n=>0 n=0

where f(n) is the number of acyclic digraphs on n vertices; that is, the number of
subsets of [n] x [n] not containing a sequence of elements (iy,i,), (i,i,), (i5,i3),
- os (=153, (i;, o). For instance, f(3) = 25, corresponding to the void set, the six
I-subsets {(i,j) : i # j}, the twelve 2-subsets {(i,j), (k,£): i # j,k # £,(i,]) # (£,k)},
and the six 3-subsets obtained from {(1,2),(2, 3),(1,3)} by permuting 1, 2, 3.

The basic concept that will be used to unify the above examples is the
following.

3.15.2 Definition. A poset P is called a binomial poset if it satisfies the three
conditions:

a. P is locally finite with 0 and contains an infinite chain.

b. Every interval [x,y] of P is graded. If #(x,y) = n, then we call [x,y] an
n-interval.

c¢. For all ne N, any two n-intervals contain the same number B(n) of maximal
chains. We call B(n) the factorial function of P.

Note. Condition (a)is basically a matter of convenience, and several alternative
conditions are possible. )

Note that from the definition of binomial poset we have B(0) = B(1) = 1,
B(2) = card(x, y) where [x, y] is any 2-interval, and B(0) < B(1) < B(2) <.

3.15.3 Example. The posets P below are all binomial posets.

a. Let P = N with the usual linear order. Then B(n) = 1 for all ne N.

b. Let P be the lattice of all finite subsets of N (or any infinite set), ordered
by inclusion. Then P is a distributive lattice and B(n) = n!. We will denote this
poset as B.

c. Let P be the lattice of all finite-dimensional subspaces of a vector space
of infinite dimension over F,, ordered by inclusion. Then B(n) = (n)l. We
denote this poset by B(g).

d. Let P be the set of all ordered pairs (S, T') of finite subsets S, T of N
satisfying |S| = | T, ordered componentwise (ie., (S,T) < (S, T)if S < §" and
T < T'). Then B(n) = n!2. This poset will be denoted by B,. More generally, let
P, ..., P, be binomial posets with factorial functions B,, ..., B,. Let P be the
subposet of P, x --- x P, of all k-tuples (x,,...,x;) such that /(0,x,) ==
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£(0, x,). Then P is binomial with factorial function B(n) = B,(n)--- B,(n). We write
P =P x-xP. Thus B, = B+xB. More generally, we set B, = B*---*B (r
times).

e. Let V' be an infinite vertex set, let g € P be fixed, and let P be the set of all
pairs (G, o), where G is a function from all 2-sets {u,v} (%) into {0,1,...,q — 1}
such that all but finitely many values of G are 0 (think of G as a graph with finitely
many edges labeled 1, 2, ..., ¢ — 1), and where 6 : V — {0, 1} is a map satisfying
the two conditions:

1. If G({u,v}) # O then o(u) # a(v), and

2. Y ,cp0(v) < .

If (G, 0), (H, t)€ P, then define (G,0) < (H, 1) if:

1. o(v) < t(v)for all ve V, and

2. if o(u) = t(u) and a(v) = 7(v), then G({u,v}) = H({u,v}).

Then P is a binomial poset with B(n) = n!q(S). We leave to the reader the

task of finding a binomial poset Q with factorial function B(n) = q(g) such that
P = Q * B, where B is the binomial poset of Example 3.15.3(b).

f. Let P be a binomial poset with factorial function B(n), and let k € P. Define
the subposet

P“‘" = {xeP: £(0, x) is divisible by k}.
Then P™ is binomial with factorial function
B,(n) = B(nk)/B(k)".

Observe that the numbers B(n) considered in Example 3.15.3(a)-(e) appear
in the power series generating functions of Example 3.15.1. If we can somehow
associate a binomial poset with generating functions of the form ) f(n)x"/B(n),
then we will have “explained” the form of the generating functions of Example
3.15.1. We also will have provided some justification of the heuristic principle
that ordinary generating functions are associated with the nonnegative integers,
exponential generating functions with sets, Eulerian generating functions with
vector spaces, and so on.

To begin our study of binomial posets P, choose i, ne N and let [7] denote
the number of elements z of rank i in an n-interval [x, y]. Note that since
B(i)B(n — i) maximal chains of [x, y] pass through a given z of rank i, we have

ni| B(n)
liz} " B(i)B(n—1i)" *7)

so [7] depends only on n and i, not on the choice of the n-interval [x, y]. When
P =B as in Example 3.15.3(b), then B(n) = n! and [?] = (}), explaining our
terms “binomial poset” and “factorial function”. This analogy with factorials is
strengthened further by observing that

B(n) = A(n)A(n — 1)--- A(1),

where A(i) = [{], the number of atoms in an i-interval.
We can now state the main result concerning binomial posets.




144

Chapter 3 Partially Ordered Sets

3.15.4 Theorem. Let P be a binomial poset with factorial function B(n) and
incidence algebra I(P) (over C). Define

R(P)={fel(P): flx,y) = f(x,y)if £(x,y) = £(x,y)}.
If f € R(P) then write f(n) for f(x, y) when ¢(x, y) = n. Then R(P) is a subalgebra
of I(P), and we have an algebra isomorphism ¢ : R(P) - C[[x]] given by
= Y f(n)x"/B(n).

n=>0

Proof. Clearly R(P) is a sub-vector space of I(P). Let f, g€ R(P). By definition
of [7] we have for an n-interval [x, y]

falx,y)= Y f(x,2)9(z,y)

ze[x,y]

ZH gln — i) 48)

Hence fg(x,y) depends only on #(x, y), so R(P) s a subalgebra of I(P). Moreover,
the right-hand side of (48) is just the coefficient of x"/B(n) in ¢(f)#(g), so the
proof follows. O

Let us note a useful property of the algebra R(P) that follows directly from
Theorem 3.15.4 (and that can also be proved without recourse to Theorem
3.15.4).

3.15.5 Proposition. Let P be a binomial poset and f € R(P). Suppose f ! exists
in I(P) (i.e,, f(x,x) # O for all xe P). Then f~!'e R(P).

Proof. The constant term of the power series F = ¢(f) is equal to f(x,x) # 0
for any xe P, so F~! exists in C[[x]]. Let g = ¢ "' (F"!)e R(P). Since FF™! = 1
in C[[x]] we have fy = 1 in I(P). Hence f~! = ge R(P). 0

We now turn to some examples of the unifying power of binomial posets.
We make no attempt to be systematic or as general as possible, but simply try
to convey some of the flavor of the subject.

3.15.6 Example. Let f(n) be the cardinality of an n-interval [x, y] of P, that is,
f(n) = Y7o [7]. Clearly by definition the zeta function { is in R(P) and #({) =
Y 2> x"/B(n). Since R(P) is a subalgebra of I(P) we have {* € R(P). Since {*(x, y) =
card[x, y] it follows that

S fin)x"/Bin) (zx"/3<n>).
n=0 n=0

Thus from Example 3.15.3(a) we have that the cardinality f(n) of a chain of length
n satisfies

2
Y fn x—(Zx") =———]—— Y (n 4+ 1)x",
nS0 =0 (1— nS0

whence f(n) = n + 1 (not exactly the deepest result in the subject). Similarly from
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Example 3.15.3(b) the number f(n) of subsets of an n-element set satisfies

2
Y fn)x"/n! = ( Y x"/n!) =e¥ =Y 2%"/n!,
n=20 n=20 n=>0

whence f(n) = 2". The analogous formula for Eulerian generating functions was
stated in Example 3.15.1(c).

3.15.7 Example. If u(n) denotes the Mobius function u(x, y) for an n-interval
[x, y] of P (which depends only on n, by Proposition 3.15.5), then from Theorem
3.15.4 we have

ZO#(H)X"/B(H) = ( Y x"/B(n))_ . (49)

\n=0

Thus with P as in Example 3.15.3(a),

~1
Y, u(n)x" = ( )3 x") =1-x
n=>20 n>0

agreeing of course with Example 3.8.1. Similarly for Example 3.15.3(b),

xn
nZOh! n=>0 ;T,
giving yet another determination of the Mdbius function of a boolean algebra.
Thus formally the Principle of Inclusion—Exclusion is equivalent to the identity

(et =e™

3.15.8 Example. The previous two examples can be generalized as follows. Let
Z,(2) denote the zeta polynomial (in the variable 1) of an n-interval [x, y] of P.
Then since Z,(1) = {*(x, y), we have

2
Y. Z,(A)x"/B(n) = ( Y x"/B(n)> .

n20 \n=0

This formula is valid for any complex number (or indeterminate) A.

3.15.9 Example. As a variant of the previous example, fix ke P and let ¢, (n)
denote the number of chains x = xo < x; <-'* < x, = y of length k between x
and y in an n-interval [x, y]. Since ¢,(n) = ({ — 1)*(x, y), we have

T eln)x"/Blr) = ( ) X"/B(n)> .

The case P = B is particularly interesting. Here c,(n) is the number of chains
Q=S8,=8, = <8, = [n], or alternatively the number of ordered partitions
(5,8, — S,,8; — S,,...,[n] — S,-,) of [n] into k (non-empty) blocks. Since there
are k! ways of ordering a partition with k blocks, we have ¢, (n) = k!S(n, k). Hence

Y S(n,k)x"/n! = Ly

n=>0 k!
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Thus the theory of binomial posets “explains” the simple form of the generating
function from equation (24b) in Chapter 1.

3.15.10 Example. Let c(n) be the rotal number of chains from x to y in the
n-interval [x, y]; that is, c(n) = ), ¢,(n). We have seen (Section 3.6) that c(n) =
(2 = {)™%(x, y). Hence

Z ¢(n)x"/B(n) = (2 - Z x"/B(n)>_l.
n=>0 n20

For instance, if P = N then

Y c(n)x" = (2 _ ] >_1 =14+ ) 277 1x"

n>0 1 —x n>1

Thus c¢(n) = 2""!, n > 1. Indeed, in the n-interval [0,n] achain0=x, < x, <
"+ < X, = n can be identified with the composition n = x, + (x, — x,) + - +
(n — x,—,), so we recover the result that there are 2! compositions of n. If
instead P = B, then

Y c(m)x"/n! = (2 — %)L,

n>0
As seen from Example 3.15.9, c¢(n) is the total number of ordered partitions of
the set [n]; that is, c(n) = Zkk!S(n, k). One sometimes calls an ordered set
partition of a set S a preferential arrangement, since it corresponds to ranking
the elements of S in linear order where ties are allowed.

3.15.11 Example. Let f(n) be the total number of chains x = x, < x; <+ <
X, = yinan n-interval [x, y] of P such that #(x;_,,x;) > 2forall | <i < k, where
k is allowed to vary. By now it should be obvious to the reader that

x" g
ngo f(n)x /B(n) : k;O (ngo B(n) —1= x)

x" -1
(- Lom) <50>

For instance, when P = N we are enumerating subsets of [0,n] that contain 0
and n, and that contain no two consecutive integers. Equivalently, we are
counting compositions (x; — xq) + (x, — x;) + *** + (n — x,_,) of n with no
part equal to 1. From (50) we have

Zf(n)x"=<1— i )

n>0 | —x

1)
I

[ —x

=1+ F,_,x",
xR
where F,_, denotes a Fibonacci number, in agreement with Exercise 14(b) in
Chapter 1. Similarly when P =B we get (2 + x — e*)"! as the exponential
generating function for the number of ordered partitions of an n-set with no
singleton blocks.
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An Application to Permutation Enumeration

In Section 3.12 we related M&bius functions to the counting of permutations
with certain properties. Using the theory of binomial posets we can obtain
generating functions for counting some of these permutations.

Throughout this section P denotes a binomial poset with factorial function
B(n). Let S < P. If [x, y] is an n-interval of P, then denote by [x, y]s the S-rank-
selected subposet of [x, y] with x and y adjoined; that is,

[x,yls = {zelx,y]:z = x,z = y, or £(x,2)€S}. (51)

Let us denote the M6bius function of [x, ¥ls, and set ug(n) = pg(x, y). (It is easy
to see that ug(n) depends only on n, not on the choice of the n-interval [x,y])

3.16.1 Lemma. We have

~ ¥ usl)x"/Bin) = [ Y x"/B(n)][l + Zs#s(”)x"/B(")jI- (52)

n>1

Proof. Define a function y:N — {0,1} by y(n) =1 if n =0 or neS, x(n) =0
otherwise. Then the defining recurrence (14) for Mébius functions yields us(0) =1
and

ps(n) = —; [?] us@x(@), n=1,

where [7] = B(n)/B(i)B(n — i) as usual. Hence

n

—us(m)(l — x(n) = 3 [';]us(i)x(z’), nxl,

i=0

which translates into the generating function identity
_y Astxt 3 Astxmx” |: 5y X ][ #s(n)x(n)X"] 4
n>0 B(n) nzo  B(n) n=oB(n) | »S0o  B(n) '

This is clearly equivalent to (52). O
We now consider a set S for which the power series 1 + Y, s us(n)x"/B(n)
can be explicitly evaluated.

3.16.2 Lemma. LetkcP andletS = kP = {kn:neP}. Then

1+ Y usn)x"/B(n) = [ y x""/B(kn):I* . (53)

neS n>20

Proof. Let P% be the binomial poset of Example 3.15.3(f), with factorial func-
tion B,(n) = B(kn)/B(k)". If u® is the M6bius function of P®, then it follows from
(49) that

Y. 19(n)x"/By(n) = [ 2 X"/Bk(n)}_ - (54)

n>0 n20
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But u*)(n) = pg(kn). Putting B,(n) = B(kn)/B(k)" in (54), we obtain
Y. us(n)(B(k)x)"/B(kn) = Z (B(k)x)"/B(kn).

n20

If we put x* for B(k)x, we get (53). 0
Combining Lemmas 3.16.1 and 3.16.2 we obtain:

3.16.3 Corollary. Let keP and S = kP. Then

- ; us(n)x"/B(n) = [ Y x"/B(n):H: Y x"“/B(kn)J_ . 0

n2>1 n20

Now specialize to the case P = B(q) of Example 3.15.3(c). For any S = P,
it follows from Theorem 3.12.3 that

(— l)ISr‘\[n—I]l—llus(n) — Zqi(n)’

where the sum is over all permutations n e S, with descent set S. If § = k[P, then
ISn[n—1] = L"—;i_, Hence we conclude:

3.16.4 Proposition. ILet ke P, and let
Ink Z ql(n)

where the sum is over all permutations n = a,a, - a,€ €, such that a;, > «;, , if
and only if k|i. Then

1 -1
2 (= l)L —lfk‘q )x"/(m)! = [ 2 X"/(n)!][ 2 X""/(kn)!] - (39)
n=1 n>1 n>0

Although Proposition 3.16.4 can be proved without the use of binomial
posets, our approach yields additional insight as to why (55) has such a simple
form. In particular, the simple denominator ) , o x*"/(kn)! arises from dealing
with the M&bius function of the poset P*), where £1= B(qg).

We can eliminate the unsightly factor (—1) 1 in (59) by treating each
congruence class of n modulo k separately. Fix 1 < j < k, substitute x* — —x*,
and extract from (55) only those terms whose exponent is = j(mod k) to obtain
the elegant formula

> Jul@)x"/(m)! [ Z (= "'X"/(n)!}[z(“1)"X""/(nk)!jl . (56)
m20 n

n= mk+J

In particular, when j = k we can add 1 to both sides of (56) to obtain

-1

S frks(@x"*/(mk)! = [ Y (- 1>"x"*/(nk)!] . (57)
m2>0 n=0

Equation (57) is also a direct consequence of Lemma 3.16.2. N
One special case of (56) deserves special mention. Recall (Proposition

1.3.14(4)) that a permutation a,a, " a,€ S, is alternating if a, > a, < a3 > -
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By definition, f,,(1) is the number E, of alternating permutations in S,. E, is
known as an Euler number (not to be confused with the Eulerian numbers of
Section 1.3). Substitutingk = 2,4 = 1,andj = 1 and 2 in (56) yields the remark-
able formula

Y E,x"/n! =tanx + secx. (58)

n>0
For this reason E,, is sometimes called a secant number and E,,., a tangent
number.

It might be worthwhile to mention how equation (58) can be derived from
first principles. Consider the following procedure. Choose an i-subset S of
[2,n+ 1] in (%) ways, and set S =[2,n+ 1] — S. Choose alternating permu-
tations ne S(S) and o€ S(S) in EE,_; ways. Let p =TloeS,,,, where
is m reversed. For example, n = 7, = 635, 0 = 8472, p = 53618472. If p =
a,a, '*a,,, then either p is alternating (a, > a, < a3 > --*) or “reverse alter-
nating” (a; < a, > a; < ‘--), and every such p occurs exactly once. Since there
is a bijection between alternating and reverse alternating permutations of €, ,
(namely, a; - n 4 2 — a;), the number of p obtained is 2E, . ,. Hence

2En+l = Z <n> EiEn—ia n= ]a

i=o \[!

and the generating function ), ¢ E,x"/n!is then computed in Exercise 43(c) from
Chapter 1.

Notes

The subject of partially ordered sets and lattices had its origins in the work of
G. Boole, C. S. Peirce, E. Schroder and R. Dedekind during the nineteenth
century. However, it was not until the work of Garrett Birkhoff in the 1930s that
the development of poset theory and lattice theory as subjects in their own right
really began. In particular, the appearance in 1940 of the first edition of Birkhoff’s
famous book [5] played a seminal role in the development of the subject. More
explicit references to the development of posets and lattices can be found in [5].
In addition, a bibliography of around 1400 items dealing with posets (but not
lattices!) appears in [25]. This latter reference contains many valuable surveys
on the current status of poset theory. In particular, we mention the survey [19]
by C. Greene on Mobius functions. A fairly extensive bibliography of lattice
theory appears in [17].

The idea of incidence algebras can be traced back to Dedekind and E. T.
Bell, while the M&bius inversion formula for posets is essentially due to L.
Weisner in 1935. It was rediscovered shortly thereafter by P. Hall, and stated in
its full generality by M. Ward in 1939. Hall proved the basic Proposition 3.8.5
(therefore known as “Philip Hall’s theorem”) and Weisner the equally important
Corollary 3.9.3 (“Weisner’s theorem”). However, it was not until 1964 that the
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seminal paper [26] of G.-C. Rota appeared that began the systematic develop-
ment of posets and lattices within combinatorics. References to earlier work in
this area cited above appear in [26].

We now turn to more specific citations, beginning with Section 3.4. Theorem
3.4.1 (the fundamental theorem for finite distributive lattices) was proved by
Birkhoff [4, Thm. 17.3]. The connection between chains in distributive lattices
J(P) and order-preserving maps o : P — N (Section 3.5) was first explicitly ob-
served in [28] and [29]. The notion of a “generalized Pascal triangle” appears
in [34].

The development of a homology theory for posets was considered by De-
heuvels, Dowker, Farmer, Nobeling, Okamoto, and others (see [14] for refer-
ences), but the combinatorial ramifications of such a theory, including the con-
nection with Mobius functions, was not perceived until Rota [26, pp. 355-6].
Some early work along these lines was done by Farmer, Folkman, Lakser,
Mather, and others (see [40] [41] for references). In particular, Folkman proved
aresult equivalent to the statement that geometric lattices are Cohen—Macaulay.
The systematic development of the relationship between combinatorial and
topological properties of posets was begun by K. Baclawski and A. Bjorner and
continued by J. Walker. A highly readable overview of this area appears in [41],
and many references may also be found in [40]. The connection between regular
cell complexes and posets is discussed extensively in [7]. Cohen—Macaulay
posets were discovered independently by Baclawski [1] and Stanley [36, §8].
A survey of Cohen-Macaulay posets appears in [8]. The statement preceding
Proposition 3.8.9 that lk F need not be simply connected and {lk F| need not be
a manifold when |A| is a manifold is a consequence of a deep result of R. D.
Edwards. See [41, pp. 99-100]. ’

The Mobius algebra of a poset P (generalizing our definition in Section 3.10
when P is a lattice) was introduced by L. Solomon [27] and first systematically
investigated by C. Greene [18], who showed how it could be used to derive many
apparently unrelated properties of Mobius functions.

Proposition 3.10.1 (stated for geometric lattices) is due to Rota [26, Thm.
4, p. 357]. The formula (28) for the Mobius function of L,(qg) is due to P. Hall
[21, (2.7)], while the formula (30) for IT, is due independently to Schiitzenberger
and to Frucht and Rota (see [26, p. 359]). The generalization (31) appears in [26,
Ex. 1, pp. 362-363].

Zeta polynomials were introduced in [33, §3] and further developed in [13].

The idea of rank-selected subposets and the corresponding functions a(P, S)
and B(P, S) were considered for successively more general classes of posets in [29,
Ch. IT1] [30] [32], finally culminating in [37, §5]. Theorem 3.12.1 appeared (in a
somewhat more general form) in [29, Thm. 9.1], while Theorem 3.12.3 appeared
in [35, Thm. 3.1] (with r = 1).

R-labelings had a development parallel to that of rank-selection. The con-
cept was successively generalized in [29] [30] [32] culminating this time in [6]
(from which the term “R-labeling” is taken) and [9]. Example 3.13.4 comes from
[30] while Example 3.13.5 is found in [32]. A more stringent type of labeling
than R-labeling, called L-labeling, is introduced in [6] and generalized to CL-
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labeling in [9]. (The definition of CL-labeling implicitly generalizes the notion
of R-labeling to what logically should be called “CR-labeling.”) A poset with a
CL-labeling (originally, qut with an L-labeling) is called lexicographically shell-
able. While R-labelings are used (as in Section 3.13) to compute Euler charac-
teristics (i.e., Mobius functions), CL-labelings allow one to compute the actual
homology groups. In particular, lexicographically shellable posets are Cohen-—
Macaulay. From the many important examples [9] [10] of posets that can be
proved to have a CL-labeling but not an L-labeling (now called “EL-labeling™),
it seems clear that CL-labeling is the “correct” level of generality for this subject.
We have treated only R-labelings here for ease of presentation and because we
are focusing on enumeration, not topology.

Eulerian posets were first explicitly defined in [38, p. 136], though they had
certainly been considered earlier. In particular, Proposition 3.14.1 appears in [33,
Prop. 3.3] (though stated less generally), while our approach to the Dehn-
Sommerville equations appears in [33, p. 204]. Classically the Dehn—Sommerville
equations were stated for face lattices of simplicial convex polytopes or triangula-
tions of spheres (see [20, Ch. 9.8]); Klee [24] gives a treatment equivalent in
generality to ours.

Lemma 3.14.3 and its generalization Lemma 3.14.4 are due independently
to Baclawski [2, Lem. 4.6] and Steckin [39]. A more general formula is given
by Bjorner and Walker [11]. Proposition 3.14.5 and Corollary 3.14.6 appear in
[38, Prop. 2.2]. Theorem 3.14.9 has an interesting history. It first arose when P
is the lattice of faces of a rational convex polytope 2 as a byproduct of the
computation of the intersection homology IH(X (£), C) of the toric variety X (2)
associated with 2. Specifically, setting §; = dim IH,(X (£), C) one has

Y Ba' = [(P.q%).

i0
But intersection homology satisfies Poincaré duality, which implies §; = f,,-;.
For references and further information, see Exercise 72. It was then natural to
ask for a more elementary proof in the greatest possible generality, from which
Theorem 3.14.9 arose.

The theory of binomial posets was developed in [12, §8]. Virtually all the
material of Section 3.15 (some of it in a more general form) can be found in
this reference, with the exception of chromatic generating functions [31]. The
generating function (2 — e*)™! of Example 3.15.10 was first considered by
A. Cayley, Phil. Mag. 18 (1859), 374378, in connection with his investigation of
trees. See also O. A. Gross, Amer. Math. Monthly 69 (1962), 4-8. The application
of binomial posets to permutation enumeration (Section 3.16) was developed in
[35].

Among the many alternative theories to binomial posets for unifying various
aspects of enumerative combinatorics and generating functions, we mention the
theories of prefabs [3], dissects [22], linked sets [15], and species [23]. The most
powerful of these theories is perhaps that of species, which is based on category
theory. We should also mention the book of I. Goulden and D. Jackson [16],
which gives a fairly unified treatment of a large part of enumerative combinatorics
related to the counting of sequences and paths.
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Exercises

1. a. A preposet (or quasi-ordered set) is a set P with a binary operation <
satisfying reflexivity and transitivity (but not necessarily antisymmetry).
Given a preposet P and x, ye P, define x ~ yif x < y and y < x. Show
that ~ 1s an equivalence relation.

b. Let P denote the set of equivalence classes under ~. If X, Ye P, then
define X < Y if there is an xe X and ye Y for which x < y in P. Show
that this definition of < makes P into a poset.

c. Let Q be a poset and f: P — Q order-preserving. Show that there is
an order-preserving map g: P — Q such that the following diagram
commutes:

P—P
f \ / g
Q A~
Here the map P — P is the canonical map taking x into the equivalence
class containing x.

2. a. Let P be a finite preposet (as defined in Exercise 1). Define a subset U

of P to be open if U is an order ideal (defined in an obvious way for pre-
posets) of P. Show that P becomes a (finite) topological space, denoted
P,..

b. Gi:en a finite topological space X, show that there is a unique preposet
P for which P,,, = X. Hence the correspondence P — P, is a bijection
between finite preposets and finite topologies.

c. Show that the preposet P is a poset if and only if P, is a Ty-space (i.e.,
distinct points have distinct sets of neighborhoods).
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Show that a map f: P — Q of preposets is order-preserving if and only
if f is continuous when regarded as a map f: P,, = Qqp-

. Draw diagrams of the 63 five-element posets, 318 six-element posets, and

2045 seven-element posets. (Straightforward, but time-consuming.)

. Let f(n) be the number of non-isomorphic n-element posets. Find a

“reasonable” formula for f(n). (Probably impossible.)

With f(n) as above, let P denote the statement that infinitely many values
of f(n) are palindromes when written in base 10. Show that P cannot be
proved or disproved in Zermelo—Fraenkel set theory.

Show that

log f(n) ~ (n?/4)log 2.
(The notation g(n) ~ h(n) means lim,_,, g(n)/h(n) = 1.
Improve (d) by showing

f(n) ~ C'2"2/4+3"/ze"n_"_1,
where C is a constant given by

2 A
C==) 271" 080587793 (neven),

T i>o0
and similarly for n odd.

. Let P be a finite poset and f: P — P an order-preserving bijection. Show

that f is an automorphism of P (i.e., f ! is order-preserving).

. Show that (a) fails for infinite P.
. Give an example of a finite poset P such that if / is the length of the

longest chain of P, then every x€ P is contained in a chain of length 7,
yet P has a maximal chain of length < 7.

Show that if P is a finite poset with longest chain of length # and if for
every y covering x in P there exists a chain of length ¢ containing both
x and y, then every maximal chain of P has length 7.

6. Find a finite poset P for which there is a bijection f: P — P such that x < y
iff f(x) > f(y) (ie., P is self-dual), but for which there is no such bijection f
satisfying f(f(x)) = x for all xe P.

7. a.

If P is a poset, let Int(P) be the poset of (non-void) intervals of P,
ordered by inclusion. Show that for any posets A and B, Int(4 x B) =
Int(4 x B¥).

Let P and Q be posets. If P has a 0 and Int(P) = Int(Q), show that
P>~ A x Band Q =~ A x B* for some posets A and B.

Find finite posets P, Q such that Int(P) = Int(Q), yet the conclusion of
(b) fails.

. Let A be the set of all isomorphism classes of finite posets. Let [ P] denote

the class of the poset P. Then A has defined on it the operations * and
+ given by [P] + [Q] = [P + Q] and [P]-[Q] = [P x Q]. Show that
these operations make A4 into a commutative semi-ring (i.e., A satisfies
all the axioms of a commutative ring except the existence of additive
inverses).
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b.

10. a.
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We can formally adjoin additive inverses to A in an obvious way to
obtain a ring B (in exactly the same way as one obtains Z from N). Show
that B is just the polynomial ring Z[[P,],[P,],...] where the [P.]’s are
the classes of the connected finite posets with more than one element.
(The identity element of B is given by the class of the one-element poset.)
Find finite posets P; satisfying Py x P, = Py x P,,yet P, % P;, P, % P,,
and none of the P, is a non-trivial direct product Q@ x Q’. Why does this
not contradict the known fact that Z[x,, x,,...] is a unique factoriza-
tion domain?

. An element x of a finite poset P is called irreducible if x covers exactly

one element or is covered by exactly one element. A subposet Q of P is

called a core of P, written Q = core P, if:

i. one can write P = Q U{x,,...,x,} such that x; is an irreducible
element of Q U {x,,x,,...,x;} for 1 <i <k, and

ii. Q has no irreducible elements.

Show that any two cores of P are isomorphic (though they need not be

equal). (Hence the notation core P determines a unique poset up to

isomorphism.)

If P has a 0 or 1, then show that core P consists of a single element.

Show that |core P| =1 if and only if the poset P” of order-preserving

maps f: P — P is connected.

Let deP. Show that the following two conditions on a finite poset P
with vertex set [n] are equivalent:

i. P is the intersection of d linear orderings of [n],

ii. P is isomorphic to a subposet of N“.

. Moreover, show that when d = 2 the two conditions are also equivalent

to:
ili. There exists a poset Q on [n] such that x < y or x > y in Q if and
only if x and y are incomparable in P.

11. Which of the posets of Figure 3-40 are lattices?

SR

Figure 3-40

12. Let L be a finite lattice, and define the subposet Irr(L) of irreducibles of L

by

Irr(L) = {xeL : x is join-irreducible or
meet-irreducible (or both)}.

Show that L can be uniquely recovered from the poset Irr(L).
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13. Give an example of a finite atomic and coatomic lattice that is not
complemented.

14. A finite lattice L has n join-irreducible elements. What is the most number
f(n) of meet-irreducible elements L can have?

15. a.

16.

b.

Let f,(n) be the number of non-isomorphic n-element posets P such that
if 1 <i<n - 1, then P has exactly k order ideals of cardinality i. Show
that f5(n) = 2""3,n > 3.

Let g(n) be the number of those posets P enumerated by f;(n) with the
additional property that the only 3-element antichains of P consist of
the three minimal elements and three maximal elements of P. Show that
gm)=2""n>17.

Use (b) to find >, 5 ¢ f3(n)x". (This should be possible.)

. Find f,(n) for k > 3.
a. Let L be a finite semimodular lattice. Let L be the subposet of L

consisting of elements of L that are joins of atoms of L (including 0 as
the void join). Show that L’ is a geometric lattice.
Is L’ a sublattice of L?

17. Let ke N. In a finite distributive lattice L, let P, be the subposet of elements
that cover k elements, and let R, be the subposet of elements that are
covered by k elements. Show that P, ~ R,, and describe in terms of the
structure of L an explicit isomorphism ¢ : P, — R,.

18. Let L be a finite distributive lattice of length kr that contains k join-
irreducibles of rank ifor | < i < r(and therefore no other join-irreducibles).
What is the most number of elements that L can have?

19. a.

b.

A finite meet-semilattice is meet-distributive if for any interval [x, y] of
L such that x is the meet of the elements of [x, y] covered by y, we have
that [x,y] is a boolean algebra. For example, distributive lattices are
meet-distributive, while the lattice of Figure 3-41 is meet-distributive but

Figure 3-41

not distributive. Let L be a meet-distributive meet-semilattice, and let

1, = fi(L) be the number of intervals of L isomorphic to the boolean

algebra B,. Also let g, = g,(L) denote the number of elements of L that
cover exactly k elements. Show that

T oall +x)f =3 fix*

k=0 k>0
Deduce from (a) that

Y (=1 =1

k=20
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20.

21.

22.

23.

¢. Let L = J(m x n)in (a). Explicitly compute f; and ¢,.
d. Given m < n, let Q,,, be the subposet of P x P defined by
Omn ={0,)eP x Pl <i<j<m+n-—i€l <i<ml,
and set P,,=m x n. Show that P,, and Q,, have the same zeta
polynomial.
e. Show that P,,, and Q,,, have the same order polynomial.
f. Show that J(P,,) and J(Q,,,) have the same values of f; and Ji-

Let L be a finite meet-distributive lattice, as defined in Exercise 19, and let
x€ L. Show that the number of join-irreducible elements y of L satisfying
y < x is equal to the rank p(x) of x.

Let L be a finitary distributive lattice with finitely many elements of each
rank. Let u(i, j) be the number of elements of L of rank i that cover exactly
Jj elements, and let v(i,j) be the number of elements of rank i that are
covered by exactly j elements. Show that for all i > j > 0,

k
y u(i,k)( >=,;Ov(i—j,k)(j>. (59)

k>0 J
(Each sum has finitely many non-zero terms.)

k
]

Let f:N — N. A finitary distributive lattice L is said to have the cover

Junction f if whenever xe L covers i elements, then x is covered by f(i)

elements.

a. Show that there is at most one (up to isomorphism) finitary distributive
lattice with a given cover function f.

b. Show that if L is a finite distributive lattice with a cover function f, then
L is a boolean algebra.

c. Let be P. Show that there exist finitary distributive lattices with cover
functions f(n) = b and f(n) = n + b.

d. Leta, be P with a > 2. Show that there does not exist a finitary distribu-
tive lattice L with cover function f(n) = an + b.

e. Can all cover functions f(n) be explicitly characterized?

Let Z, denote the n-element “zigzag poset” or fence, with elements {x,,...,

x,} and cover relations x,;_; < X,; and x,; > X,;4;-

a. How many order ideals does Z, have?

b. Let W,(q) denote the rank-generating function of J(Z,), so Wy(q) =
LWi@=1+4q Wog@=1+qg+q% Wi(q) =1+ 29+ q* + g, etc.
Find a simple explicit formula for the generating function

F()= T Wax"

c. Find the number e(Z,) of linear extensions of Z,.
d. Let Q(Z,, m) be the order polynomial of Z,,. Set
G,(x) =1+ ) QZ,mx"",m>1
n=0
Find a recurrence relation expressing G, (x) in terms of G,,_,(x), and give
the initial conditions G,(x) and G,(x).
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24.

25.

26.

27.

Let P be a finite poset. The free distributive lattice FD(P) generated by P
is, intuitively, the largest distributive lattice containing P as a subposet and
generated (as a lattice) by P. More precisely, if L is any distributive lattice
containing P and generated by P, then there is a (surjective) lattice homo-
morphism f: FD(P) - L that is the identity on P. Show that FD(P) =
J(J(P)) — {0,1}. In particular, FD(P) is finite. When P = nl we write
FD(P) = FD(n), the free distributive lattice with n generators, so that
FD(n) = J(B,) — {0,1}.
Note. Sometimes one defines FD(P) to be the free bounded distributive
lattice generated by P. In this case, we need to add an extra 0and 1 to
FD(P), so one sometimes sees the statement FD(P) =~ J(J(P)) and FD(n) =~
J(B,).
a. Let P be a finite poset with largest antichain of cardinality k. Every

antichain A of P corresponds to an order ideal

(A) ={x:x < yforsome ye A} J(P).
Show that the set of all order ideals (4> of P with |4| = k forms a
sublattice M (P) of J(P).

b. Show that every finite distributive lattice L is isomorphic to M(P) for
some P.

a. Let P be a finite poset, and define Gp(g,t) = Y, ¢'"'t™®, where I ranges
over all order ideals of P and where m(I) denotes the number of maximal
elements of 1. (Thus Gp(q, 1) is the rank-generating function of J(P).) Let
Q be an n-element poset. Show that

Grgolq,1) = Gp(q",q "(Gplg, 1) — 1)),
where P ® Q denotes ordinal product.
b. Show that if | P| = p then

q-—1
Gp (q, -_) =q".
q

Let us call a finite graded poset P (with rank function p) pleasant if the
rank-generating function F(L,q) of L = J(P) is given by

1 — qp(X)+2
F(L,g) =[] 1
xeP - q

In (a)-(g) show that the given posets P are pleasant. (Note that (a) is a
special case of (b), and (c) is a special case of (d).)

P=m x n, where m, nelP

P=1xm x n,where [, m, neP

P =J2 x n), where neP

P=m x J(2 x n), where m,neP

P =J(3 x n), where ne P

P=mxm®(@1 + 1) ®n), where m, ne P

P=mxJJ2 x3)and P=m x JJ(J 2 x 3))), where meP

Find a reasonable expression for F(L,q) when L= J(P), where P =
n, x n, x n, x n, or P = J(4 x n). (In general, these posets P are not
pleasant.)

p(x)+1°

TR omp 0 T8
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28.

29.

30.

i. Are there any other “nice” classes of connected pleasant posets? Can all
pleasant posets be classified?

A binary stopping rule of length n is (informally) a rule for telling a person
when to stop tossing a coin, so that he is guaranteed to stop within » tosses.
Two rules are considered the same if they result in the same outcome. For
instance, “toss until you get three consecutive heads or four consecutive
tails, or else after n tosses™ is a stopping rule. Partially order the stopping
rules of length n by 4 < B if the tosser would never stop later using rule A4
rather than rule B. Let L, be the resulting poset. L, is shown in Figure 3-42.
Show that L, is a distributive lattice and compute its poset of join-
irreducibles. Find a simple recurrence for the rank-generating function
F(L,,q) in terms of F(L,_,,q).

Stop after second toss

Stop after first T or HH Stop after first H or TT

Stop after first toss

Stop before first toss
L,

Figure 3-42

In this exercise P and Q denote locally finite posets and I(P), 1(Q) their

incidence algebras over a field K.

a. Show that the (Jacobson) radical of I(P)is { feI(P): f(x,x) = O for all
xeP}.

b. Show that the lattice of two-sided ideals of I(P) is isomorphic to the set
of all order ideals 4 of Int(P), ordered by reverse inclusion.

c. Show that if I(P) and I(Q) are isomorphic as K-algebras, then P and Q
are isomorphic.

d. Describe the group of K-automorphisms and the space of K -derivations
of I(P).

e. Investigate further algebraic properties of /(P). For example, if f'e I(P),
then describe the centralizer algebra C(f) = {geI(P): gf = fg} of f. In
particular, when P is finite what is the dimension of C(f) as a K-vector
space? Is there a reasonable criterion for determining when two elements
of I(P)are conjugate (analogous to the theory of Jordan canonical form)?

A mapping x+— X on a poset P is called a closure operator (or closure) if for
all x, ye P:

xX<Xx

x<y=Xx<y

X=X
An element x of P is closed if x = x. The set of closed elements of P is
denoted P (called the quotient of P relative to the closure ).
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Let P be a locally finite poset with closure x — X and quotient P. Show
that for all x, ye P,

_ fmlEF), ifx=x
%“(x’z)"{o, if x < %,

[2+] 31. Let f and g be functions on a finite lattice L satisfying
J)= % g (60)
y

<l

nih

=

x/\y=6
Show that if (0, x) # O for all xe L, then (60) can be inverted to yield
g(x) = Y a(x, y)f(y),

y
where

X, u(y, t)

x(x,y) =3, HEG OB

! 1(0,¢t)

[2+]  32. Let P be a finite poset with 0 and 1, and let u be its M6bius function. Let
f: P — C. Show that

Y x) = D(flxy) = D (flx) — 1)
= Z (= D! ,11(6, X)) (X X ) (X X ) (g 1A).f-(~\'1 )..fl(-\'z ) ).
where both sums range over all chains 0 < X, < <x < 1of P.
[3—] 33. Assume L is a finite lattice and fix x € L. Show that

wO.1) = 3 0.9y, 2utz 1),

where y, z range over all pairs of complements of x. Deduce that if u(0, 1) #
0, then L is complemented.

[2] 34. a. Let L be a finite lattice such that for every x > 0, the interval [0, x] has
even cardinality. Use Exercise 33 to show that L is complemented.
[3-] b. Find a simple proof that avoids M&bius functions.

[2+] 35. Let L = J(P) be a finite distributive lattice. A function v: L — C is called a
valuation (over C) if v(@) =0 and v(x) + v(y) = v(x v y) + v(x A y) for all
x, ye L. Prove that v is uniquely determined by its values on the join-
irreducibles of L (which we may identify with P). More precisely, show that
if I is an order ideal of P, then

o(l) = — Z, o(x)p(x, 1),

where y denotes the Mobius function of / (considered as a subposet of P)
with a 1 adjoined.
[3—] 36. Let L be a finite lattice and fix z € L. Show that the following identity holds
in the Mobius algebra of L (over some field):
Y u0,x)x = ( Y. w0, t)f)'( Y. w0, y)y>-
xeL 1<z yAz=0
[3—] 37. a. Let L be a finite lattice (or meet-semilattice), and let f(x, s) be a function
(say with values in a commutative ring) defined for all x, se L. Set
F(x,8) =) ... f(z,s). Show that

det[F(x Ay, X)yer = [ flx, x).

xel




[2-]

(2]

[2+]

[2-]

[2-]
(5]

Exercises 161

39.

b. Deduce that

det[ged(i,j)T: oy = ﬂ[ p(k),

where ¢ is the Euler ¢-function.

c. Choose f(x, s) /,c(O x) to deduce that if L is a finite meet-semilattice
such that u(O x) # 0 for all x€L, then there exists a permutation
n: L — L satisfying x A n(x) =0 for all xeL.

d. Let L be a finite geometric lattice of rank n with W, elements of rank i.
Deduce from (c) (more precisely, the dualized form of (c)) that for k < n/2,

Wi+ + W< W+ + W,_,. (61)
In particular, W, < W, _,
e. If equality holds in (61) for any one value of k, then show that L is

modular.
f. With L as in (d), show that W, < W, _, for all k < n/2.

Let L be a finite lattice such that u(x, 1) # 0 and u(f),x) # 0 for all xe L.
Prove that there is a permutation = : L — L such that for all xe L, x and
n(x) are complements. Show that this conclusion is false if one merely
assumes ,u(ﬁ, x) # 0 for all xe L.

. a. Let L be a finite lattice and A, B subsets of L. Suppose that for all x¢ A4

there exists x* > x such that pu(x,x*)# 0 and x* # x v y whenever
yeB. (Thus 1€ A.) Show that there exists an injective map ¢: B — A4
satisfying ¢(t) > t for all te B.
b. Let K be a finite modular lattice. Show the following: (i) If 1 is a join of
atoms of K, then K is a geometric lattice and hence u(0, 1) # 0. (i) With
K asin (1), K has the same number of atoms as coatoms. (ii1) For any g,
be K, the map ¥, : [a A b,a] - [b,a v b] defined by ¥,(x) = x v bisa
lattice (or poset) isomorphism.
Let L be a finite modular lattice, and let J, (respectively, M,) be the set
of elements of L that cover (respectively, are covered by) at most k
elements. (Thus J, = {0} and M, = {1}.) Deduce from (a) and (b) the
existence of an injective map ¢ : J, —» M, satisfying ¢(t) > ¢ for all t € J,.
d. Deduce from (c) that the number of elements in L covering exactly k
elements equals the number of elements covered by exactly k elements.
e. Deduce Exercise 37(d) from (a).

-0

a. Let L be a finite lattice with n elements. Does there exist a join-irreducible
x of L such that the principal dual order ideal V, = {yeL:y > x} has
< n/2 elements?

b. Let L be any finite lattice with n elements. Suppose there is an x # 0 in
L such that |V, | > n/2. Show that u(O v) = 0 for some ye L.

. Let L be a finite lattice, and suppose L contains a subset S of cardinality n

such that (i) any two elements of S are incomparable (i.e., S is an antichain),

and (ii) every maximal chain of L meets S. Fmd as a function of n, the

smallest and largest possible values of u(O 1). (E.g., if n=2 then 0 <
(0 1)< 1, whllelfn—3then —1 <,u(0 ])<2)
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a. Let P be an (n + 2)-element poset with 0 and 1. What is the largest
possible value of l/,c,,(O l)P
b. Same as (a) for n-element lattices L.

Let k, £€P. Find max, |u(0, )|, where P ranges over all finite posets with
0and 1 and longest chain of length #, such that every element of P is covered
by at most k elements.

Let L be a finite lattice for which |, (0, 1)] > 2. Does it follow that L
contains a sublattice isomorphic to the 5-element lattice 1 ® 31 ® 1?

. Let G be a graph with finite vertex set VV and edge set E < (4). An n-coloring-

of G is a function ¢: V — [n] such that c(a) # c(p) if {a, f} € E. Let y(n) be
the number of n-colorings of G. The function y: N — N is the chromatic
polynomial of G. A set A < V is connected if for any v, v’ € A one can find a
sequence v = vy, Uy, U,, ..., U, = " such that v,e 4 for 0 <i <m and
{v;-1,v;}€ Efor 1 <i < m. Let L be the poset (actually a geometric lattice)
of all partitions 7 of V ordered by refinement, such that every block of = is
connected Show that

Z u(0 7[) nlnl

nelLg
where |n| is the number of blocks of © and u is the Mobius function of L.
It follows that the chromatic polynomial y(n) of G and characteristic
polynomial (L, n) are related by y(n) = n°x(Lg,n), where c is the number
of connected components of G. Note that when G is the complete graph
K, (i.e., E = (%)). then we obtain (31).

a. Let V be an n-dimensional vector space over F,, and let L be the
lattice of subspaces of V. Let X be a vector space over F, with x
vectors. By counting the number of injective linear transformations
V — X in two ways (first way—direct, second way—MG&bius inversion
on L) show that

H x—q i(l':)( )kq(z) n—k

k=0 k=0
This is an identity valid for infinitely many x and hence valid as a
polynomial identity (with x an indeterminate). Note that if we put

y .
x = —3 we obtain

n(y+ 2q*) = Z (E)q( Ik, (62)

=0
which becomes the binomial theorem when g = 1. For this reason

equation (62) is sometimes referred to as the “g-binomial theorem.”
b. Evaluate (7),-,, where { is a primitive r-th root of unity.
Fix k > 2. Let L/, be the poset of all subsets S of [n], ordered by inclusion,
such that S contains no k consecutive integers. Let L, be L, with a 1

adjoined. Let u, be the Mobius function of L. Find (D, 1). Your answer
should depend only on the congruence class of n modulo 2k + 2.
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[2] 47. Letn > 1. A positive integer d is a unitary divisor of nif d|n and (d, n/d) = 1.
Let L be the poset of all positive integers with a < b if a is a unitary divisor
of b. Describe the Mobius function of L. State a unitary analogue of the
classical Mobius inversion formula of number theory.

[2+] 48. a. Let M be a monoid (semigroup with identity ¢) with n generators g, , ...,
g» subject only to relations of the form g,g; = g;g; for certain pairs i # j.
Order the elements of M by x < y if there is a z such that xz = y. (For
instance, suppose-M has generators 1, 2, 3, 4 (short for g,, ..., g,) with
relations

13 =31,14 = 41,24 = 42.

Then the interval [g, 11324] is shown in Figure 3-43.) Show that any
interval [g,w] in M is a distributive lattice L, and describe the poset
P, for which L, = J(P,).

11324
1134 1132
134 113
34 11
3 1
€
Figure 3-43
[1+] b. Deduce from (a) that the number of factorizations w = g; -** g; is equal
to the number e(P,) of linear extensions of P,,.
[2-] c. Deduce from (a) that the Mobius function of M is given by
(—1Y, if wis a product of r distinct
u(v,ow) = pairwise commuting g;
0, otherwise.
[2] d. Let N(a,,a,,...,a,) denote the number of distinct elements of M of

degree a; in g;. (E-g., 91292919,> hasa; = 3,a, = 1,a; = 0,a, = 2.) Let
Xy, ..., X, be independent (commuting) indeterminates. Deduce from (c)
that

Y oo Y N(ay,. ., a,)x,% 0 x, ™

a 20 a,=0
= (Z( - ])rxi,xi2 T xi,)—l,
where the last sum is over all (i;,i,,...,i,)such that | <i; <i, < <
i, <nandg,g.,,.-.,g; pairwise commute.
[2-] e. What identities result in (d) when no g; and g; commute (i # j), or when
all g; and g; commute?

[3—] 49. a. Let L be a finite supersolvable semimodular lattice, with M-chain 0 =
Xo < X; <+ < x, = 1. Let g; be the number of atoms y of L such that
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a; < x; but a; € x;_;. Show that
x(L.q) = (g9 —a,)(q—ay) (g~ a,)

[3-1] b. Let L be a finite supersolvable lattice, with M-chain C 0= Xo < X; <
-+ < x, = 1.If xe L then define

Ax)={i:x v x;., =x v x;} € [n]
One easily sees that # A(x) = p(x) and that if y covers x then (in the
notation of (37)) A(y) — A(x) = {A(x,y)}. Now let P be any natural
partial ordering of [n] (i.e,i <jin P =i < jin Z), and define
Lp={xeL:A(x)eJ(P)}.
Show that L, is an R-labelable poset satisfying
B(Lp,S)= ) PBL,S),

ne L (P)
D(m)=S

where #(P) denotes the Jordan-Holder set of P (defined in Section 3.12).

In particular, taking L = L,(q) yields from Theorem 3.12.3 a g-
analogue L, of the distributive lattice J(P), satisfying

B(Lp,S)= Y ¢

Dixyas

Note that L, depends not only on P as an abstract poset, but also on
the choice of linear extension of P (or maximal chain of J(P)) that
defines the elements of P as elements of [n].

[2+] 49.5. a. Fix a prime p and integer k > 1, and define posets L{"(p), L'¥'(p), and
L2 (p) as follows:
i. LiV(p) consists of all subgroups of the free abelian group Z* that
have finite index p™ for some m > 0, ordered by reverse inclusion.
ii. L) (p) consists of all finite subgroups of (Z/p*Z)* ordered by inclu-
sion, where
Z/p*Z = Z[1/p]/Z,
Z[1/p] = {a€Q: p"aeZ for some m > 0}.
iii. L(p) = |, Ln.i(p), where L, ,(p) denotes the lattice of subgroups
of the abelian group (Z/p"Z)* and where we regard

Ly (p) < Lty 4(P)
via the embedding
Z/p2) < 2/p 2
defined by
(@,....,a)—(pa,...,pa).
Show that L{(p) = L{¥(p) = LY'(p). Calling this poset L(p),
show that L,(p) is a locally finite modular lattice with 0 (and hence
has a rank function p: L,(p) = N).
[2-] b. Show that for any x € L,(p), the principal dual order ideal V, is isomorphic
to Ly(p)-

[3-1 c. Show that L,(p) has ("}*7") elements of rank n, and hence has rank-
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generating function
F(Ly(p),x) = 1)1 = x)(1 — px)---(1 — p*~'x).
All g-binomial coefficients in this exercise are in the variable p.

Deduce from (b) and (c) that if § = {51,82,...,8;}< = P, then

k-1 - -
)= (M (T )

L si—si-i+ k=1
k—1 ‘

Let N, denote the set of all infinite words w = e, e, -, such that ¢;e
[0,k — 1] and e; = O for i sufficiently large. Define g(w) = e, + e, + -,
and as usual define the descent set

Dw)={i:e;>e;s,} = P
Use (d) to show that for any finite S < P,

oLi(p)S)= ) p°™

WGNk
D(w)ES

B(Li(p),S)= 3 po™.

we N
D(w)=§

Let P be a finite poset satisfying: (i) P is graded of rank n and has a 0
and 1, and (i) for 0 < j < n there is a poset P, such that [x, e P,
whenever n — p(x) = j. We call the poset P uniform. Let V(i,j) be the
number of elements of P; that have rank i — j, and let

0(i.j) = 3, w(0,x),

where x ranges over all x € P, that have rank i — j. (Thus V(i,j) = W,_;
and v(i,j) = w;_;, where w and W denote the Whitney numbers of P; of
the first and second kinds.) Show that the matrices [V(i,j)]o < j<n and
[v(i,j)Jo <. j<n are inverses of one another. (Note that Proposition 1.4.1
corresponds to the case P, = I1,,,.)

Find interesting uniform posets. Can all uniform geometric lattices be
classified? (See Exercise 51(d).)

Let X be an n-element set and G a finite group of order m. A partial partition
of X is a collection {A4,,...,A,} of non-void, pairwise-disjoint subsets of
X. A partial G-partition of X is a family a = {a,,...,a,} of functions

4q;

: A; - G, where {4,,...,4,} is a partial partition of X. Let Q,(G) denote

the set of all partial G-partitions of X. Define « < f in Q,(G) if for all
a;: A;— G in q, there is some by : B, » G in  and some we G for which
A; € B, and b,(x) = w-a;(x) for all x € A4;.

a. Show that if m = 1 then Q,(G) = II,,,.

b. Show that Q,(G) is a supersolvable geometric lattice of rank n.

c. Use (b) and Exercise 49 to show that the characteristic polynomial of

0,(G) is given by
x(Q,(G),q) = L_!)(q =1 —mi)..

d. Show that Q,(G) is uniform in the sense of Exercise 50.
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52.

53.

54.

5S.

56.

Let P, be the set of all sets {i,...,i,} < P where
O<i;<ip< " <iy<2n+1 and
Iy iy — gy eeesdog — dggmgr 20+ 1 — iy,
are all odd. Order the elements of P, by inclusion. Then P, is graded of rank
n, with 0 and 1. Compute the number of elements of P, of rank k, the total
number of elements of P,, the Mobius function u(O 1), and the number of
maximal chains of P,. Show that if p(x) = k then [f), x] = P, while [x, i] is
isomorphic to a product of P’s. (Thus P} is uniform in the sense of
Exercise 50.)

a. Let L, denote the lattice of all subgroups of the symmetric group &,
ordered by inclusion. Let u, denote the Mobius function of L,. Show that
Y #a0,G) = (= 1y (n = 1)L,
where G ranges over all transitive subgroups of &,,.
b. Show that yx,(0, 1) is divisible by n!/2.
¢. Prove or disprove: If n # 1, 6 then yn(f), H=(—1 n!/2.

a. Let A, denote the set of all p(n) partitions of the integer n. Order A, by
refinement. This means that A < p if the parts of A can be partitioned
into blocks so that the parts of p are precisely the sum of the elements
in each block of 4. E.g., (4,4,3,2,2,2,1,1) < (9,4, 4, 2), corresponding to
9=4+4+2+2+1,4=4, 4=3+1, 2=2. Determine the Mobius
function u(4,p) of A,. (This is trivial when 4 = {1") and easy when
A=m7221y)

b. Does the Mébius function u of A, alternate in sign; that is, (— 1) u(x, y) >
01if [x,y] is an interval of length #? Is A, a Cohen—Macaulay poset?

Let A, be as in Exercise 54, but now order A, by dominance. This means that
(L1542 435-) < (P15 P25 P35 YA+ A+ + 4 <p+ 02+ +
for all i > 1. Find u for this ordering.

a. A hyperplane in Euclidean space E? = {(x,,...,x,): x;€ R} consists of
all (x,,...,x,) satisfying a fixed linear equation o, x; + - + o;x, = B.
Let H,, Hz, ..., H, be a collection of hyperplanes in E? such that
H,nH,n-nH,= Q. Let L be the poset (actually a meet-semilattice)
of all distinct mtersectlons H, nH,n" N H, , ordered by reverse inclu-
sion. Thus L has a 0, correspondmg to the void intersection E% and a
1 ,corresponding to the void set (). When H, u - U H, is removed from
E“, the resulting set consists of a union of dlSJOlnt regions. Let C be the
total number of regions and B the number that are bounded. Show that

C= Y 1u0x)

i1#xelL

=@ D= ¥ x|

1#xel
b. Suppose the hyperplanes H,, ..., H, = E? all contain 0; that is, they are
subspaces of the vector space R Let r = d — dim(H, n---n H,) and
X ={X,,...,X,}. The poset L = L(X) of intersections of the H/s is then
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easily seen to be a geometric lattice of rank r. Define

Q=Q(X)=1p=(p1,---,pa): p;€R[x,,...,x,], and for all i e [v]
and a € H; we have p(a) e H,}.

Clearly Q is a module over the ring R = R[x,,...,x,]; that is, if peQ
and g € R, then gp € Q. One easily shows that Q has rank r; i.e., Q contains
r (and no more) elements linearly independent over R. Suppose that Q
1s a free R-module—that is, we can find p,, ..., p,€Q such that Q =
Pi1R @ - @ p,R. It is easy to see that we can then choose each p; so that
all its components are homogeneous of the same degree e;. Show that
the characteristic polynomial of L is given by

$(L.g) = _1j1(q —e)

[3] c. Show that Q is free if L is supersolvable, and find a free Q for which L
is not supersolvable.
[5-] d. Forn>3let H,,..., H, (v =(3) + (3)) be defined by the equations

x;=x;, 1<i<j<n
;i +x;+x=0 I1<i<j<k<n
Is Q free?

[5] e. Suppose H,, ..., H, and Hj, ..., H, are two arrangements of linear
hyperplanes (i.e., containing 0), and let L and L’ be the corresponding
lattices and Q and Q' the corresponding modules. If L = L’ and Q is free,
then is Q' free? In other words, is freeness a property of L alone, or does
it depend on the actual position of the hyperplanes?

[4—] f. Let X ={H,,....,H,} as in (b), and let seL(X). Define a new
arrangement
={HeX:s < H}.

Thus L(X,)1s isomorphic to the interval [6, s] of L{X). Show that if Q(X)
is free, then Q(X,) is free.

[5] g. Let X = {H,,...,H,} as in (b), and let H € X. Define the arrangement
X*" in the (d — 1)-dimensional real vector space H to consist of the
hyperplanes of the form H;n H. Thus L(X*")is isomorphic to the interval
[H, 1] of L(X). If Q(X) is free, then is Q(X*) free?

[2] 57. Let P and Q be finite posets. Express Z(P + Q,m), Z(P ® Q,m), and
Z(P x Q,m) in terms of Z(P,j) and Z(Q,}).

[2] 58. a. Let P be a finite poset. How are the zeta polynomials Z(P,n) and
Z(Int(P), n) related"
[2] b. Suppose P has a 0 and 1. Let Q denote Int(P) with a 0 adjoined. How
are uP(O 1) and ,LLQ(O 1) related?

[2] 59. a. Let P be a finite poset, and let Q = ch(P) denote the poset of non- -void
chains of P, ordered by inclusion. Let Q, denote Q with a 0 (= the
void chain of P) adjoined. Show that if Z(P,m + 1) =) a;(7), then
Z(Qg,m+ 1) =) am'™!.
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b. Let P and @ denote P and Q, respectively, with a 0and 1 adjoined. Ex-
press ,Lté(@, i) in terms of [,tp((), f).

c. We say that a finite graded poset P of rank n is chain-partitionable if for
every maximal chain K of P there is a chain r(K) € K (the restriction of
K) such that every chain (including @) of P lies in exactly one of the
intervals [r(K), K] of Q,. Given a chain C of P, define its rank set p(C) =
{p(x): xeC} < [0,n]. Show that if P is chain-partitionable, then B(P, S)
is equal to the number of maximal chains K of P for which p(r(K)) = S.
(Thus in particular (P, S) > 0.)

d. Show that if P is a poset for which P is R-labelable, then P is chain-
partitionable.

e. Is every Cohen-Macaulay poset chain-partitionable?

a. If P is a poset, then the comparability graph Com(P) is the graph whose
vertices are the elements of P, and two vertices x and y are connected
by an (undirected) edge if x < y or y < x. Show that the order polynomial
Q(P, n) of a finite poset P depends only on Com(P).

b. Give an exarnple of two finite posets P, Q for which Com(P) # Com(Q)
but Q(P,m) = Q(Q, m).

a. Let Q(P,n) denote the order polynomial of the finite poset P, so from
Section 3.11 we have Q(P,n) = Z(J(P),n). Let p = |P|. Use Example
3.9.6 to show that for neP, (—1)’Q(P, —n) is equal to the number of
strict order-preserving maps 7 : P — n; that is, if x < y in P then 7(x) <
T(y).

b. Compute Q(P,n) and (— 1)?Q(P, —n) explicitly when (i) P is a p-element
chain, and (ii) P is a p-element antichain.

Compute Z(L,n) when L is the lattice of faces of each of the five Platonic
solids.

Let Y be the set of all partitions of all integers n. Order Y component-wise;
that is, (uq, ty,...) < (4,,45,...) i g; < 4, for all i. Y is known as Young’s
lattice, and is isomorphic to the finitary distributive lattice J (N?). If u < 4
in Y, let Z(n) = {"(u, A) be the zeta polynomial of the interval [ u, 4]. Choose
r so that 4,,; = 0. Show that

A — 1+
Z(n+1)=det[(‘, H ")] .
L—J]+n ) ficij<r

If L and L’ are distributive lattices of rank n such that B(L, S) = B(L,S) (or
equivalently «(L,S) = a(L’,S)) for all S < [n— 1], then are L and L
isomorphic?

Let P be a finite graded poset of rank n with 0 and 1, and suppose that
every interval of P is self-dual. Let S = {n,,n,,...,n;}. € [n — 1]. Show
that a(P, S) depends only on the multiset of numbers n,, n, — n,, ny — ny»
.., ng — n._;, n — ng(not on their order).

Let P = N x N. For any finite S = P we can define «(P,S) and B(P,5)
exactly as in Section 3.12 (even though P is infinite). Show that if 5§ =
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{my,my,...,m}_ =N, then

ﬁ(N x N’S) =n11(m2 -m - ])(ms_ Ms—y — ])

67. Let P be a finite graded poset of rank n with 0 and 1.

a.

b.

68. a.

Show that
A"“Z(P, 0) = Z x(P, S).
SS[n-1)
1S|=k
Show that
(l _ x)n+1 Z(P, m)xm — Z ﬁkxk+1,
m=0 k>0
where
. ﬂk = Z, ﬁ(P7 S)
ScSn—-1]
IS|=k
Show that x(P,q) = ¥ ;.o w,q"*, where

(=1*w = B(P, [k — 11) + B(P, [K]).
(Set B(P,[n]) = B(P,[—1]) = 0)
Let k,teP. Let P, , denote the poset of all partitions r of the set [kt] =
{1,2,...,kt}, ordered by refinement (i.c., Py . 1s a subposet of IT,,), satisfy-
ing the two conditions:
i. Every block of n has cardinality divisible by k.
ii. Ifa <b <c<dandifBand B are blocks of 7 such that a,ce B and
b,de B, then B = B'.
Show combinatorially that the zeta polynomial of P, , is given by

k _
2P on+ 1) =2 F DOy ’Lt,l)t)' L

. Note that P, always has a f, and that P, has a 0. Use (a) to show

that P, , has C, elements and that Kp, z((A), i) =(—-1)"1C,_,, where C, =
X :

—~_(2r

r+1( r )

Show that P, , > Int(P, ,).

Note that P, , is graded of rank ¢ —~ 1. If § = {m,,. omgye < [0,8 = 2],
then show that

PS——lt(kt}(kt>(kt>
Ot( k,ty )“; m, m, —m, m, —m,_, t_l_ms °

. Deduce that P, , has :—(,ﬁ,)(m"_'l) elements of rank ¢ — m and has k(kt )2

maximal chains.

. Show that a finite graded poset with 0 and 1 is semi-Eulerian if and only

if for all x < y in P except possibly (x,y) = (0, 1), the interval [x, y] has
as many elements of odd rank as of even rank. Show that P is Eulerian
if in addition P has as many elements of odd rank as of even rank.
Show that if P is semi-Eulerian of rank n, then

(= 11'Z(P, —m) = Z(P,m) + m((— 1)"up(0, 1) — 1),
Show that a semi-Eulerian poset of odd rank » is Eulerian. R
Suppose P and Q are Eulerian,andlet P’ = P — {0},0’ = Q — {0},R =
(P x Q')u {0}. Show that R is Eulerian.
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70.

71.

a.

Figure 3-44

Let P, denote the ordinal sum 1 ®21 ®21 @ -- @ 21 @ 1 (n copies of
21). For example, P, is shown in Figure 3-44. Compute B(P,S) for all
S < [n].

b. Use (a) and Exercise 67(b) to compute ZmZO Z(P,,m)x™

g

o

It is easily seen that P, is Eulerian. Compute the polynomials f(P,, x)
and ¢(P,, x) of Section 3.14.

Let L, denote the lattice of faces of an n-dimensional cube, ordered by
inclusion. Show that L, is isomorphic to the poset Int(B,) with a 0
adjoined, where B, denotes a boolean algebra of rank n.

Show that L, is isomorphic to A" with a 0 adjoined, where A is the

three-element poset /\ .

. Let P, be the poset of Exercise 70. Show that L, is isomorphic to the

poset of chains of P, that don’t contain 0 and i (including the void

chain), ordered by reverse inclusion, with a 0 adjoined.
Let S = [n]. Show that

ﬁ(LmS) = i (?) Dn+1(§’i + 1),

i=0
where D, (T, j) denotes the number of permutations of [m] with descent
set T and last element j, and where S = [n] — S.

Compute Z(L,,m).

Since L, is the lattice of faces of a convex polytope, it is Eulerian by
Proposition 3.8.9. Compute the polynomial g(L,,x) of Section 3.14.
Show in particular that

1 (2n 2n—1)
g(L,,,1)=n+1<n> and f(L,,,l)=2<n_] )

Use (f) to show that g(L,,x) = Za,-x", where q; is the number of plane
trees with n + 1 vertices such that exactly i vertices have >2 sons. For
example, see Figure 3-45 for n = 3, which shows g(L;,x) =1 + 4x.

AN A

Number of vertices
with > 2 sons: 0 1 1 1 1

Figure 3-45
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72.

73.

74.

a. Show that if L is the lattice of faces of a rational convex polytope 2 (i.e.,
the vertices of £ have rational coordinates), then the coefficients of
g(L,x)are nonnegative (so that the coefficients of f(L, x) are nonnegative
and unimodal, 1.€., increase to a maximum and then decrease).

b. Does (a) remain true for arbitrary convex polytopes? It is not even
known whether the coefficients of f(L, x) are nonnegative. More generally,
does (a) remain true when L is the poset of faces of a regular cell
decomposition of a sphere, provided this poset is a lattice? (The poset
P, of Exercise 70 shows that the assumption that L is a lattice cannot
be dropped.)

Let n,deP with n > d + 1. Define L, to be the poset of all subsets S of

[n], ordered by inclusion, satisfying the following condition: S is contained

in a d-subset T of [n] such that whenever 1 <i¢ T, [i+ 1,i+ k] = T, and

n>i+k+ 1¢T,then k is even. Let L,, be L,; with a i adjoined. Show

that L,, is an Eulerian lattice. L,, is shown in Figure 3-46.

Ly,
Figure 3-46

Let P be a finite poset, and let 7 be a partition of the elements of P such
that every block of 7 is connected (as a subposet of P). Define a relation <
on the blocks of = as follows: B < B’ if for some xe B and x"e B’ we have
x < x"in P. If this relation is a partial order, we say that = is P-compatible.
Let I'(P) be the set of all P-compatible partitions of P, ordered by refine-
ment (so I'(P) is a subposet of II(P)). See Figure 3-47 for an example.
Show that ['(P) is an Eulerian lattice.

abed

a-b-c-d
(P

Figure 3-47
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[3—1 75. a. Define a partial order P, on the symmetric group S, as follows. If & =
a,a, - a,, then a reduction of n is a permutation obtained from = by
interchanging some q; with some a; provided i < j and a; > a;. Define
o < 7 if ¢ can be obtained from n by a sequence of reductions. P; is
shown in Figure 3-48. Show that P, is Eulerian.

321 321
312 231 231 312
213 132 213 132
123 123
P, Py
Figure 3-48 Figure 3-49
[3-1] b. Define another partial order P, on &, as follows. If # = a,a, - a,, then

a simple reduction of nis a permutation obtained from = by interchanging
some a; with a;,,, provided a; > a,,,. Define ¢ < 7 if ¢ can be obtained
from 7 by a sequence of simple reductions. P; is shown in Figure 3-49.

Show that
(—1)*, if = can be obtained from o by reversing the
) elements in each of k + 1 disjoint increasing
ulo,m) =
factors of @
0, otherwise
[3] c. Show that the zeta polynomial of P, satisfies
Z(P, —j)=(=1"", 1<j<n—1
[3+] d. Show that the number A(E)Z(P,;,O) of maximal chains of P, is given by

B)rip (2)!
ATZE.0 = 1"713nm25n 3 (20 — 3)Y

[5-] e. Can a “nice” expression be given for Z(P,, m)?
[3—] 76. Leta = (a,,a,,...,a,)bea finite sequence of integers with no two consecu-
tive elements equal. Let P be the set of all subsequencesa’ = (g, ,a,,,...,q; )

(sol <i, <i, <---<i, < n)of a such that no two consecutive elements
of a’ are equal. Order P by the rule b < ¢ if b is a subsequence of ¢. Show
that P is Eulerian

[3] 77. Let V,_, denote the vector space of all functions f: 2"V - Q,so dim V,_, =
271 Let E,_, denote the subspace of V,_, spanned by all functions «(P, S)
(or B(P,S)), where P ranges over all Eulerian posets of rank n. Show that
dimE,_, is equal to the Fibonacci number F,. (In particular, the 2" 2
distinct relations (P, S) = (P, S) of Corollary 3.14.6 are not the only linear
relations satisfied by the numbers f(P, S).)

Note. If we consider instead the affine subspace E,_, spanned by the
a(P,S)’s, then there is one additional relation «(P,®)=1 and thus
dim En—l = Fn - 1.
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[2] 78. a. Show that if B(n) is the factorial function of a binomial poset P, then
B(n)> < B(n — 1)B(n + 1).
[5] b. Which functions B(n) are factorial functions of binomial posets? In

particular, can one have B(n) = F, F,--* F,, where F. is the i-th Fibonacci
number (F, = F,=1,F,,, =F,+ F,_,)?

[2] 79. a. Let P be a locally finite poset with 0 for which every maximal chain is
infinite and every interval [x, y] is graded. Thus P has a rank function
p. Call P a triangular poset if there exists a function B: {(i,j)e N?:
i <j} — P such that any interval [x, y] of P with p(x) = mand p(y) = n
has B(m, n) maximal chains. Define a subset T(P) of the incidence algebra
I1(P) by

T(P) = {fel(P): flx,y) = f(x",y") if p(x) = p(x')
and p(y) = p(y")}.
If fe T(P) then write f(m,n) for f(x,y) when p(x) = m and p(y) = n.
Show that T(P) is isomorphic to the algebra of all complex infinite
upper-triangular matrices [a;]; ;> o, the isomorphism being given by

(0,00 fO,1) f(0,2)
B(0,0) B(0,1) B(0,2)
0 SN f(1,2)
[ B(1,1) B(1,2)
: - f22)
0
* B2y
| . . . )
where f e T(P).
[3-] b. Let L be a triangular lattice. Set D(n) = B(n,n + 2) — 1. Show that L is
(upper) semimodular if and only if foralln > m + 2,
B(m’ n) n—-m-—2 .
—_— = D(m)D 1)---D .
Bom + Ln) + .-;) (m)D(m + 1) (m + i)
[2] c. Let L be a triangular lattice. If D(n) 3 O for all n > 0 then show that L

is atomic. Use (b) to show that the converse is true if L is semimodular.

[3—] 80. Fix an integer sequence 0 = a, <a, < " <a, <m. For ke[r], let fi(n)
denote the number of permutations b; b, b4, of [mn + @, ] such that
b; > b;,, ifand only if j = ay, ..., a, (mod m). Let
f (n)xmn+ak( _ l)nr+k
Fo=F(x)=Y =

nSo  (mn+ a)!
mn+j

X
d;(x) = —_—
Let @ denote the least nonnegative residue of a (mod m), and set ¥;; =
®;=;(x). Show that

Fyoyy + Py, + o+ By, =1

Fiyy + Fyy,, + "'+Fr¢2rf0

Fllprl + FZd’rZ + +Fr|/’rr=0-
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Solve these equations to obtain an explicit expression for F,(x) as a quotient
of two determinants.

[2+] 81. a. Let P be alocally finite poset for which every interval is graded. For any

[1+] b.

[2] c.

S< P and x <y in P, define [x,y]s as in (51) and let us denote the
Mobius function of [x,y]s. Let ¢t be an indeterminate, and define g,
he I(P) by

g(x )—{1’ fx=y
Y I+ iff(x,y)=n>1
1, ifx=y

hix,y) = Y us(x,y)i" ' 7% if x <y, where £(x,y) = n > 1, where
S S ranges over all subsets of [n — 1],
and where s = |S]|.
Show that h = g~ in I(P).
For a binomial poset P write h(n) for h(x, y) when #(x, y) = n. Show that

1+ ) h(nx"/B(n) = [1 + > 1+ t)"_lx"/B(n)}—l.

n=1 n21

Define
G,(g,t) = Z pdm gitm

neS,
where d(n) and i(n) denote the number of descents and inversions of 7.
respectively. Show that

-1

1+ Y Gug,0)x"/(n)! = [1 -y (t- 1)""1x"/(n)!:l :
n2>1 n=1

In particular, setting ¢ = 1 we obtain

1+ ) t7'4,()x"/n! = [l N 1)""1x"/n!]_1

n=1 n=1
= (1 =/ =),
where A4,(t) denotes an Eulerian polynomial.

Solutions to Exercises

1. Routine. See [5], Lem. 1 on p. 21.

2. The correspondence between finite posets and finite topologies (or more
generally arbitrary posets and topologies for which any intersection of open
sets is open) seems first to have been considered by P. S. Alexandroff, Mat.
Sb. (N.S.) 2 (1937), 510518, and has been rediscovered many times.

3. a. John A. Wright, thesis, Univ. of Rochester, 1972.
d. D.J. Kleitman and B. L. Rothschild, Proc. Amer. Math. Soc. 25 (1970),

276-282.

e. D.J. Kleitman and B. L. Rothschild, Trans. Amer. Math. Soc. 205 (1975),
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4.

a.

b.

205-220. The asymptotic formula given there is more complicated but
can be simplified.

f is a permutation of a finite set, so " = 1 for some ne P. But then
£~ = !, which is order-preserving.

Let P = Z U {x}, with x <0 and x incomparable with all n < 0. Let
f(x)=xand f(n)=n+ 1ifneZ.

An example is shown in Figure 3-50. There are four other 6-element
examples, and none smaller. For the significance of this exercise, see the
discussion following the proof of Corollary 4.5.15.

Use induction on ¢, removing all minimal elements from P. This proof
is due to D. West. The result (with a more complicated proof) first
appeared in [28], pp. 19-20.

B

Figure 3-50 Figure 3-51

The poset Q of Figure 3-51 was found by G. Ziégler, and with a 0 and 1
adjoined is a lattice. Another example is presumably the one referred to in
[5], Exercise 10 on p. 54.

a.
b.

Routine.
Suppose f: Int(P) — Int(Q) is an isomorphism. Define 4 to be the sub-
poset of Int(Q) of all elements x > £(0), and define B to be all elements
x < f(0). Check that P~ 4 x B,Q ~ 4 x B*.

This result is due independently to A. Gleason (unpublished) and
M. Aigner and G. Prins, Trans. Amer. Math. Soc. 166 (1972), 351-360.
(A. Gleason, unpublished.) See Figure 3-52. P may be regarded as a
“twisted” direct product of the posets A and B of Figure 3-53, and Q a
twisted direct product of A and C. These twisted direct products exist

Figure 3-52
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10.

11.
12.

13.

2y e

Figure 3-53 Figure 3-54

since the poset A is, in a suitable sense, not simply-connected but has
the covering poset of Figure 3-54. A general theory was presented by
A. Gleason at an M.I.T. seminar in December, 1969.

. a. [5], Thm. 2, p. 57.

b. See [S], pp. 68-69.
c. [5], p. 69. If P is any connected poset with more than one element, we
can take P, =1+ P3, P,=1+P+ P>, P,=1+ P>+ P* P,=1+P.
(1 is the one-element poset.) There is no contradiction because although
Z[x,,x,,...]11s a UFD, this does not mean N[x,, x,,...] IS a unique
factorization semi-ring. In the ring B we have
P,P, =P,P,=(1+ P)(1 — P + P*)(1 + P + P?).

. a, ¢. These results (in the context of finite topological spaces) are due to

R. E. Stong, Trans. Amer. Math. Soc. 123 (1966), 325-340 (see p. 330).
For (a), see also D. Duffus and I. Rival, in Collog. Math. Soc. Janos
Bolyai (A. Hajnal and V. T. Sos, eds.), vol. 1, North-Holland, New
York, 1978, pp. 271-292 (p. 272). For (c), see also D. Duffus and I.
Rival, Discrete Math. 35 (1981), 53-118 (Thm. 6.13). Part (c) is gener-
alized to infinite posets by K. Baclawski and A. Bjorner, Advances in
Math. 37 (1979), 263-287 (Thm. 4.5).

a, b. The least d for which (i) or (ii) holds is called the dimension of P. For
a survey of this topic see D. Kelly and W. T. Trotter, Jr., in [25],
pp- 171-211. In particular, the equivalence of (i) and (ii) is due to Ore,
while (iii) is an observation of Dushnik and Miller. For further results
on posets of dimension 2, see K. A. Baker, P. C. Fishburn, and F. S.
Roberts, Networks 2 (1972), 11-28. Much additional information
appears in P. C. Fishburn, Interval Orders and Interval Graphs, John
Wiley, New York, 1985.

None.
Let B be the boolean algebra of all subsets of Irr(L), and et L' be the
meet-semilattice of B generated by the principal order ideals of Irr(L). One
can show that L is isomorphic to L' with a 1 adjoined.

In fact, L is the MacNeille completion (e.g., [5, Ch. V. 97) of Irr(L), and
this exercise is a result of Banaschewski, Z. Math. Logik 2 (1956), 117-130.
An example is shown in Figure 3-55.
Let L be the sub-meet-semilattice of the boolean algebra B,, generated by
the subsets 1234, 1236, 1345, 2346, 1245, 1256, 1356, 2456, with a 1 adjoined.
By definition L is coatomic. One checks that each singleton subset {i}
belongs to L, 1 < i < 6, so L is atomic. However, the subset {1,2} has no
complement.
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abd abce
d e
e
¢ d ab be
a b b<} a b
a b z
L L’

Irr(L)

Figure 3-55

This example was given by I. Rival (personal communication) in
February, 1978. See Discrete Math 29 (1980), 245-250 (Fig. 5).

14. D. Kleitman has shown (unpublished) that

(1) (#3) <1< () (14 )
2\ 2 )\' T R)

and conjectures that the lower bound is closer to the truth.

15. a. By Theorem 3.4.1, f,(n) is equal to the number of distributive lattices L
of rank n with exactly two elements of every rank 1, 2,..., n — 1. We
build L from the bottom up. Ranks 0, 1, 2 must look (up to isomorphism)
like the diagram in Figure 3-56, where we have also included z = x v y
of rank 3. We have two choices for the remaining element w of rank 3—
place it above x or above y, as shown in Figure 3-57. Again we have two
choices for the remaining element of rank 4—place it above z or above
w. Continuing this line of reasoning, we have two independent choices
a total of n — 3 times, yielding the result. When, for example, n = 5, the
four posets are shown in Figure 3-58.

or

Figure 3-56 Figure 3-57

RER L

Figure 3-58
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b. Similar to (a).
d. (Suggested by P. Edelman) f,(n) = 0 for k > 3 since then (¥) > k.

16. a. Clearly L' is a join-semilattice of L with 0; hence by Proposition 3.3.1 [

is a lattice. By definition L' is atomic. Suppose y covers x in L. Then
y = x v aforsome atom a of L. The semimodularity property of Propo-
sition 3.3.2 (i) then implies p(y) = p(x) + 1 in L; hence y covers x in L.
It is now easily seen that the semimodularity property of Proposition
3.3.2 (ii) 1s inherited from L by L'. Thus L' is geometric.

. No. Let K be the boolean algebra B; of all subsets of [5], with all four-

element subsets removed. Let L consist of K with an additional element
x adjoined such that x covers {1} and is covered by {1,2,3} and {1,4, 5.
Then x ¢ L’ but x belongs to the sublattice of L generated by L'.

This example is due to C. Greene.

17. If x € P, then define

#(x) = sup{z:z % any join-irreducible x; such that
X =X, V-V Xx,is the (unique) irredundant
expression of x as a join of join-irreducibles}. (63)

In particular, if x e P, then ¢(x) = sup{z:z % x}.

It is fairly easy to prove that ¢ has the desired properties by dealing

with the poset P for which L = J(P), rather than with L itself.

2k~1(2r(k—1) _ 1)
21—
Follows from the corollary on p. 214 of R. Stanley, J. Combinatorial

+ 2rk—1)

Theory 14 (1973), 209-214.
19. a. Induction on |L|. Trivial for |L| = 1. Now let |L| > 2,and let y be a maxi-

mal element of L. Suppose y covers j elements of L, and set L' =
L — {y}. The meet-distributivity hypothesis implies that the number of
x < y for which [x, y] = B, is equal to (). Hence

AL+ )=+ x) + Y AL+ x)
K20 k=0

WAUIED) (j()x* + %, (L)

k>0 k=0 =20
= +x)7+ Y fill)x"
kZ‘O
and the proof follows by induction since L' is meet-distributive.
Note that in the special case L = J(P), g,(L) is equal to the number
of k-element antichains in P.

. Let x = — 1 in (a). This result was first proved (in a different way) for

L = J(P) by S. K. Das, J. Combinatorial Theory (B) 26 (1979), 295-299.
It can also be proved using the identity {ul = { in the incidence algebra
of the lattice LU {1}.

Topological Remark. This exercise has an interesting topological gen-
eralization (done in collaboration with G. Kalai). Given L, definc an
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20.

21.

abstract cubical complex Q = Q(L) as follows: The vertices of Q are the
elements of L, and the faces of Q consist of intervals [x, y] of L isomor-
phic to boolean algebras. (It follows from Exercise 71(a) that Q is indeed
a cubical complex.)

Proposition. The geometric realization |Q| is contractible (in fact,
collapsible).

Sketch of Proof. Let y be a maximal element of L, let L' = L — {y},
and let x be the meet of elements that y covers, so [x, y] = B, for some
ke P. Then |Q(L’)) is obtained from |Q(L)| by collapsing the cube |[ x, y]]
onto its boundary faces that don’t contain y. Thus by induction |Q(L)]
is collapsible, hence contractible. O
The formula ) (—1)*f, = 1 asserts merely that the Euler character-
istic of Q(L) or |Q(L)| is equal to 1; the statement that |Q(L)| is contrac-
tible is much stronger.
c. A k-element antichain 4 of m x n has the form

A = {(a;,b,).(a3,b;).....(a,.by)},
where 1 <a,<a,<<aq<m and n>b;,>b,> " ->b,>1.
Hence g, = (¥)(%).

It is easy to compute, either by a direct combinatorial argument
or by (b) and Vandermonde’s convolution (Example 1.1.17), that f, =
D).

d. This result was proved independently by J. Stembridge (unpublished)
and R. Proctor, Proc. Amer. Math. Soc. 89 (1983), 553-559 (Thm. 2).

e. R. Proctor, ibid., Thm. 1.

f. This result was conjectured by P. Edelman for n = m, and first proved
in general by R. Stanley and J. Stembridge using the theory of “jeu de
taquin” developed by M. Schiitzenberger, in Springer Lecture Notes in
Math., #579, pp. 59-113. An elementary proof was given by M. Haiman
(unpublished). See J. Stembridge, Trapezoidal chains and antichains,
European J. Combinatorics, to appear, for details and additional results.

Induction on p(x). Clearly true for p(x) < 1. Assume true for p(x) < k, and
let p(x) = k. If x is join-irreducible, the conclusion is clear. Otherwise x
covers r > | elements. By the Principle of Inclusion—Exclusion and the
induction hypothesis, the number of join-irreducibles <x is

r(k——1)-—<;>(k—2)+<;>(k—3)—---i(k: 1>=k.

For further information on this result and on meet-distributive lattices
in general, see B. Monjardet, Order 7 (1985), 415-417. Other references
include C. Greene and D. J. Kleitman, J. Combinatorial Theory (A) 20
(1976),41-68 (Thm. 2.31), P. Edelman, Alg. Universalis 10 (1980), 290299,
and P. H. Edelman and R. F. Jamison, Geometriae Ded. 19 (1985), 247-270.

The left-hand side of (59) counts the number of pairs (x, S) where x is an
element of L of rank i and S is a set of j elements that x covers. Similarly
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22.

23.

the right-hand side is equal to the number of pairs (y, T) where p(y) = i — j
and T is a set of j elements that cover y. We set up a bijection between
the pairs (x, ) and (y, T) as follows. Given (x, S), let y = /\, .5z and define
T to be the set of all elements in the interval [y, x] that cover .

a. Let L bea finitary distributive lattice with cover function f. Let L, denote
the sublattice of L generated by all join-irreducibles of rank <k. We
prove by induction on k that L, is unique (if it exists). Since L = U L.,
the proof will follow.

True for k = 0, since L, is a point. Assume for k. L, contains all ele-
ments of L of rank <k. Suppose x is an element of L, of rank k covering
n elements, and suppose x is covered by t, elements in L,. Let s, =
f(n) — t,. If s, <0 then L does not exist, so assume s, > 0. Then the s,
elements of L — L, that cover x in L must be join-irreducibles of L. Thus
for each xe L, of rank k attach s, join-irreducibles above x, yielding a
meet-semilattice L;. Let P, denote the poset of join-irreducibles of L.
Then P, must coincide with the poset of join-irreducibles of L, ,,. Thus
L+, = J(Pyq)so Ly, is uniquely determined.

b. Prop. 2 on p. 226 of [34].

If f(n) = bthen L= N"If f(n) = n + b, then L = J(N?)".

d. Use Exercise 21 to show that

u(5,1) = —(b/3)(2a® — 2a* — 3).

Hence u(5,1) < 0ifa>2and b > 1, so L does not exist.

e. See §3 of [34].

a. The Fibonacci number F,,,—a direct consequence of Exercise 14(e) in
Chapter 1.
b. Simple combinatorial proofs can be given of the recurrences
Won(@) = (1 + g + 4*)Wy(s-1)(@) — 4*Wy(a-2)(9)
Want1(@) = Wa,i2(0) — ¢* W, (q).
It follows easily from multiplying these recurrences by x2" and x2"*!,
respectively, and summing on n, that
L+ (14 g9)x —g%x3
1= (+q+g7)x? +¢2x*

g

F(x)

c. A bijection ¢: Z, — [n] is a linear extension if and only if the sequence
n+1—o(xy),....,n+ 1 — g(x,)is an alternating permutation of [n] (as
defined in Proposition 1.3.14(4)). Hence by (54) we have

Y e,x"/n! = tan x + sec x. '
n=>0

d. Adjoin an extra element x,,, to Z, to create Z,,,. We can obtain an
order-preserving map f: Z, - m + 2 as follows. Choose a composition
a, + -+ a,=n+ 1, and associate with it the partition {x,,...,X,, s
{Xa,+1>-+-2Xa,4a,}> --- Of Z,,,. For example, choosing n = 17 and 3 +
1+2+4+1+2+2+ 3= 18 gives the partition shown in Figure
3-59. Label the last element x of each block by 1 or m + 2, dependiqg
on whether x is a minimal or maximal element of Z,,,, as shown 11
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Figure 3-59
m+2 m+2 m+2 m+2
/p
e
1 1 1 1
Figure 3-60

Figure 3-60. Removing these labeled elements from Z,,, yields a disjoint
union Y, + -+ + Y, where Y; is isomorphic to Z, _, or Z*_,. For each
i choose an order-preserving map Y; » [2,m + 1] in Q(Z;i_l,m) ways.
There is one additional possibility. If some a; = 2, we can also assign the
unique element y of Y; the same label (1 or m + 2) as the remaining
element x in the block containing y (so y is labeled 1 if it is a maximal
element of Z,,;, and m + 2 if minimal). This procedure yields each

order-preserving map f: Z, — m + 2 exactly once. Hence
k

AZ,,m+2) = s [TQz,-,m+46,,)

a;+ - ta=n+1 i=1

=G, (x)= kgo (Gp(x) — 1 + x2)

=2 - x* =GN
The initial conditions are G,(x) = 1/(1 — x)and G,(x) = 1/(1 — x — x?3).
An equivalent result was stated without proof (with an error in
notation) in Ex. 3.2 of R. Stanley, Annals of Discrete Math. 6 (1980),
333-342. Moreover, G. Ziegler has shown that

1 + G,(x)

Gy (x) = 3_x2_G,(x)

24. The result for FD(n) is due to Dedekind. See [5], Ch. III, §4. The result for
FD(P) is proved the same way. See, for example, Cor. 6.3 of B. Jonsson, in
[25], pp. 3-41.

The problem of estimating the number of elements of FD(n) has
received considerable attention. See D. Kleitman, Proc. Amer. Math. Soc.
21 (1969), 677-682, and D. Kleitman and G. Markowsky, Trans. Amer.
Math. Soc. 213 (1975), 373-390.

25. a. The proof easily reduces to the following statement: If A and B are k-
element antichains of P, then A U B has k maximal elements. Let C and
D be the set of maximal and minimal elements, respectively, of A U B.
Since xe A n Bif and only if xe C n D, it follows that |C| + |D| = 2k. If
|C| < k, then D would be an antichain of P with >k elements, a
contradiction.
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26.

27.

a.

b.

This result is due to R. P. Dilworth, in Proc. Symp. Appl. Math. (R.
Bellman and M. Hall, Jr., eds.), Amer. Math. Soc., Providence, R.L., 1960,
85-90. An interesting application appears in §2 of C. Greene and D. J.
Kleitman, in Studies in Combinatorics (G.-C. Rota, ed.), Math. Assoc. of
America, 1978, pp. 22-79.

. K. M. Koh, Alg. Univ. 17 (1983), 73-86 and 20 (1985), 217-218.

Let p: P® Q — P be the projection map onto P (i.e., p(x, y) = x). Let I
be an order ideal of P ® Q. Then p(I) is an order ideal of P, say with m
maximal elements x,, ..., x,, and k non-maximal elements y,, ..., y,.
Then I is obtained by taking p~!(y,)u - U p~!(y,) together with a non-
void order ideal I, of each p™(x;) Q We then have |I| = kn + Y |I}]
and m(I) = ) m(l;). Hence
qllltm(l) — Z qn(lT!—m(T))(GQ(q’ t) — l)m(T)
1eJ(P®Q) TelJ(P)
= Gp(q",97"(Gp(g, 1) — 1)).

Let x be a maximal element of P, let A, = {yeP y < x},and set P, =
P —xand P, = P — A,. Write G(P) = Gp(q, "5~ ) One sees easily that

G(P) = G(P,) + (g — 1)g"™'"'G(Py),
by considering for each I € J(P) whether xel or x¢ 1. By induction we
have G(P,) = qP~! and G(P,) = ¢q'P~*~|, so the proof follows.

This exercise is due to M. Haiman, and several other reasonable
proofs are possible.

An order ideal of J(m x n) of rank r can easily be identified with
a partition of r into <m parts, with largest part <n. Now use
Proposition 1.3.19 to show F(L,q) = (™s"), which is equivalent to
pleasantness.

Equivalent to a famous result of MacMahon. See Thm. 18.1 of R.
Stanley, Studies in Applied Math. 50 (1971), 167-188, 259-279.

An order ideal of J(2 x n) of rank r can easily be identified with a
partition of r into distinct parts < n, whence F(L, q) = (1 +¢)(1 +4%)
(1 + g").

This result is equivalent to a conjecture of Bender and Knuth, shown
by G. Andrews, Pacific J. Math. 72 (1977), 283-291, to follow from a
much earlier conjecture of MacMahon. MacMahon’s conjecture was
proved independently by G. Andrews, Adv. Math. Suppl. Studies, vol.
1 (1978), 131-150; B. Gordon, Pacific J. Math. 108 (1983), 99-113;
and 1. G. Macdonald, Symmetric Functions and Hall Polynomials,
Oxford Univ. Press, 1979 (Ex. 19 on p. 53).

This formula is equivalent to a conjecture alluded to by G. Andrews,
Abstracts Amer. Math. Soc. 1 (1980), 415. An equivalent conjecture
was made by D. Robbins (unpublished). Several persons have shown
that F(L,q) is equal to ) ,(det A), where A ranges over all square
submatrices (including the void matrix (5, with det () = 1) of the
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(n+ 1) x (n + 1) matrix

[qm(f;l)(fﬂ"
J/ di.j=0

f,g. Follows from Theorem 6 of R. Proctor, European J. Combinatorics
5(1984),331-350. It is not difficult to give a direct proof of (). A direct
proof of (g) is possible in principle using the techniques of Section 4.5,
but the computations would probably require a computer (especially
for the second P).

28. If L, = J(P,), then P, is the complete dual binary tree of height n, as
illustrated in FiguAre 3-61. An order ideal I of P, defines a stopping rule as
follows: Start at 0, and move up one step left (respectively, right) after
tossing a tail (respectively, head). Stop as soon as you leave I.

Since P, =1®(P,_, + P,_,), it follows easily that F(L,,q)=1+
qF(Ln—hq)z‘

Figure 3-61

29. See: R. Stanley, Bull. Amer. Math. Soc. 76 (1970), 1236-1239; [12], §3;
K. Baclawski, Proc. Amer. Math. Soc. 36 (1972), 351-356; R. B. Feinberg,
PacificJ. Math. 65 (1976), 35-45; R. B. Feinberg, Discrete Math. 17 (1977),
47-170.

30. We have

z ,u(x, Z) = Z#(X, 2)5;(2 y)

€

e

NN

= Z#(Xa 2){5(Z, W) up(W, 7)
_ z_ (%, 2){(z, W) (W, §)  (since z < W<>Z < W)

= ). O(x, W)up(W, ).
weQ
This fundamental result was first given by H. Crapo, Archiv der Math.

19 (1968), 595-607 (Thm. 1), simplifying some earlier work of G.-C. Rota in
[26]. For an exposition of the theory of Mbius functions based on closure
operators, see Ch. IV.3 of M. Aigner, Combinatorial Theory, Springer—
Verlag, Berlin/Heidelberg/New York, 1979.

31. Let G(x) = ) ,»,g(y). It is easy to show that
Y w006 = Y g0) = fx).

0<t<x A
xXAy=0

Now use Mobius inversion to obtain
1O, )Gy = 3 ult, 1. (64)

t<y
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32.

33.

34.

3s.

36.
37.

On the other hand, Mé&bius inversion also yields
g(x) = Y u(x,y)G(y). (65)

y2x
Substituting the value of G(y) from (64) into (65) yields the desired result.
This formula is a result of P. Doubilet, Studies in Applied Math. 57
(1972), 377-395 (lemma on p. 380).

Given C:0 < X; < <X, <1, the coefficient of f(xy) - f(x;) on the
left-hand side is

C;C(_ 1)'C1_C' = (- 1)k+1#(0,x1)#(x1’x2)' " (X g5 X,
by Proposition 3.8.5. Here C’ ranges over all chains of P — {6, 1} containing
C.

Essentially the same result appeared in Ch. II, Lem. 3.2, of [28].

H. H. Crapo, J. Comb. Theory I (1966), 126—131 (Thm. 3). For topological
aspects of this result, see A. Bjorner, J. Comb. Theory (A) 30 (1981), 90-100.

a. By the inductive definition (14) of the M6bius function, it follows that
#.(0,x) 1s odd (and therefore non-zero) for all xe L. Now use Exercise
33.

b. R. Freese and Univ. of Wyoming Problem Group, Amer. Math. Monthly
86 (1979), 310-311.

This result (stated slightly differently) is due to G.-C. Rota, in Studies in
Pure Mathematics (L. Mirsky, ed.), Academic Press, London, 1971, 221-
233 (Thm. 2). Related papers include G.-C. Rota, in Proc. Univ. Houston
Lattice Theory Conf., 1973, pp. 575-628; L. Geissinger, Arch. Math. (Basel)
24 (1973), 230-239, 337-345; and R. L. Davis, Bull. Amer. Math. Soc. 76
(1970), 83-87.

[18], Thm. 5.

Our exposition for this entire exercise is based on [19].

a. Define a matrix M = [M(x, y)] by setting M(x, y) = {(x, y)f(x, y). Clearly
M is triangular and det M = [], f(x,x). On the other hand (writing {
for the matrix of the {-function of L with respect to the basis L, that is,
{ is the incidence matrix of the relation L),

M = [Zf(z, x){(z, X)C(Z,y)]

x,yeL

=[ > f(z,x)] = [F(x A y,%)].
x,yeL

Z<XxAYy
Thus det[F(x A y,x)] = det M'{ = det M.
This formula is a result of B. Lindstrom, Proc. Amer. Math. Soc.

20 (1969), 207-208, and (in the case where F(x,s) depends only on x)
H. Wilf, Bull. Amer. Math. Soc. 74 (1968), 960—-964.

b. Take L to be the set [n] ordered by divisibility, and let f(x,s) = x. For
a proof from scratch, see G. Polya and G. Szego, Problems and Theorems
in Analysis 11, Springer—Verlag, Berlin/Heidelberg/New York, 1976
(Part VIII, Ch. 1, no. 33).
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38.

c. Whenf(x 5)= #(6 x) we have (suppressing s) F(x A y) = =Y. <xny M 0 z)=
5(0 x A y). Hence the matrix R = [F(x A y)]is just the incidence matrix
for the relation x A y = 0. By (a), det R # 0. Hence some term in the
expansion of det R must be non-zero, and this term yields the desired
permutation 7.

This result is due to T. Dowling and R. Wilson, Proc. Amer. Math.
Soc. 47 (1975), 504-512 (Thm. 2*).

d. Equation (27) implies easily that u(x, y) # 0 for all x < y in a geometric
lattice L. Apply (c) to the dual L* We get a permutation n:L— L
such that x v n(x) =1 for all xe L. Semimodularity implies p(x) +
p(n(x)) > n, so m maps elements of rank <k injectively into elements of
rank >n — k.

This result is also due to T. Dowling and R. Wilson, ibid. (Thm. 1).
The case k = 1 was first proved by C. Greene, J. Comb. Theory 2 (1970),
357-364.
e. T. Dowling and R. Wilson, ibid. (Thm. 1).

T. Dowling, J. Comb. Theory (B) 23 (1977),223-226. The following elegant
proofis due to R. Wilson (unpublished). Let { be the matrix in the solution
to Exercise 3.37(a), and let

A, = diag(u(0,x): xeL),

A, = diag(u(x, 1): xeL).
By the solution to Exercise 37(c) (and its dual), we have that

[('AoC].y = 60, x A y),

[(AL '], = 6(x v y, 1),
Let C =(A,{'Ay{. Since C = ({A ()AL = (A (L'A0), it follows that
C,, = 0 unless x and y are complements. But the hypothesis on L implies

that det C # 0, and so a non-zero term in the expansion of det C gives the
desired permutation .

38.5. a. Let /: L— Q, and define f:L—Qby

fx)y =Y f@.

t<x
For any x < x* in L we have

2 Jouex= 3 wex 3 f0)
=2/0) ¥ utx

=T/0) 3wt
= 2 /W

Now suppose f(x) = 0 unless x € B. We claim the restriction f, of
fto A determines f (and hence f since f(x) = Zx<xf(f)#(f x) by Mobius
inversion). We prove the claim by induction on the length #(x, 1) of the
interval [x, 1].1f x = 1 then 1€ 4 by hypothesis, so f(l j;(l Now let
x < 1. If xe A then there is nothing to prove, since flx) = fA(x) Thus
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39.

40.

assume x ¢ A. Let x* be as in the hypothesis. Then
Y. f(») = 0 (empty sum),
y

xVy=x*
SO
>, JOu,x*)=0.
x<t<x*
By inductjon, we know f(t) for x < t. Since pu(x, x*) # 0, we can then
solve for f(x). Hence the claim is proved.
It follows that the matrix [{(t, x)];i’i has rank |B|. Thus some

|B| x |B| submatrix has non-zero determinant. A nonzero term in the
expansion of this determinant defines an injective function ¢:B — 4
with ¢(t) > ¢, and the proof follows.

This result and the applications below are essentially due to J.
Kung, Order, 2(1985), 105-112. The version given here was suggested
by C. Greene.

. These are standard results in lattice theory; for example, [5], Thm. 13

on p. 13 and §IV.6-1V.7.

. Choose 4 = M, and B = J, in (a). Given x € L, let x* be the join of ele-

ments covering x. By (i) from (b) we have u(x, x*) # 0. Moreover, by (ii)
if x is covered by j elements of L then x* covers j elements of [x, x*].
Thus if x¢ 4 = M, then x* covers more than k elements of [x, x*]. Let
yeB = J,. Then by (iii), [x A y,y] = [x,x v y]. Hence x v y # x*, so
the hypotheses of (a) are satisfied and the result follows.

. By (¢), |Ji] < {M,]. Since the dual of a modular lattice is modular, we

also have |M,| < |J,|, and the result follows. This result was first proved
(in a more complicated way) by R. P. Dilworth, Ann. Math. (2) 60 (1954),
359-364, and later by B. Ganter and I. Rival, Alg. Universalis 3 (1973),
348-350.

. With L as in Exercise 37(d), choose

A={xeL:p(x)>n—k},

B = {xeL: p(x) < k}.
Define x* = 1 for all xe L. The hypotheses of (a) are easily checked, so
in particular |B| < |A4] as desired.

. This diabolical problem is equivalent to a conjecture of P. Frankl (see

p. 525 of Graphs and Order (1. Rival, ed.), Reidel, Dordrecht/Boston,
1985).

. If not, then by Exercise 37(c) there is a permutation n: L — L for which

z A mt(z) = Ofor all ze L. But if | V,| > n/2 then V. n n(V,) # ¢, and any
te V. nn(V,) satisfies t A w(t) > x.

Answer: If n > 3, then

\

n—1 n—1

— 2[n+1J)Su(O,1)S ztn—1J+]
4 14

H. Scheid, J. Comb. Theory 13 (1972), 315-331 (Satz 5).
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41.

42,

43.

44.

45.

a. G. Ziegler has shown (by induction on /(P)) that the answer is

max_rjl(al ) — 1),

where the maximum is taken over all partitions a, + "+ a, =n (One
can show the maximum is obtained by taking at most four of the a;s
not equal to five.) This bound is achieved by taking P to be the ordinal
suml1@a, 1@ Pal1@L.

b. One can achieve n?~* (for any ¢ > 0 and sufficiently large n) by taking
L to be the lattice of subspaces of a suitable finite-dimensional vector
space over a finite field. It seems plausible that n2~¢ is best possible. This
problem was raised by L. Lovasz.

This problem was suggested by P. Edelman. It is plausible to conjecture
that the maximum is obtained by taking P to be the ordinal sum 1 @ k1 @
k1® @ k1@ 1(¢— 1 copies of k1 in all). This yields [u((), f)[ =(k—1)Y"L
Edelman, however, has found examples where ly((), f)f > (k— 1y

No, an example being given in Figure 3-62. The first such example (some-
what more complicated) was given by C. Greene (private communication,
1972). '

Figure 3-62

If o is a partition of ¥, then let y,(n) be the number of maps f: V — [n]

such that (i) if @ and b are in the same block of o then f(a) = f(b), and (i1)

if a and b are in different blocks and {a, b} € E, then f(a) f(b). Given any

J:V - [n], there is a unique o € Lg such that f is one of the maps enumerated

by x.(n). It follows that for any ne L, n™ =Y . _ ¥.(n). By M&bius inver-

sion x,(n) = ¥, 5 . n'u(n, @). But y4(n) = x(n), so the proof follows.
This interpretation of y(n) in terms of Mbius functions is due to G.-C.

Rota, [26], §9.

a. Let N(V, X) be the number of injective linear transformations V — X. It
is easy to see that N(V,X) = [[r24 (x — ¢*). On the other hand, let W
be a subspace of V and let F_ (W) be the number of linear 0 : V — X with

- kernel (null space) W. Let F,, (W) be the number with kernel containing
W.Thus Fy (W) =) w-»w F-(W’), so by Mébius inversion we get
N(V.X) = F-({0}) = 3. F> (W), W),

A k
Clearly F, (W’) = x™9™¥ while by (28) u(0, W’) = (— 1):q"®), where
k = dim W'. Since there are () subspaces W’ of dimension k, we get

N(V, X) — kio(_ l)kq(’ﬁ) (E)xn—k_
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b. Substituting g —»{, z— —=z, and n—rn in (62), the left-hand side
becomes (y" — z")" =Y (—1)/(1)y""z”. Comparing with the right-
hand side yields

0,rtk
m) .
(k) c‘(”(—l)f-k<’?)=("’), k=1j.
J J
46. First solution. Let f(i,n) be the number of i-subsets of [n] with no k
consecutive integers. Since the interval [(),S] of L, is a boolean alggbra

for Se L), it follows that u((,S) = (—1)S. Hence, setting a, = u,((, 1),
—a,= -Zb(_ 1) (i, n).

Define F(X,y) = Y ;50 Y.n»0f(i,n)x'y". The recurrence
finmy=fln—1+fli—ln—2 4+ fli—k+1,n—k)

(obtained by considering the largest element of [n] omitted from Se L))
yields

1 + xy + xzyz + cee + xk“lyk—l

F(x,y) = k=1 ,k=1y '
l—y( +xy+---+x1yh)

Since —F(—1,y) =) ,50a,y", we get

da.y" = —A—y+y =y
0 1 —y(l —y+y2 — ... £ yr 1)
1+(_1)k—1yk

= _1 + (_l)kyk+1
— _(1 + (_l)k—lyk) z (_l)i(_l)kiyi(k+1)

i>0
—1, ifn=0, —1(mod 2k + 2)
=aq,=<(—1F ifn=kk+1(mod2k+ 2)
0, otherwise.
Second solution (E. Grimson and J. Shearer, independently). Let a #
{1} e L,. The dual form of Corollary 3.9.3 asserts that
T H@0=0
Nowxva=1=x=1orx= {2,3,...,k} U A where A < {k + 2,...,n}.
It follows easily that
a, —(—1)"'a,_,., = 0.
This recurrence, together with the initial conditions ¢, = —1, a;=0 1if
ie[k — 1], and a, = (— 1)* determine a, uniquely.

47. An interval [d, n] of L is isomorphic to the boolean algebra B,,,,, where
v(m) denotes the number of distinct prime divisors of m. Hence u(d,n) =
(_ l)v(n/tﬂ'
Writed||nifd < nin L. Given f,g:P — C, we have
gn)y= Y f(d), forallneP,

diin
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if and only if
fln) =) (—=1)"9g(d), forallneP.

diin

48. a, b. Choose a factorization w = g; - . Define P, to be the multiset
{iy,...,i,} partially ordered by lettmgz <iifr<sandg.g, #g, g4,
or 1fr < sand i, = i;. For instance, with w = 11324 as in Figure 3- 43
we have P, as in Figure 3-63. One can show that [ is an order ideal
of P, if and only if for some (or any) linear extension Gjs -+ 9, Of I,
we have w = g; -+~ g; z for some ze M. It follows readily that L, =
J(P,), and (b) is then immediate.

Figure 3-63

The monoid M was introduced and extensively studied by P
Cartier and D. Foata, Lecture Notes in Math., no. 85, Springer—
Verlag, Berlin/Heidelberg/New York, 1969. The first explicit state-
ment that L, = J(P,) seems to have been made by I. Gessel in a letter
dated February 8, 1978. This result is implicit, however, in Exercise
5.1.2.11 of D. E. Knuth, The Art of Computer Programming, vol. 3,
Addison—Wesley, Reading, Mass., 1973. This exercise of Knuth is
essentially the same as our (b), though Knuth deals with a certain
representation of elements of M as multiset permutations.
c¢. The intervals [v,ow] and [, w] are clearly isomorphic (via the map
x+—vx), and it follows from (a) that P, is an antichain (and hence
[e,w] a boolean algebra) if and only if w is a product of r distinct
pairwise commuting g;. The proof follows from Example 3.9.6.
A different proof appears in P. Cartier and D. Foata, loc. cit,
Ch. I1.3.
d. If weM, then let x* denote the (commutative) monomial obtained
by replacing in w each g; by x;. By (c) we want to show

( Y x“’)( > ule, v)x”) =1. (66)
weM veM

Expand the left-hand side of (66), take the coefficient of a given
monomial x*, and use the defining recurrence (14) for p to complete
the proof.

a, + - +a,
e. z o z xlal...xnan
a, 20 a,=0 a,...,a,

1
=1—(x1+”'+x,,)

and
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49. a.

49.5 a.

1
P x a1__.xna,, — ,
Zo Zo ‘ (1—x)-- (1 —x,)
respectively.

[30], Thm. 4.1.

This exercise is jointly due to A. Bjorner and R. Stanley. Given x e L, let
. = J(Q,) be the distributive sublattice of L generated by C and x. The

M-chain C defines a linear extension of Q, and hence defines Q, as a

natural partial ordering of [n]. One seeseasily that L,n D, = J(P 1 Q,).

From this all statements follow readily.

The isomorphism L{?(p) = L{¥(p) is straightforward, while L{)(p) =
L2 (p) follows from standard duality results in the theory of abelian
groups (or more generally abelian categories). A good elementary refer-
ence is Ch. 2 of P. J. Hilton and Y.-C. Wu, A Course in Modern
Algebra, Wiley, New York, 1974. In particular, the functor taking G to
Homyz(G, Z/p*Z) is an order-reversing bijection between subgroups G
of index p™ (for some m > 0) in Z* and subgroups of order p™ in
(Z/p*2)* =~ Homz(Z*, Z/p*Z).

The remainder of (a) is routine.
Follows, for example, from the fact that every subgroup of Z* of finite
index is isomorphic to Z*.
This result goes back to Eisenstein (1852) and Hermite (1851). The proof
follows directly from the theory of Hermite normal form (see, e.g.,
§6 of M. Newman, Integral Matrices, Academic Press, New York, 1972),
which implies that every subgroup G of Z* of index p” has a unique
Z-basis y,, ..., y, of the form

yi == (ail,ai?_,...,al-i,O,...,O)
where a; >0, 0 <q; <a; if j<i, and a,,a,, " a, = p". Hence the
number of such subgroups is

phat2bst e Hk=lbi (" +k - 1)'

bi+ - +b,=n k_l
For some generalizations see L. Solomon, Advances in Math. 26 (1977),
306—326, and L. Solomon, in Relations between Combinatorics and Other
Parts of Mathematics (D.-K. Ray Chaudhuri, ed.), Proc. Symp. Pure
Math., vol. 34, American Mathematical Society, Providence, R.1., 1979,
pp. 309-329.
If x, <---<x;in Li(p) with p(x;) =s;, then x; can be chosen in
(¥ T 1) ways, next x, in (2~3H~!) ways, and so on.
A word w = e, e, - € N, satisfies D(w) € S = {sy,...,5;} < if and only if
€ ey S S €,85, 4 ST S €508 41 ST S €564 = €542 T
--+ = (0. Now for fixed i and k,

T G
0<d < <d;<k-1 k-1

and the proof follows easily. .
The problem of computing a(L;,S) and B(L;,S), where L, is the
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50.

51.

52.

53.

lattice of subgroups of a finite abelian group of type 4 = (Ary-eerA) s
more difficult. (The present exercise deals with the “stable” case 4; — oo,
I <i < k) One can show fairly easily that §(L,,S) is a polynomial in p,
and the theory of symmetric functions can be used to give a combina-
torical interpretation of its coefficients that shows that they are non-
negative. An independent proof of this fact is due to L. Butler, thesis,
M.LT., 1986.

a. For any fixed y # 0in P; we have

0= u,x = Z( y ﬂ((),x)).

X<y J x<y
P(x)=i—j

Sum on all ye P, of fixed rank i — k > 0 to get (since [x, 1] = P),

0=§( Y u(0,x) ( xezp,. 1)

x€ P;
p(x)=i—j p(y)=j—k

= ¥ vl )V, k).

On the other hand, it is clear that ) ;v(i,j)V(j,i) = 1, and the proof
follows.
This result (for geometric lattices) is due to T. Dowling, J. Comb.
Theory (B) 14 (1973), 61-86 (Thm. 6).
b. See M. Aigner, Math. Ann. 207 (1974), 1-22; M. Aigner, Aeq. Math. 16
(1977), 37-50; and J. R. Stonesifer, Discrete Math. 32 (1980), 85-88.

T. Dowling, J. Comb. Theory (B) 14 (1973), 61-86. Erratum, same journal
15 (1973), 211.

A far-reaching extension of these remarkable “Dowling lattices”
appears in the work of Zaslavsky on signed graphs (corresponding to the
case |G| = 2) and voltage graphs (arbitrary G). Zaslavsky’s work on the
calculation of characteristic polynomials and related invariants appears in
Quart. J. Math. Oxford (2) 33 (1982), 493-511.

Number of elements of rank k = ("}}¥

|P,| = F,,,; (Fibonacci number)

1y p®. 1) = —— (2”) (Catalan number)
n+1\n

number of maximal chains =1-3-5---(2n — 1)

This exercise is due to K. Baclawski and P. Edelman.

a. Define a closure operator (as defined in Exercise 30) on L, by setting G =
S(0,) x -+ x S(0,), where O, ..., O, are the orbits of G and S()
denotes the symmetric group on ¢,. Then L, = IT,. In Exercise 30 choose
x =0 and y= f, and the result follows from (30).

b. A generalization valid for any finite group G is given in Thm. 3.1 of C.
Kratzer and J. Thévenaz, Comment. Math. Helvetici 59 (1984), 425-438.

c. This formula has been checked for n < 7 by C. D. Wensley, The super-
character table of the symmetric group S;, preprint (p. 11). Moreover,
1(0,1) = —6!, so for 3 <n <7 we have 1,0,1) = (= 1) 1At S,1/2,
where Aut S, denotes the automorphism group of &,. (It is well-known
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54.

55.

56.

a.

that |[Aut S,| = n! for n > 3, with the sole exception |Aut S| = 2-6!.)
Wensley has subsequently verified that ug(0,1) = —8!/2.

The poset A, is defined in [5], Ch. 1.8, Ex. 10. The problem of computing
the Mobius function is raised in Exercise 13 on p. 104 of the same
reference. (In this exercise, 0 should be replaced with the partition
{1"7223)

It was shown by G. Ziegler, On the poset of partitions of an integer, J.
Combinatorial Theory (A), to appear, that A, is not Cohen—Macaulay
for n > 19, and that the M&bius function does not alternate in sign for
n > 111. (These bounds are not necessarily tight.)

T. Brylawski, Discrete Math. 6 (1973), 201-219 (Prop. 3.10), and C. Greene,
A class of lattices with Mébius function + 1, 0, to appear.

a.

These two formulas are highlights of a beautiful theory of hyperplane
arrangements developed by T. Zaslavsky, Mem. Amer. Math. Soc., no.
154, Amer. Math. Soc., Providence, R. 1., 1975. Further work by Zaslav-
sky on this subject appears in J. Comb. Theory (A) 20 (1976), 244257,
Adv. Math. 25 (1977),267-285; Mathematika 28 (1981), 169-190; Geom.
Dedicata 14 (1983), 243-259; and (with C. Greene) Trans. Amer. Math.
Soc. 280 (1983), 97-126. The theory has diverse applications to algebra
and geometry, some of which are discussed by P. Cartier, Lecture Notes
in Math., no. 901, Springer— Verlag, Berlin/Heidelberg/New York, 1981,
pp. 1-22.

. This remarkable result is equivalent to the main theorem of H. Terao,

Invent. Math. 63 (1981), 159-179. A simpler proof would be highly
desirable.

The result that Q is free when L is supersolvable (due independently to
R. Stanley and to M. Jambu and H. Terao, Advances in Math. 52 (1984),
248-258) can be proved by induction on v using the Removal Theorem
of H. Terao, J. Fac. Sci. Tokyo (I1A) 27 (1980), 293-312, and the fact that
if L= L(H,,...,H))is supersolvable, then for some i [v] we have that
L(H,,...,H;_,H;,,,...,H)) is also supersolvable. Examples of free Q
when L is not supersolvable appear in the above reference and in H.
Terao, Proc. Japan Acad. (A) 56 (1980), 389-392.

. This conjecture is due to Orlik—Solomon-Terao, who verified it for

n < 7. The numbers (e,,...,e,) for 3 <n <7 are given by (1,1,2),
(1,2,3,4),(1,3,4,5,7),(1,4,5,7,8,10), and (1, 5,7,9,10, 11, 13).

. This question is alluded to on p. 293 of H. Terao, J. Fac. Sci. Tokyo (IA)

27 (1980), 293-312.

. H. Terao, Invent. Math. 63 (1981), 159-179 (Prop. 5.5). Is there a more

elementary proof?

57. Answer: Z(P + Q,m) = Z(P,m) + Z(Q, m)

J

Z(P x Q,m)=Z(P,mZ(Q,m)

ZP®Om =Y ZPHZO.m+1—j), meP
=1
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58. a. By definition, Z(Int(P), n) is equal to the number of chains

59.

a.

xium]<[x0,] < < [xn—15 Yn-1]
of intervals of P. Equivalently,
Xyl S Xy S SX Y <P S LK Yy
Hence, Z(Int(P),n) = Z(P,2n — 1).
It is easily seen that
Z(Q,n) — Z(Q,n — 1) = Z(Int(P), n).
Putn = 0and use Proposition 3.11.1 (c) together with (a) above to obtain
1o(0,1) = —Z(P, —1) = —pp(0, 1).

For any chain C of P, let Z.(Qy,m + 1) be the number of chains
C,<C,<-<C,=C in Q. Since the interval [(),C] in Q, is
a boolean algebra, we have by Example 3.11.2 Z(Qq,m + 1) = m'°.
Hence Z(Qg,m + 1) = Y c.o,m! = Y a;m’, where P has g, i-chains, and
the proof follows fromAPAroposition 3.11.1(a).
Answer: u5(0, 1) = ug(0, 1). Topologically, this identity reflects the fact
that a finite simplicial complex and its first barycentric subdivision
have homeomorphic geometric realizations (and therefore equal Euler
characteristics).
Let y(P, S) denote the number of intervals [r(K), K] for which p(r(K)) =
S. If C is any chain of P with p(C) = S, then C is contained in a unique
interval [r(K), K] such that p(r(K)) < S; and conversely an interval
[r(K), K] with p(r(K)) < S contains a unique chain C of P such that
p(C) = S. Hence

T;SV(P, T) = a(P,S),
and the proof follows from (33).

The concept of chain-partitionable posets is due independently to
J. S. Provan, thesis, Cornell Univ., 1977 (Appendix 4); R. Stanley, [37],
p. 149; and A. M. Garsia, Advances in Math. 38 (1980), 229-266 (§4).
(The first two of these references work in the more general context of
simplicial complexes, while the third uses the term “ER-poset” for our
chain-partitionable poset.)
Let 1 : #(P)— Z be an R-labeling and K :x, <--* < x,_, a maximal
chainof P,so 0 = xo < X, <" < Xp_; < X, = 1 is a maximal chain of
P. Define

r(K) = {x;: Alx;—y, x;) > AX3 Xi41) -
Given any chain C: y; < -** < y, of P, define K to be the (unique) maxi-
mal chain of P that consists of the increasing chains of the intervals
0, y,1, [¥1,¥2, --» Do 1], with 0 and 1 removed. It is easily seen that
Ce[r(K),K], and that K is the only maximal chain of P for which
Ce[r(K), K]. Hence P is chain-partitionable.
A special class of Cohen—Macaulay posets called “shellable” are proved
to be chain-partitionable in the three references given in (c). It is not
known whether all Cohen—Macaulay shellable posets (or in fact all
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60.

61.

a.

Cohen—-Macaulay posets) are R-labelable. On the other hand, it seems
quite likely that there exist Cohen—Macaulay R-labelable posets that
are not shellable, though this fact is also unproved. (Two candidates
are Figs. (18) and (19) of [8].) A very general ring-theoretic conjecture
that would imply that Cohen—Macaulay posets are chain-partitionable
appears in R. Stanley, Invent. Math. 68 (1982), 175-193 (Conjecture 5.1).

First Proof. 1Tt is implicit in the work of several persons (e.g., Faigle—
Schrader, Gallai, Golumbic, Habib, Kelly, Wille) that two finite posets
P and Q have the same comparability graph if and only if there is a
sequence P = Py, P,, ..., P, = Q such that P,,, is obtained from P; by
“turning upside-down” (dualizing) a subset T < P; such that every ele-
ment x € P, — T satisfies (a) x < y for all xe T, or (b) x > y for all ye T,
or (c) x and y are incomparable for all y e T. The first explicit statement
and proof seem to be in B. Dreesen, W. Poguntke, and P. Winkler,
Order 2 (1985), 269-274 (Thm. 1). A further proof appears in D. Kelly,
Invariants of finite comparability graphs, preprint. It is easy to see that
P; and P,,, have the same order polynomial, so the proof of the present
exercise follows.

Second Proof. Let I'(P,m) be the number of maps g: P - [0,m — 1]
satisfying g(x;) + -+ + g(x,) < m — 1 for every chain x; < - < x; of
P. We claim Q(P,m) = I'(P,m). To prove this, given g as above define
F) =1+ max{g(x,)+ "+ glx):x, < <X =x}.
Then f: P — [m] is order-preserving. Conversely, given f then
g(x) = min{ f(x) — f(y): x covers y}.
Thus Q(P,m) = I'(P,m). But by definition I'(P,m) depends only on
Com(P). This proof appears in R. Stanley, Discrete Comput. Geom.
1(1986), 9-23.
See Figure 3-64.

1] m

Figure 3-64

For a general survey of comparability graphs of posets, see D.
Kelley, in Graphs and Order (1. Rival, ed.), Reidel, Dordrecht/Boston,
1985, pp. 3-40.

. We have Q(P, —n) = Z(J(P), —n) = ;43(?)((), i). By Example 3.9.6,

#n(ﬁ, i) — Z(_ l)ll,—lo[+ +|],,~l,,_,|’
summed over all chains () = I, < I, <--- = I, = P of order ideals of
P such that each I, — I,_, is an antichain of P. Since |[I; — Io| + - +
|I, — I._,| = p, we have that (— 1)”,u"(6, T) is equal to the number of such
chains. But such a chain corresponds to the strict order-preserving map
7: P — n defined by t(x) = i if xe I, — I,_,, and the proof follows.

This result is known as the reciprocity theorem for order poly-
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62.

63.

65.

66.

67.

nomials and first appeared in [29], Prop. 13.2. A different proof will be
given in Corollary 4.5.15, and many other proofs have also been given.

b. Q(pl,n) = (— 1Q(pl, —n) = n?

14 p
(—1°Q(p, —n) = (")
14

Tetrahedron: Z(L,n) = n*
cube or octahedron: Z(L,n) = 2n* — n?
icosahedron or dodecahedron: Z(L,n) = 5n* — 4n2.

The case 4 = () is equivalent to a result of P. A. MacMahon, Combinatory
Analysis, vols. 1, 2, Chelsea, New York, 1960 (put x = 1 in the implied
formula for GF(p,p, ' pm;n) on p. 243) and has been frequently re-
discovered in various guises. The general case is due to G. Kreweras,
Cahiers du BURO, no. 6, Institut de Statistique de L’Univ. Paris, 1965
(Section 2.3.7),.and is also a special case (after a simple preliminary bijection)
of Theorem 2.7.1.

The answer is presumably no, although it has been checked to be true for
n <6.

Let 1 <k < n, and define in the incidence algebra I(P) a function 7, by
1, ifp(y)—plx)=
nk(xs Y) = { Py

0, otherwise.
The self-duality of [x, y] implies that #;#7,(x, y) = n,n;(x, y) for all j and k,
so n; and #, commute. But

a(P’ S) = ’7n, nnz—n, e nn—ns(é, i),
and the proof follows since the various z;’s can be permuted arbitrarily.

We have N x N = J,(Q), where the elements of Q are x; < x, <--- and
y1 <y, <---.Regard Q as being contained in the total order where x; < y;
for all i, j. By Theorem 3.12.1 (extended in an obvious way to finitary
distributive lattices), we have that (N x N, S) is equal to the number of
linear orderings u,,u,,...,0;,0,,... of Q such that the x;’s appear in in-
creasing order, the y;’s appear in increasing order, and a y; is immediately
followed by an x; if and only if y; = u, where ke S. Thus u,, ..., u,, can be
chosenas x,,...,X;, ¥1,--+sVm,~i(0 < i <m; — 1)inm, ways. Thenu,, +, =
Xi+1, While u,, .5, ..., u,, can be chosen in m, — m; — 1 ways, and so on,
giving the desired result.
A less combinatorial proof appears in [29], Prop. 23.7.

a. Let o = Y 5=, a(P, S) Now Z(P,m) is equal to the number of multi-
chains 0 = Xo <X < S Xy = 1.Sucha multichain K is obtained by
first choosing a chain C: 0 < Y <<y < 1 in a, ways, and then
choosing K whose support(underlymg set)is Cin ((,,1%4)) = (7, ) ways.
Hence Z(P,m) = Y, (™ )ay; that is, A**'Z(P,0) = a,.
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b. Divide both sides of the desired equality by (1 — x)"*! and take the

coefficient of x™. Then we need to show

ymejo1f —h— _ n+m-—j—1
wm = () -5
Now

o= Y B(P,T)

IS=k T<s

-1-
R
n—1-—j
_Z<n -1 - k)ﬁj
Hence from (a),

m
Z(P,m) =Zk:<k N 1>ak
m n—1—j
_z<k + 1>(n— 1 ~k>ﬂj'
But

m n—1-j\ (n+m—j—1
;<k+1><n—1—k)_( n - )
(e.g., by Example 1.1.17), and the proof follows.
A more elegant proof can be given along the following lines.

Introduce variables ¢, ..., t,_, and for S = [n — 1] write tg = [Tiest:
Moreover, for a multichain K:x, <--- < x,, of P — {O 1} write ty =

171 %, One easily sees that

;tx =Y us) (HS 1 i t,.>

_ LsB(S
(1—t )(1—tz) (= t,y)
Set each t; = x and multiply by (1 — x)™2 (corresponding to adjoining
0 and 1) to obtain (a) and (b).

Note. If f(m)is any polynomial of degree n, then Section 4.3 discusses
the generating function ), o f(m)x™, in particular its representation in
the form W(x)(1 — x)™""'. Hence the present exercise may be regarded
as “determining” W(x) when f(m) = Z(P, m).

. By definition of x(P, g) we have

N (0, x)

pfxe)=k . .
= Y wO0,x)— ¥ p0,x)
p(x)<k p(x)<k—1

Letting ug denote the Mdbius function of the S-rank-selected subposet

Pgof P asin Section 3.12, then by the defining recurrence (14) for x we get
We = — (0, 1) + py—q)(0, 1).

The proof follows from (34).
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68.

69.

70.

In the case k = 1, a non-combinatorial proof of (a) was first given by
G. Kreweras, Discrete Math. 1 (1972), 333-350, followed by a combina-
torial proof by Y. Poupard, Discrete Math. 2 (1972), 279-288. The case of
general k, as well as (c) and (d), is due to P. Edelman, Discrete Math. 37
(1980), 171-180. See also P. Edelman, Discrete Math. 40 (1982), 171-179.
Of course (b) follows from (a) by takingn = 1andn = —2, while (e) follows
from (d) by taking S = {t — m} and S = [0, — 2]. Partitions = satisfying
(ii) are called non-crossing partitions.

a. The statement that the interval [x, y] has as many elements of odd rank
as of even rank is equivalent to ) _ . . (—1)P®7P) = 0. The proof now
follows easily from the defining recurrence (14) for p.

b. Analogous to Proposition 3.14.1.

c. If nis odd, then by (b),

Z(P,m)+ Z(P, —m) = —m((— 1) up(0, 1) — 1).
The left-hand side is an even function of m, while the right-hand side is
even if and only if u,(0, )= (= 1)". (There are many other proofs.)

d. By Proposition 3.8.2, P x Q is Eulerian. Hence every interval [z’,z] of
R with z' # QR is Eulerian. Thus by (a), it suffices to show that for every
z =(x,y) > 0z in R, we have

Z (_ ])pR(Z’) =0,

z’<z
where p, denotes the rank function in R. Since for anyt # ﬁR we have
Pr(t) = pp o(t) — 1, there follows

Z (_ ])PR(Z') —_ Z (_ l)Pan(“)“l

z’<z uz

inR inPxQ
— Z (- 1)pp(X)—l - Z (— l)pq(y)ﬂ
f)p#x’Sx Op#y' <y
inP inQ

+ (- ])ppxq(ﬁpxg)ﬂ + (- 1)PR(6R)
=0-1—-1+1+1=0.
For further information related to the poset R, see M. K. Bennett,

Rectangular products of lattices, Abstracts Amer. Math. Soc. 6 (October,
1985), 326-327.

a. Answer: B(P,S) = 1forall S < [n].
b. By Exercise 67(b),
x(1 + x)
P,mx™ =T
R i
(One could also appeal to Exercise 57.)
c¢. Write f, = f(P,,x), g, = g(P,, x). The recurrence (43) yields

fi=x =1+ ZHil gi(x — i 67)
i=0

Equations (42) and (67), together with the initial condition fo=go=1,
completely determine f, and g,. Calculating some small cases leads to
the guess
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71. a.

72. a.

lv/2) o n—1 n—1 .
=5 r()- (o))

L2 ol (n—1 n—1 i
o

It is not difficult to check that these polynomials satisfy the necessary
recurrences.

. Note also that g,,, = (1 — X)g,,,_; and f3,,4; = (I — x)?"(1 + x).
Let C, = {(x;,...,x,)eR": 0 < x; < 1}, an n-dimensional cube. A non-
void face F of C, is obtained by choosing a subset T < [n] and a function
¢:T —{0,1}, and setting

F={(x,....,x,)eC,:x; = §(i) ifie T}.
Let F correspond to the interval [¢™*(1),¢" (1) U ([n] — T)] of B,. This
yields the desired (order-preserving) bijection.
Denote the elements of A as in Figure 3-65. Let F be as above, and
correspond to F the n-tuple (y,,...,y,) € A" where y, = ¢(i) if ie T and
y; = uif i¢ T. This yields the desired (order-preserving) bijection.

u

o\,

Figure 3-65

Denote the two elements of P, of rank i by a;and b;, 1 < i < n. Associate
with the chainz, <z, < - <z, of P, — {ﬁ, i} the n-tuple (y,,...,y,)e A"
as follows:
0, ifsomez; =g
yi=<1, ifsomez; =b,
u, otherwise.

This yields the desired bijection.
Follows from (c) above, Exercise 70(a), and [38], Thm. 8.3.
With A as in (b) we have Z(A, m) = 2m — 1, s0 by Exercise 57 Z(A",m) =
(2Zm — 1)". It follows easily that
Z(L,m)=1"4+3"+5"+ 4+ (2m— 1)

. Answer: g(L,,x) = Zkzog_iﬁ(',:)(z”;z")(x — 1)* (obtained in collabora-

tion with I. Gessel).

. This result was deduced from () by L. Shapiro (private communication).

Various persons have shown (unpublished) that if X (#) denotes the toric
variety associated with 2, then f(L,q?) is the Poincaré polynomial of
the (middle peversity) intersection cohomology of X (). But intersection
cohomology, regarded as a module over singular cohomology, satisfies
the hard Lefschetz theorem, which implies that the coefficients of f(L, x)
are unimodal. For background information about toric varieties and
the hard Lefschetz theorem, see R. Stanley, in Discrete Geometry and
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73.

74.

75.

76.

77.

Convexity (J. E. Goodman, et al., eds.), Ann. N.Y. Acad. Sci. (1985),
pp- 212-223. For intersection (co)homology, see M. Goresky and
R. MacPherson, Topology 19 (1980), 135-162, and Invent. Math. 72
(1983), 77-129. For further information on this exercise, see R. Stanley,
Generalized h-vectors, intersection cohomology of toric varieties, and
related results, in Proc. U.S.-Japan Joint Seminar on Commutative
Algebra and Combinatorics (M. Nagata, ed.), North-Holland, to
appear.

L,, is in fact the lattice of faces of a certain convex polytope C(n, d) called
a cyclic polytope. Hence by Proposition 3.8.9, L,, is an Eulerian lattice. The
combinatorial description of L,, given in the problem is called “Gale’s
evenness condition.” See, for example, p. 85 of P. McMullen and G. C.
Shephard, Convex Polytopes and the Upper Bound Conjecture, Cambridge
Univ. Press, 1971, or [20], p. 62. It is also possible to give a direct combina-
torial solution avoiding all mention of convex polytopes.

Let P = {x,,...,x,}, and define

P={(a,...,0,)eR":0<; < l,and x; < x; = o; < ;}.

Then 2 is a convex polytope, and it is not difficult to show (as first noted
in L. Geissinger, Proc. Third Carribean Conf. on Combinatorics, 1981,
pp. 125-133) that I'(P) is isomorphic to the dual of the lattice of faces of
£ and hence is an Eulerian lattice. For further information on the polytope
P, see R. Stanley, J. Disc. and Comp. Geom.  (1986), 9-23.

a. P,is the Bruhat order of S,, and may be generalized to arbitrary Coxeter
groups. In this context, P, was shown to be Eulerian by D.-N. Verma,
Ann. Scient. Ec. Norm. Sup. 4 (1971), 393-398, and V. V. Deodhar,
Invent. Math. 39 (1977), 187—-198. A far-reaching topological generaliza-
tion is due to A. Bjorner and M. Wachs [9]. A survey of Bruhat orders
is given by A. Bjorner, Contemp. Math. 34 (1984), pp. 175-195.

b. Follows from Cor. 3 on p. 185 of Bjorner, ibid.

c. P. H. Edelman, Geometry and the Médbius function of the weak Bruhat
order of the symmetric group, preprint (Theorem 1.3).

d. This result was first proved by R. Stanley, European J. Combinatorics
5(1984), 359-372 (Cor. 4.3). Subsequent proofs are announced in P. H.
Edelman and C. Greene, Contemporary Math. 34 (1984). 155-162, and
A. Lascoux and M.-P. Schiitzenberger, C. R. Acad. Sc. Paris 295, Série
1(1982), 629-633. P. H. Edelman and C. Greene will publish their proof
in a paper entitled Balanced tableaux, Advances in Math., to appear.

P is an interval of the poset of normal words introduced by F. D. Farmer,
Math. Japonica 23 (1979), 607-613. It was observed by A. Bjorner and
M. Wachs [10], §6, that the poset of all normal words on a finite alpha-
bet S = {s,,...,5,} is just the Bruhat order of the Coxeter group W =
{S:s? = 1>.Hence Pis Eulerian by the Verma—Deodhar result mentioned
in the solution of Exercise 75. A direct proof can also be given.

M. M. Bayer and L. J. Billera, Inv. Math. 79 (1958), 143-157 (Thm. 2.6).
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For a survey of related results, see M. M. Bayer and L. J. Billera, in
Contemp. Math. 34 (1984), 207-252.

78. a. Let [x,y] be an (n + 1)-interval of P, and let z be a coatom (element
covered by y) of [x, y]. Then [x, y] has A(n + 1) = B(n + 1)/B(n) atoms,
while [x, z] has A(n) = B(n)/B(n — 1) atoms. Since every atom of [x, z]
is an atom of [x, y] we have A(n + 1) > A(n), and the proof follows.
b. The poset of Flgure 3-66 could be a 4-interval in a binomial poset where
B(n) = - F,

Figure 3-66

79. a.  [12], Prop. 9.1. This result is proved in exact analogy with Theorem
3.154.
b, c¢. [12], Prop. 9.3.

80. As the notation becomes rather messy, let us illustrate the proof with the
example a;, =0,a, =3,a;, =4, m = 6. Let
S, ={60,6i +3,6i+4:0<i< n},
Sy =S, {6n},S, =S, {6n,6n + 3}
Let P be the binomial poset B of all finite subsets of N, ordered by inclusion,
and let ug(n) be as in Section 3.16. Then by Theorem 3.12.1 we have

(=10fi(n) = ps (6n):= g,(n)
(= D)™ fa(n) = ps, (6n + 3):= g,(n)
(=" 2f3(n) = pg;(6n + 4):= gy(n).

By the defining recurrence (14) for 4 we have

> 6n : 6n _

5G],

- 6n + 3 - 6n + 3

Z’( j ) Z‘<6+3>92() ;;)(

n 6n+4 n 6n+4 ‘ n—1 6n+4> '
- [).

=Zo( ) =Z<6z+3> ) .-=o<6i+4 g(i)

These formulas may be rewritten (incorporating also g, (0)

3 6 ; 6 . 6n )
Son =2, [(621) ai)+ <6i : 3)g2(l) * (61‘ + 4)93(’)}
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81.

o £[(7% (5 o (= o]

NI P CLE AN R\
Ozf;)K 6i )gl(lH_<6i+3>gz(1)+<6i+4)g3(l):,'

Multiplying the three equations by x®"/(6n)!, x"*3/(6n + 3)!. and xontd)
(6n + 4)!, respectively, and summing on n > 0 yields

Fi®y + F,®; + F,d, = 1

Fi®; + F,®, + F;0, =0

F,d, + F,®, + F,0, =0,
as desired. We leave the reader to see that the general case works out in
the same way. Note that we can replace f,(n) by the more refined Y 2q'™,
where 7 ranges over all permutations enumerated by Si(n), simply by
replacing B by B(q) and thus q! by (a)! and (§) by (}) throughout.

An alternative approach to this problem is given by D. M. Jackson
and I. P. Goulden, Advances in Math. 42 (1981), 113-135.

a. [35, Lem. 2.5]

b. Apply Theorem 3.15.4 to (a). See [35, Cor. 2.6].

¢. Specialize (b) to P = B(g), and note that by Theorem 3.12.3 we have
G.(q,1) = (—1)"h(n)|,-_,. A more general result is given in [35, Cor. 3.6].




4.1

CHAPTER 4

Rational Generating Functions

Rational Power Series in One Variable

The theory of binomial posets developed in the previous chapter sheds consider-
able light on the “meaning” of generating functions and reduces certain types of
enumerative problems to a routine computation. However, it does not seem
worthwhile to attack more complicated problems from this point of view. The
remainder of this book will for the most part be concerned with other techniques
for obtaining and analyzing generating functions. We first consider the simplest

“general class of generating functions, namely, the rational generating functions. In

this section we will concern ourselves with rational generating functions in one
variable; that is, generating functions of the form F(x) = Z,,Z(,f(n)x" that are
rational functions in the ring C[[x]]. This means that there exist polynomials
P(x), Q(x) e C[x] such that F(x) = P(x)Q(x) ! in C[[x]]. Here it is assumed that
0(0) # 0, so that Q(x)~! exists in C[[x]]. The fundamental property of rational
functions in C[[x]] from the viewpoint of enumeration is ili¢ following:

4.1.1 Theorem. Leta,,a,,...,o,be afixed sequence of complex numbers,d > 1
and o, # 0. The following conditions on a function f: N — C are equivalent:
. P(x)
i n)x" = ——, 1
n;of( ) Q(X) ( )

where Q(x) =1 + o;x + a,x* + *-- + a,x? and P(x) is a polynomial in x of
degree less than d.

ii. Foralln >0,
fn+d)+oa,fin+d—-1)+of(n+d—2)+ -+ a,f(n)=0. 2)

iii. Forall n > 0,
k
f) = ¥ Pnivi, ()

where 1 + oy x + 0,x2 + -+ 4+ azx? = [J5 (1 — y;x)%, the y/s are distinct,
and P;(n) is a polynomial in n of degree less than d,.

202
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Proof. Fix Q(x) =1+ a;x + - + a,x. Define four complex vector spaces as
follows:

¥y = {f:N — C such that (i) holds}
V, = {f:N — C such that (ii) holds}
V3 = {f: N — C such that (iii) holds}

Ve ={f:N—C such that 5, f(n)x" =) %, Gi(x)(1 — y,x)™%, for some
polynomials G;(x) of degree less than d;, where y; and d; have the same
meaning as in (iii) }.

In (i), we may choose the d coefficients of P(x) arbitrarily. Hence dim V, = d.
In (i1), we may choose f(0),f(1),...,f(d — 1) and then the other f(n)’s are uniquely
determined. Hence dim V, =d. In (iii), we may choose the d coefficients of
P,(n),..., P(n) arbitrarily. Hence dim V5 = d. In V,, we may choose the d coef-
ficients of G,(x),..., G,(x) arbitrarily. Hence dim ¥, = d.

If f e V;, then equate coefficients of x” in the identity Q(x)) 50 f(n)x" =
P(x) to get f e V,. Since dim V| = dim V,, there follows V; = V,.

By putting the sum ) ¥, G;(x)(1 — y,;x)™% over a common denominator, we
see V, < V;. Since dim V| = dim V,, there follows V; =V, = V,.

Now the sum ) ¥_; G;(x)(1 — y;x) ™% s a finite linear combination of terms of
the form x/(1 — yx)™¢, where j < c¢. We have

x’ ] AT VTN nn—j/c+n—l_j
(1—Vx)c_xn§o( X —";)xyy \ c—1 )

Since y /(¢*"=17J) is a polynomial in n of degree ¢ — 1, it follows that V, < V;.

Since dim V; = dim V,,, we conclude V| = V, = V3(= V,). O
Before turning to some interesting variations and special cases of Theorem

4.1.1, we first give a typical example of how a rational generating function arises in

combinatorics.

4.1.2 Example. Let f(n) be the number of paths with n steps starting from 0 =
(0,0), with steps of the type (1,0), (—1,0), or (0, 1), and never intersecting them-
selves. For instance, f(2) = 7, as shown in Figure 4-1. Equivalently, letting E =
(1,0), W = (—1,0), N = (0, 1), we want the number of words A, A, -+ A4,, each 4;
either E, W, or N, such that EW and WE never appear as factors. Let n > 2.
There are f(n — 1) words of length n ending in N. There are f(n — 1) words of
length nendingin EE, WW, or NE. There are f(n — 2) words of length n ending in
NW. Every word of length >2 ends in exactly one of N, EE, WW, NE or NW.

0 0 0 0 O 0 0
Figure 4-1
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Hence
Sy =2f(n—1)+fin—2), fO=1, f(1)=3.

By Theorem 4.1.1, there are numbers 4 and B for which ) ,.,f(n)x" =
(A + Bx)/(1 — 2x — x?). By, for example, comparing coefficients of 1 and x, we
obtain A = B =1,s0

» 1 + x
";)f(n)x 1 —2x — x?
We have 1 —2x —x? = (1 — (1 + /2)x)(1 — (1 — /2)x). Again by Theorem
4.1.1 we have f(n) = a(l + \/5)" + b(1 — \/i)" for some numbers a and b. By, for
example, setting n = 0,1 we obtain a = 4(1 + . /2)and b = $(1 — ﬁ). Hence

f) =301 + /2" + (1 = /2]
Note that without the restriction that the path doesn’t self-intersect, there are 3"
paths with n steps. With the restriction, the number has been reduced from 3" to
roughly (1 + \/2)" = (2.414---)".

Further Ramifications

In this section we will consider additional information that can be gleaned from
Theorem 4.1.1. First we give an immediate corollary that is concerned with the
possibilities of “simplifying” the formulas (1), (2), (3).

4.2.1 Corollary. Suppose f: N — C satisfies any (or all) of the three equivalent
conditions of Theorem 4.1.1, and preserve the notation of that theorem. The
following conditions are equivalent:

i. P(x) and Q(x) are relatively prime. In other words, there is no way to
write P(x)/Q(x) = P,(x)/Q,(x), where P;, Q, are polynomials and deg @, <
degQ =d.

ii. There does not exist an integer 0 < ¢ < d and complex numbers f,,..., S,
such that

fin+o+ B fin+tc—1)+-+pf(n)=0
for all n > 0. In other words, (2) is the homogeneous linear recurrence with
constant coefficients of least degree satisfied by f(n).
iii. degPi(n) =d; — 1forl <i<k. a

Next we consider the coefficients of any rational function P(x)/Q(x)e
C[[x]], not just those with deg P < deg Q.

4.2.2 Proposition. Let f:N — C and suppose that ) ,-of(n)x" = P(x)/Q(x),
where P, Q € C[x]. Then there is a unique finite set E, < N (called the exceptional
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set of f) and a unique function f, : E, — C* such that the function g:N — C
defined by

o) = f(n), ifn¢E,

f(n) + fi(n), ifnekE,,
satisfies ano g(n)x" = R(x)/Q(x) where Re C[x] and deg R < deg Q. Moreover,
assuming E; # ( (i.e, deg P > degQ), define m(f) = max{i:ie E,}. Then:
i. m(f)=degP — degQ.

ii. m(f)is the largest integer n for which (2) fails to hold.

iii. Writing Q(x) = []5(1 — y;x)* as in Theorem 4.1.1(iii), there are unique poly-
nomials P,,..., P, for which (3) holds for all n sufficiently large. Then m(f) is
the largest integer n for which (3) fails.

Proof. By the division algorithm for polynomials in one variable, there are
unique polynomials L(x) and R(x) with deg R < degQ, such that

P(x) R(x)

—— =1L el

o~ " 5 “
Thus we must define E,, g(n), and f; (n) by

R

Z g(n)x" = ,_()i), E ={i: EL(x) £0}, Y fi(n)x"= L(x).

n>0 Q(x) i neks
The rest of the proof is then immediate. O

We next describe a fast method for computing the coefficients of a rational
function P(x)/Q(x) = ) ,>0f(n)x" by inspection. Suppose (without loss of gener-
ality) that Q(x) = 1 + a;x + = + a,x% and let P(x) = By + B, x + -+ + Box°
(possibly e > d). Equating coefficients of x" in

Zf )x" = P(x)

nZO

yields
f(":_axf(”_1)_""°fdf(n‘d)+ﬁm (5)

where we set f (k) = 0 for k < 0 and f, = O for k > e. The recurrence (5) can easily
be implemented by inspection (at least for reasonab]y small values of d and «;).
For instance, let P(x)/Q(x) = (1 —2x + 4x2 — x*)/(1 = 3x + 3x2 — x3). Then

f0)=Bo=1
f)y=3f0)+B,=3-2=1
f)=3f(1)=3f(0)+p,=3-3+4=4
f3)=3fQ -3+ fO +p3=12-3+1-1=9
f@) =33 -3+ f1)=27-12+1=16

)

f(5) =3f4)—3f3)+ f(2) =48 — 27 +4 =125,
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and so on. The sequence of values 1, 1, 4, 9, 16, 25,... looks suspiciously
like f(n) = n?, except for f(0) = 1. Indeed, the exceptional set E, = {0}, and

x+x2

P(x)/Q(x) =1 + 7=95 = 1 + Y 5o n%x". We will discuss in Section 4.3 the situ-
ation when f(n) is a polynomial, and in particular the case f(n) = n*.
Proposition 4.2.2(i) explains the significance of the number deg P — deg Q
when deg P > deg Q. What about the case deg P < deg Q? This is best explained
in the context of a kind of duality theorem. If )., f(n)x" = P(x)/Q(x) with
deg P < deg Q, then the formulas (2) and (3) are valid. Either of them may be
used to extend the domain of f to negative integers n. In (2), we can just run the
recurrence backwards (since by assumption a, # 0) by successively substituting
n=—1, —2,.... It follows that there is a unique extension of f to all of Z
satisfying (2) for all neZ. In (3), we can let n be a negative integer on the
right-hand side. It is easy to see that these two extensions of f to Z agree.

4.2.3 Proposition. Let deN and «,...,a,eC with o, # 0. Suppose f: Z - C
satisfies

fm+d)y+o,fin+d—-1)+ - +a,f(n)=0 forallneZ.

Thus ¥, f(n)x" = F(x) is a rational function. We then have

1
Z fl=n)x" = ‘F(;)

n21

as rational functions.

Proof. Let R(x) = P(x)/Q(x), where Q(x) =1 + a;x + -~ + ozx?. Let & de-
note the complex vector space of all Laurent series Y ,.za,x", a,€C. Although
two such Laurent series cannot be formally multiplied in a meaningful way, we
can multiply such a Laurent series by the polynomial Q(x). The map & L9
given by multiplication by Q(x) is a linear transformation. The hypothesis on f
implies that

Q(x) 3. finx"=0.

neZ

Since multiplication by Q(x) is linear, we have

Q(x) Y. f(—=n)x™"=—Qx) ) f(n)x" = —P(x).

n>1 n=>0

Substituting 1/x for x yields

n P(l/x) _
D T
as desired. (The reader suspicious of this argument should check carefully that .all
steps are formally justified. Note in particular that the vector space & contains
the two rings C[[x]] and {¥ ,<,,a,x"}, whose intersection is C[?c].) o
Proposition 4.2.3 allows us to explain the significance of certain properties of
the rational function P(x)/Q(x).

- F(I/X),
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4.24 Corollary. Let deN and ay,...,a,eC with o, # 0. Suppose f:7 - C
satisfies

fn+d)y+oa fi(n+d—1)+- +a,f(n)=0

for all ne Z. Thus } o f(n)x" = P(x)/Q(x) where Q(x) = 1 + a;x + - + o
and deg P < degQ.Say P(x) = fo + Byx + - + B,_, x L.

i. min{neN:f(n);éO}=min{jeN:[3j;é0}.

Moreover, if r denotes the value of the above minimum, then f(r) = 8.

ii. min{neP: f(—n) #0} = min{jeP:f;_; +# 0} = degQ — degP.
Moreover, if s denotes the value of the above minimum, then f(—s)=
‘ad—lﬁd—s'

iii. Let F(x) = P(x)/Q(x),and let r and s be as above. Then F(x) = +x"F(1/x)if
andonly if f(n) = Ff(—n+r —s)foralln € Z.

Proof. If
P(x) = Brxr + ﬁ’+1xr+l + + ﬂd-l'xd—l’

then P(x)/Q(x) = B.x" + ---, so (i) is clear. If
P(x) = Byox®™* + By x5 oo ¢ Bos

then by Proposition 4.2.3 we have

n P(1/x) Bigx @9 4o 4
Z f(—n)x = — - = _ d — ﬁo_d
n=1 Q(1/x) I+ oyx ' + -+ ox
= B Box?)
1+ Uggogix + 4+ aylxd oG " Pasx® 4+,
from which (ii) follows. Finally, (iii) is immediate from Proposition 4.2.3. -

Corollary 4.2.4(ii) answers the question raised above as to the significance of
deg Q — deg P when deg Q > deg P.

Itis clear that if F(x) and G(x) are rational power series belonging to C[ [x]],
then aF(x) + fG(x) (¢, feC) and F(x)G(x) are also rational. Moreover, if
F(x)/G(x)e C[[x]], then F(x)/G(x) is rational. Perhaps somewhat less obvious
is the closure of rational power series under the operation of Hadamard prod-
uct. The Hadamard product F * G of the power series F(x) = )5, f(n)x" and
G(x) =) ,50g(n)x" is defined by

FxG =) f(ng(n)x".

n=0

4.2.5 Proposition. If F(x) and G(x) are rational power series, then so is the
Hadamard product F *G.

Proof. By Theorem 4.1.1 and Proposition 4.2.2, the power series H(x)=
Y w0 h(n)x" is rational if and only if h(n) = ¥ ™, R,(n){" for n sufficiently large,
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where (y,...,(, are fixed non-zero complex numbers and R,,..., R, are fixed
polynomia]s in n. Thus if F(x) =) ,.,f(nx" and G(x) =Y ,.09(n)x", then
Z, 1 Pi(n)yi and g(n) = Y}, Q;(n)é} for n large. Then

n)g(n) = ZP n)(y:9;)"
for nlarge, so F % G is rational. ' O
Polynomials

An important special class o functions /: N — C whose generating function
Y nsof(n)x" is rational are the polynomials. Indeed, the following result is an
immediate corollary of Theorem 4.1.1.

4.3.1 Corollary. Letf:N — C,and letdeN. The following three conditions are
equivalent:

. P(x)
. 2. f(n) = TR

n=0

where P(x)e C[x] and deg P < 4.
ii. Foralln >0,

d+1 (d+1
> (—1)'”1_‘( ; )f(" +0)=0
i=Q

In other words, A?*! f(n) = 0.

iii. f(n) is a polynomial function of n of degree at most d. (Moreover, f(n) has
degree exactly d if and only if P(1) # 0.) O

Note that the equivalence of (ii) and (iii) is just Proposition 1.4.2(a). Also

note that when P(1) # 0, so that deg f = d, then the leading coefficient off n) is
P(1)/d!. This may be seen, for example, by considering the coefficient of (1 — x)™¢!
in the Laurent expansion of ) -, f(n)x" about x = 1.

The set of all polynomials f: N — C (or f: Z — C) of degree at most d is a
vector space P, of dimension d + 1 over C. This vector space has many natural
choices of a basis. A description of these bases and the transition matrices among
them would occupy a book in itself. Here we list what are perhaps the four most
important bases, with a brief discussion of their significance.

a. n',0 < i < d. When a polynomial f (n) is expanded in terms of this basis, then
we of course obtain the usual coefficients of f(n).

b. (}),0 < i < d.(Alternatively, we could use (n); = i!(}).). By Proposition 1.4.2(b)
we have the expansion f(n) = ¥ %, (A'f(0))(7). By Proposition 1.4.2(c), the
transition matrices between the bases n‘ and (?) are essentially the Stirling
numbers of the first and second kinds; that is,
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n | A

c. (1) ='("+§‘1) = (—=1)(7"), 0 <i < d. (Alternatively, we could use the rising
factorial n(n + 1)---(n + i — 1) = i!((")).) We thus have

fin)= z (— DA —n))((”))

Equivalently, if one forms the difference table of f(n) then the coefficients of (7))
in the expansion f(n) = Y ci((1) are the elements of the diagonal beginning
with f(0) and moving southwest. For instance, iff(n) = n® + n + 1 then we get
the difference table

29 -9 —1 1= f(0)
20 8 2
—-12 —6
6,

son®+n+1=1+2()— 6((2) + 6((2). The transition matrices with n‘
and (}) are given by

ni = _Zo(— Yi1S(, z)((?))

1 d |
(C))ﬂ”’ c(j,i)n', where c(j,i) = |s(j, )|

(0))-£(2)C)

d. ("*979),0 <i < d. There are (at least) two quick ways to see that this is a basis
for P,. Given that f(n) = Y {_o¢;,("*47%), set n = 0 to obtain ¢, uniquely. Then
set n = 1 to obtain ¢, uniquely, and so on. Thus the d + 1 polynomials (**47%)
are linearly independent, and therefore form a basis for P,. Alternatively,
observe that

n+d-—i\ , x!
n§0< d )x B (1 — x)*t

Hence the statement that the polynomials ("*4~) form a basis for P, is equiva-
lent (in view of Corollary 4.3.1) to the obvious fact that the rational func-
tions x(1 —x)™%!, 0<i<d, form a basis for all rational functions
P(x)(1 — x)™*7!, where P(x) is a polynomial of degree at most d. If ) 5 o f(n)x" =
(Wo + wyx + - + wyx?)/(1 — x)**!, then the numbers wy, w,, ..., w,are called
the f-Eulerian numbers, and the polynomial P(x) = wg + w,x + -+ + wyx? is
called the f-Eulerian polynomial. If in particular f(n) = n% then it follows from
Theorem 4.5.14 that the f~-Eulerian numbers w; are simply the Eulerian numbers

i
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A(d, i), while the f-Eulerian polynomial P(x) is the Eulerian polynomial A,(x).
Just as for the ordinary Eulerian numbers, the f~-Eulerian numbers frequently
have combinatorial significance. An example will be given in Section 4.5.
While we could discuss the transition matrices between the basis (**5~‘) and
the other three bases considered above, this is not a particularly fruitful
endeavor and will be omitted.

Quasi-polynomials

A quasi-polynomial (known by many other names, such as pseudo-polynomial and
polynomial on residue classes) of degree d is a function f: N — C (or f: Z — C) of
the form

fn) = ca(mn? + co (Mn?™ + -+ + co(n),

where each ¢;(n) is a periodic function (with integer period), and where ¢,(n) is not
identically zero. Equivalently, fis a quasi-polynomial if there exists an integer
N > 0(namely, a common period of ¢y, ¢y, . ..,¢4) and polynomials f, f1,..., fv—
such that '

f(n) = fi(n) ifn=i(modN).

The integer N (which is not unique) will be called a quasi-period of f.

4.4.1 Proposition. The following conditions on a functionf: N — C and integer
N > 0 are equivalent:
i. fis a quasi-polynomial of quasi-period N,
. . PX)
il nx" = —-,
7= 5w

where P(x), Q(x)e C[x], every zero a of Q(x) satisfies «” =1 (provided
P(x)/Q(x) has been reduced to lowest terms), and deg P < deg Q.

iii. Foralln >0,

fo) = ¥ P, G

where each P, is a polynomial function of n and each y; satisfies N =1.

Moreover, the degree of P(n)in (6) is equal to one less than the multiplicity of
the root y; ! in Q(x), provided P(x)/Q(x) has been reduced to lowest terms.

Proof. The proof is a simple consequence of Theorem 4.1.1; the details are
omitted. O
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4.4.2 Example. Let p,(n) denote the number of partitions of »n into at most k
parts. Thus from (29) in Chapter 1 we have

o i
L, P = G S T T ey

Hence p,(n) is a quasi-polynomial. Its minimum quasi-period is equal to the least
common multiple of 1,2,...,k, and its degree is Kk — 1. Much more precise
statements are possible; consider for instance the case k = 6. Then

Pe(n) = csn® + cyn* + c3n + co(m)n? + ¢, (n)n + cy(n),

where c3, ¢4, ¢s€Q (and in fact ¢5 = 1/5!6!, as may be seen by considering the
coefficient of (1 — x)~° in the Laurent expansion of 1/(1 — x)(1 — x2)---(1 — x%)
about x = 1), ¢,(n) has period 2, ¢, (n) has period 6, and c,(n) has period 60. (These
need not be the minimum periods.) Moreover, ¢, (n) is in fact the sum of periodic
functions of periods 2 and 3. The reader should be able to read these facts off from
the generating function 1/(1 — x)(1 — x2)---(1 — x°).

The case k = 3 is particularly elegant. Let us write [a4,a,,...,a,_,], for the
periodic function ¢ of period p satisfying c(n) = a; if n =i (modp). A rather
tedious computation yields

It is essentially an “accident” that this expression for p;(n) can be written in the
concise form ||75 (n + 3)?|, where ||t| denotes the nearest integer to the real
number ¢; that is, ||¢]| = Lt + 11

P-partitions

The remainder of this chapter will be devoted to three general areas in which
rational generating functions play a prominent role. We begin with the theory of
P-partitions, which is a common generalization of the theory of compositions
(=partitions of n whose parts are linearly ordered) and the theory of partitions
(whose parts are unordered). We have already had a glimpse of this theory in
Section 3.5.

Let P be a finite poset of cardinality p. For convenience, we regard P as a
natural partial order on [p], as defined in Section 3.12. In other words, ifi <jin
P, then i<j in Z. A map o:P — N is order-reversing if i <j in P implies
o(i) > o(j) in N. A map 7: P — N is strictly order-reversing if i <j in P implies
(i) > 7(j)in N. A P-partition of nis an order-reversingmap g : P — N satisfying
Y iep0(i) = n,denoted |6| = n. Similarly. a strict P-partition of nis a strict order-
reversing map 7 : P — N satisfying Y iep (i) = n,denoted [7| = n. For instance, if
P is a p-clement chain, then a P-partition of n is equivalent to an ordinary
partition of n into at most p parts. If, on the other extreme, P is a disjoint union of
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p points, then a P-partition of n is equivalent to a weak composition of n into p
parts.

The fundamental generating functions associated with P-partitions are de-
fined by

FP(xla---,xp) = Zxal'(l)...xz(l’)
a

FP(xl"--,xp) = thl(l)--.x;(P),
T

where o ranges over all P-partitions and 7 over all strict P-partitions. The
generating functions F and F essentially list all P-partitions and strict P-
partitions, and contain all possible information about them. Indeed, it is easy to
recover the poset P if either F or F is known.

We will derive explicit expressions for F and F from which many properties
of these and related generating functions will follow.

4.5.1 Lemma (and Definition).

a. Let C be a chain and peP. For any function f: [p] — C, there is a unique
permutation n = (a,,...,a,)€ S, satisfying:
i. f(a;)> f(a;) == f(a,), and
ii. f(a;)> f(a;+y)ifa; > a;y,.
We then say that f'is n-compatible.
b. Given f:[p] — C as above, there is also a unique permutation p =
(by,...,b,)e S, satisfying:
i (b)) > f(bs)> " > f(b,), and
ii. f(b;)> f(bis1)1fb; <biyy.
We then say that f'is dual p-compatible.

Proof.

a. Thereisa unique ordered partition (B,,...,B;)of [ p]such that fis constant on
each B;and f(B,) > f(B,) > ‘- > f(B,). Then n is obtained by arranging the
elements of B, in increasing order, then the elements of B, in increasing order,
and so on.

b. The function f: [p] = C is (a,,a,,...,a,)-compatible if and only if it is dual
(p+1—-a,p+1—a,,...,p+1—a,)compatible, so the proof follows
from (a). , O

4.5.2 Lemma.
a. Let n =(a,,...,a,)€S, and let S, be the set of all n-compatible functions

f:[p] = N. Then

F,(x _ [Ticp. XaXa =+ - Xa,
. (1)... jeD ayXay aj
R xp) = 3 x]a] = e
f€Sx ‘-=]( xa]xaz .. .xai)

; Q)

where D, is the descent set of .
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b. Let S, be the set of all dual n-compatible functions f: [ p] = N. Then

— ; ARX Xa, " Xg4.
Fn(xl""’xp) = Z x{(l)...xif(m = {116 o2 . s (8)
SeS, = (1 — Xg, Xgy, "X

a;

where A, = [p — 1] — D, is the ascent set of 7.

Proof.

a.

b.

Let f€S,. Define numbers ¢;, | <i < p, by

. {f (@) — fla,), ifa <ay, ;
a f(ai)—f(ai+1)—1, ifal->a‘.+1 ( )

where we set f(a,.;) = 0. Note that ¢; >0, and that any choice of ¢,
Cy,--.,¢,€N defines a unique function f € S, satisfying (9). Then

p
Sy ..y Sp) — .
x1 x, = | l(x,,lx,,2 Xa,) | [ Xg,Xa, " Xg.
i=1 jeDy,

This sets up a one-to-one correspondence between the terms in the left- and
right-hand sides of (7), so the proof follows.

Similar to (a). O

4.5.3 Lemma.

a.

Let P be a natural partial order on [p], and let #(P) < &, be the Jordan-
Holder set of P, as defined in Section 3.12. A function o : P — N is a P-partition
ifand only if it is z-compatible for some (necessarily unique) n € #(P). Equiva-
lently, if .o/ (P) denotes the set of all P-partitions, then

SP)= ) S,
re L(P)
A function t: P — N is a strict P-partition if and only if it is dual n-compatible
for some (necessarily unique) 7 € &£ (P). Equivalently, if .«Z (P) denotes the set of
all strict P-partitions, then
ZP) = ] S,.
ne L(P)

Proof.

a.

If n € £(P) then any n-compatible function o : P — N is clearly a P-partition.
Conversely, if 7 = (a,,a;,...,a,) ¢ £(P), then for some i < j we have a; > g;in
P and so also a; > a; as integers. Then for some i < k < j we have @, > ay+,.
Hence if o is m-compatible then o(a;) > - = 0(a,) > 0(ay4,) = = 0(g;), SO
o is not a P-partition. The uniqueness of n follows from Lemma 4.5.1.
Let n = (ay,-..,a,)€ ZL(P). If t is dual n-compatible then t is clearly a P-
partition. Suppose a; < a; in P, so i <j and g; < g; as integers. For some
i <k <jwehave a, < a,,,. Hence 1(q;)) < -+ < 1(a) < t(@+,) <+ < 1(a)),
so is in fact a strict P-partition. The converse is proved in the same way as (a).
a
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Combining Lemmas 4.5.2 and 4.5.3, we obtain the main theorem on the
generating functions Fp and F.

4.5.4 Theorem. Let P beanatural partial order on [p], with Jordan~Hodlder set
Z(P). Then

X X T X
F (x1’~ X,,) — H;eD n(1)Xn(2)” n(j) . (10a)
ney(P)H, 1(1 Xn(1)Xn2) " Xn(i))
and
— X X Tt X
Fp(xl,. . H]EA,, n(1)*n(2) n(Jj) (10b)

) = .
% neZ(P)“, (1= Xa()Xn(2)" " Xagiy)

4.5.5 Example. Let P be given by Figure 4-2. Then Lemma 4.5.3 says that every
P-partition o : P — N satisfies exactly one of the conditions

o(1)>0(2) > 0(3) > 0(4)
0(2) > a(l) 2 0(3) = 0(4)
o(l)20(2) > 0(4) > a(3)
0(2) > a(1) = a(4) > o(3)
0(2) = 0(4) > a(1) > a(3).
3 4
1 2
Figure 4-2

It follows that

1
(I = x)(1 = x;x5)(1 — x1x,%x3)(1 — xyx,;X3%,)

Fp(xy,X3,X3,X4) =

X3

(1 = x)(1 — x;x,)(1 — xyx,x3) (1 — x;x,X3%,)

X1XyXy

(1 = x ) = x;3,)(1 = x12x,x4) (1 — Xy X3%3%,)

X1x3x,
(I = x)(1 = x1x2) (1 — x1x5x4) (1 = X1 X;X3x4)

+

XXy

(I = x,)(1 = x5x)(1 — x3x,3x4)(1 — x1x2x3x4)'

+

Similarly, every strict P-partition t : P — N satisfies exactly one of the conditions
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(1) > 7(2) >
(2) > (1) > (3) > t(4)

1(2) > 7(3) > 7(4)
7( (
(1) > 7(2) > ©(4) > 7(3)
( (
( (

7(2) > (1) > 1(4) > (3)
7(2) > t(4) = (1) > ©(3),

and Fp(x,,x;,X3,X,) can also be written down by inspection. This example
illustrates the underlying combinatorial reason behind the efficacy of the funda-
mental Lemma 4.5.3—it allows the sets .o/(P) and &/ (P) of all P-partitions and
strict P-partitions to be partitioned into finitely many (namely, e(P)) subsets, each
of which has a simple description.

Theorem 4.5.4 leads immediately to a reciprocity theorem for P-partitions.

4.5.6 Lemma. Let neS,, and let F, and F, be as in Lemma 4.5.2. Then as
rational functions,

1 1
X1Xy  XpF(xy,. .0, x,) = (—l)pF,,(x—,...,->.
: 1

Xp

Proof. Letn = (a,,...,a,). We have

Fn<i,...,L>=] LLsep, (o xe, %)
p

X1 X [—Ilp=1(1 - (xalxalu'x )—1)

—(— pxl’:lxtfz L " Xg I—[_JED al az .xaj)_l 1
=(=1) : (11)
,=1 (1 xa,xa2 ) xa,-)

But
\
Hxa,xaz.”xaj' nxax Hxa, az.”
jeD, / \je4,
= xP 1xP=2...
ay a, a,
The proof now follows upon comparing (11) with (8). O

4.5.7 Theorem. (The reciprocity theorem for P-partitions.) The rational func-
tions Fp(x,,...,x,) and Fp(x,,...,x,) are related by

— ' 1 1
X1X2"'prp(x1,...,xp) = (— l)pFP(x-—,...,-—>.
1

Xp

Proof. Immediate from Theorem 4.5.4 and Lemma 4.5.6. O

We now turn to some specializations of the generating functions Fp and Fp.
These will provide quintessential examples of the combinatorial significance of
the general properties of rational functions discussed in Sections 4.1-4.4. Let a(n)
(respectively @(n)) be the number of P-partitions of n (respectively, strict P-
partitions of n). Define the generating functions
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Gp(x) = Z a(n)x",

n=

o

Gp(x) = a(n)x". (12)

n=

o

Clearly Gp(x) = Fp(x,x,...,x)and Gp(x) = Fp(x, X, ..., x). Moreover, [ | jc p. x’ =
x"™, where i(n) is the greater index (or major index) of n, defined (as in Section
1.3.3) by

(n) =Y j

jeDy

Hence from Theorems 4.5.4 and 4.5.7 we obtain:

45.8 Theorem. The generating function Gp(x) has the form

We(x)

Grl) = (1= x)(1 = x2)-(1 — x?)’

where Wp(x) is a polynomial given by

Wex)= Y x'™, (13)
ne L(P)

(So, in particular, a(n) is a quasi-polynomial.) Moreover,
xPGp(x) = (= 1) Gp(1/x). | a (14)

If we take P to be the antichain p1 in Theorem 4.5.8, then clearly G,(x) =
(1 — x)7P. Comparing with (13) yields the result mentioned after Proposition
1.3.12.

459 Corollary. We have
Y XP=(1+x)1+x+x2) (14 x+-+x"7") O

e,

Note the surprising consequence of (14)—if we know the numbers a(n), then
we can determine the numbers a(n). Equations (13) and (14) also have the
unexpected consequence that the numbers a(n) yield information about the
structure of chains in P. If t € P, then define §(t) to be the length £ of the longest
chaint =ty <t, < <t,of P whose first element is t. Also define

(P) =) &)

teP
We say that P satisfies the §-chain condition if for all t € P, all maximal chains of
the principal dual order ideal ¥, = {t"e P|t' > t} have the same length. If Phas a
0, then this is equivalent to saying that P is graded. Note, however, that the posets
P and Q of Figure 4-3 satisfy the d-chain condition but are not graded.

S

P Q
Figure 4-3
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4.5.10 Corollary. Let p = |P|. Then the degree of the polynomial Wj(x) is (3) —
0(P). Moreover, Wp(x) is a monic polynomial. (See Corollary 4.2.4(11) for the
significance of these results.)

Proof. By (13), we need to show that

max i(n) = (p ) — 8(P),
ne L (P) 2

and that there is a unique = achieving this maximum. Let n = (ai,a,,...,a,)e
Z(P), and suppose the longest chain of P has length 7. Given 1 <i < ¢/, let ji; be
the largest integer for which (g; ) = i. Clearly, j, > j, > --- > j,. Now for each i,
there is some element g, of P satisfying a;, < a,, in P (and thus also g;, < g, in
Z) and é(ay,) = 8(a;,) — 1. It follows that j; < k; < Ji—1. Hence somewhere in
between j; and j;_, there is a paira, < a,,, in Z, so

4
m) < (;’) - Y

If §; denotes the number of elements ¢ of P satisfying 6(t) = i, then by definition
Ji=0;+ 6,4y + -+ 6,. Hence

1(n) < (5) — i

-(2)-goo

If equality holds, then the last J, elements t of = satisfy d(¢) = 0, the next J,
elements t from the right satisfy 4(t) = 1, and so on. Moreover, the last 8, elements
must be arranged in decreasing order as elements of Z, the next §, elements also in

decreasing order, and so on. Hence there is a unique = for which equality holds.
O

(0; + Oi4y + -+ 0)

M~

4.5.11 Example. Let P be the natural partial order shown in Figure 4-4. Then
the unique n e #(P) satisfying 1(n) = (§) — 6(P) is given by

n=(1,6579473,11,10,8),
so 1(n) = 36 and 6(P) == 19.

Figure 4-4
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For our next result concerning the polynomial W;(x), recall that o/ (P)
(respectively, &/ (P)) denotes the set of all P-partitions (respectively, strict P-
partitions). Define a map (denoted ‘) .«/(P) — .« (P) by the condition

o'(t)y=o0(t) + 6(t), teP. ' (15)

Clearly the correspondence o+ o’ is injective.

4.5.12 Lemma. The injection o ¢’ is a bijection from .«/(P) to &/ (P) if and
only if P satisfies the -chain condition.

Proof. The “if” part is easy to see. To prove the “only if” part, we need to show
that if P fails to satisfy the é-chain condition then there is a T € .«Z(P) such that
7 — 0 ¢ </ (P). Assume P does not satisfy the -chain condition. Then there exist
two elements ¢y, t; of P such that t, covers t, and (ty) > 4(t;) + 1. Define 7 by

() = o(t), ift>tyand t #t, (in P)
S8+ 1, iftPt,ort=t, (inP)

It is easily seen that e .o/(P), but
T(tg) — d(to) =0 < 1 = 1(t;) — 6(¢y).

Since t < t;, T — 5 ¢.4(P). | O

4.5.13 Theorem. Let P be a p-element poset. Then P satisfies the J-chain
condition if and only if

x(g)—é(P) Wp<%> — Wp(x). (16)

(Since deg Wp(x) = (5) — 6(P), (16) simply says that the coefficients of Wp(x) read
the same backwards as forwards.)

Proof. Let ge€.o/(P) with || = n. Then the strict P-partition ¢’ defined by (15)
satisfies |6’| = n + O(P). Hence from Lemma 4.5.12 it follows that P satisfies the -
chain condition if and only if a(n) = a(n + 6(P)) for all n > 0. In terms of
generating functions this condition becomes x*® Gp(x) = Gp(x). The proof now
follows from Theorem 4.5.8. O

The Order Polynomial

Recall from Section 3.11 that the order polynomial Q(P, m) of the finite posct P
was defined for me P to be the number of order-preserving maps g : P - m. We
also define the strict order polynomial Q(P, m) for me P to be the number of strict
order-preserving maps 7 . P — m. The basic properties of these two polynomials
can easily be obtained using the preceding theory of P-partitions. Note that
o : P - m is order-reversing (respectively, strictly order-reversing) if and only if
the map ¢’ : P — m defined by ¢'(x) = m + 1 — o(x) is order-preserving (respec-
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tively, strictly order-preserving). It follows that Q(P, m) (respectively, Q(P, m)) is
just the number of P-partitions (respectively, strict P-partitions) ¢ : P — m. The
fundamental property of the polynomials Q(P,m) and Q(P,m) is the
following.

4.5.14 Theorem. We have

Y QP,m)aAm =( Y ,11““")(1 — )P

m>0 e L(P)
Zl Q(P,m)A™ = < ;P ,11+“<">>(1 — )7
m> ne L(P)

Proof. With alittle effort a proof can be deduced from Theorem 4.5.4. However,
it is easier to appeal directly to Lemma 4.5.3. A function f: P — m is compatible
with the permutation # = (a,, .. .,a,)e L(P)if and only if

m—d(n) > f(a,) —dy 2 flay) —d, =2+ > f(a,) — d, > 1,
where
d; = #{J] Pl i’aj> aj+l}'

Hence the number of such f'is equal to (("~#™)), with generating function

m—dm)\\,, = A
Zo(< p >/“ (1= AT

Summing over all ne #(P) yields the first equation of the theorem. Analogous
reasoning yields the second equation. O

4.5.15 Corollary. (The reciprocity theorem for order polynomials.) The poly-
nomials Q(P, m) and Q(P, m) are related by Q(P,m) = (— 1)PQ(P, —m).

Proof. Let
Hp(2) = Y Q(P,m)A™ and Hy(l) = Y Q(P,m)i™

m>0 m>1
Since d(n) + a(n) = p— 1, it follows from Theorem 4.5.14 that Hp(1/1) =
(—1)*"'Hp(A). The proof follows from Proposition 4.2.3. (One could also appeal
directly to Lemma 4.5.3, using the formula

()" ) a

Theorem 4.5.13 shows that from the polynomial W,(x) (or equivalently, from
the numbers a(n) of (12)) we can decide whether or not P satisfies the d-chain
condition. There are similar results concerning Q(P, m). Recall that P is graded of
rank ¢ if every maximal chain of P has length . We also say that P satisfies the A-
chain condition if every element of P is contained in a chain of maximum length.
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Figure 4-5

Clearly a graded poset satisfies the A-chain condition. The converse is false, as
shown by Figure 4-5. (See also Exercise 3.5.)

Let .«7,,(P) (respectively, &, (P)) denote the set of all order-reversing maps
(respectively, strict order-reversing maps) ¢ : P — m. The next result is the ana-
logue of Lemma 4.5.12 for graded posets and for the A-chain condition.

45.16 Lemma. Let P be a finite poset with longest chain of length 7. For each
i € P, define an injection 6; : &4;(P) — s,,;(P) by (o) =0 + 8.

a. The map 6, is a bijection (i.e., |.«/,,,(P)| = 1) if and only if P satisfies the A-
chain condition.

b. The maps 6, and 6, are both bijections ifand only if P is graded. In this case 6; is
a bijection for all ie P.

Proof.

a. The “if” part is clear. To prove the converse, define 6*(x) for xe P to be
the length k of the longest chain x = x5 < x; <-** < x,in P with bottom x. Thus
d(x) + 0*(x)is the length of the longest chain of P containing x, and 6(x) + 6*(x) =
¢ for all x € P if and only if P satisfies the A-chain condition. Define 0,7 € ., ,(P)
by g(x) = 1 + 8(x) and t(x) = £ — 6*(x) + 1. Then o % t if (and only if) P fails
to satisfy the A-chain condition, so in this case 0, is not a bijection.

b. Again the “if” part is clear. To prove the converse, assume that P is not
graded. If P does not satisfy the A-chain condition, then by (a) 6, is not a bijection.
Hence assume P satisfies the A-chain condition. Let x, < x; <-** < x, be a
maximal chain of P with m < /. Let k be the greatest integer, 0 < k < m, such
that &(x,) > m — k. Since P satisfies the A-chain condition and x, is a minimal
element of P, d(xo) = £ > m; so k always exists. Furthermore k # m since x, is
a maximal element of P. Define amap o: P — [£ + 2] as follows:

) 1 + 6(x), if x € X344
a(x) = , .
I+ max(d(x), 0(xe+y) + A0, Xp4q) + 1), 1 X < X0y,

where A(x, x,.;) denotes the length of the longest chain in the interval [x, x4, ]-
It is not hard to see that o .9, ,(P). Moreover,

o) —8) =1, o) — 8(Xe41) = 2,

so ¢ — d¢ .o/ (P). Hence 6, is not a bijection, and the proof is complete. O

4.5.17 Corollary. Let P be a p-element poset with longest chain of length 7.
Then Q(P, —1) = Q(P, —2) = -+ = Q(P, —¢) = 0. Moreover:
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a. P satisfies the A-chain condition if and only if Q(P, —¢ — 1) = (—1)~.
b. The following three conditions are equivalent:
i. P is graded.
ii. QP, -/ —-1)=(=1) and Q(P,— ¢ —2)=(—-1PQ(P,2).
iiil. Q(P,—7¢ —m)=(—1°"Q(P,m) forallmeZ. O

The following example illustrates the computational use of Corollary 4.5.17.

45.18 Example. Let P be given by Figure 4-6. Thus Q(P, m) is a polynomial of
degree 6, and by the preceding corollary Q(P,0) = Q(P, — 1) = Q(P, —2) = 0,
Q(P, 1) = Q(P, -3) = 1,Q(P,2) = Q(P,—4). Thus as soon as we compute Q(P, 2)
we know seven values of Q(P, m), which suffice to determine Q(P, m) completely.
In fact, Q(P,2) = 14, from which we compute

y 2 3 4
S Qpmyn < A TR TR
m>0 (1 —’{)7

Figure 4-6

Linear Homogeneous Diophantine Equations

Let @ be an r x m matrix with integer entries (or Z-matrix). Many combinatorial
problems turn out to be equivalent to finding all (column) vectors & € N™ satisfying

Qo = 0, (17)

where 0 = (0,0,...,0)eN". Equation (17) is equivalent to a system of r homo-
geneous linear equations with integer coefficients in the m unknowns o« =
(a;,...,a,) (For convenience of notation we will write column vectors as row
vectors.) Note that if we were searching for solutions « € Z™ (rather than e N™),
then there would be little problem, The solutions in Z™ (or Z-solutions) form a
subgroup G of Z™ and hence by the theory of finitely generated abelian groups, G
is a finitely-generated free abelian group. The number of generators (or rank) of G
is equal to the nullity of the matrix @, and there are well-known algorithms for
finding the generators of G explicitly. The situation for solutions in N™ (or
N-solutions) is not so clear. The set of solutions forms not a group, but rather a
(commutative) monoid (semigroup with identity) E = Eg. It certainly is not the
case that E is a free commutative monoid; that is, that there exist a;,..., %€ E
such that every aeE can be written uniquely as ) i_, a0, where a;eN.
For instance, take ® = [1,1, — 1, —1]. Then in E there is the non-trivial relation
(1,0,1,0) + (0,1,0,1) = (1,0,0,1) + (0, 1, 1,0).
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Without loss of generality we may assume that the rows of ® are linearly
independent; that is, rank ® = r.Ifnow ENP™ = () (i.e., the equation (17) has no
P-solution), then for some ie [m], every (a,,...,a,)¢€ E satisfies o; = 0. It costs
nothing to ignore this entry a;. Hence we may assume from now on that
ENP™ # @. We then call E a positive monoid.

We will analyze the structure of the monoid E to the extent of being able to
write down a formula for the generating function

E(x) = E(x;,...,x,) = Y x% (18a)
aeE
where if @ = (ay,...,,) then x*:= x3'--- x%. We will also consider the closely
related generating function
E(x)=E(xy,....xn) = Y X% (18b)
aeE

where E = ENP™. Since we are-assuming E # (@, it follows that E(x) # 0. In
general throughout this section, if G is any subset of N™ then we write

G(x)= ) x*

aeG

First, let us note that there is no real gain in generality by also allowing
inequalities of the form We > 0 forsomes x m Z-matrix ‘¥. This is because we can
introduce slack variables y = (y,,...,7,)and replace the inequality ‘Yo > 0 by the
equality ¥(a) — v = 0. An N-solution to the latter equality is equivalent to an
N-solution of the original inequality. In particular, the theory of P-partitions
developed in the last section can be subsumed by the general theory of N-
solutions to (17). Introduce variables «, for all xe P and a,, for all pairs x < y (or
in fact just for y covering x). Then an N-solution & to the system

o, —a, —a,, =0, forall x <yin P (orjust for all y covering x), (19)

is equivalent to the P-partition ¢: P — N given by o(x) = a,. Moreover, a P-
solution to (19) is equivalent to a strict P-partition t with positive parts. If we
merely subtract one from each part, then we obtain an arbitrary strict P-partition.
Hence by Theorem 4.5.7, the generating functions E(x) and E(x) of (18a) and
(18b), for the system (19), are related by

E(x) = (— 1) E(1/x), (20)

where 1/x denotes the substitution of 1/x; for x; in the rational function E(x). This
suggests a reciprocity theorem for the general case (17), and one of our goals will
be to prove such a theorem. (We do not even know yet whether E(x) and E(x)are
rational functions; otherwise (20) makes no sense.) The theory of P-partitions will
provide clues as to how to obtain a formula for E(x). Ideally we would like to
partition in an explicit and canonical way the monoid E into finitely many easily-
understood parts. Unfortunately we will have to settle for somewhat less. We will
express E as a union of nicely behaved parts (called “simplicial monoids”), but
these parts will not be disjoint and it will be necessary to analyze how they
intersect. Moreover, the simplicial monoids themselves will be obtained by a
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rather arbitrary construction (not nearly as elegant as associating a P-partition to
a unique ne Z(P)), and it will require some work to analyze the simplicial
monoids themselves. But the reward for all this will be an extremely general
theory with a host of interesting and significant applications.

Although the theory we are about to derive can be developed purely alge-
braically, it is much more convenient and intuitive to proceed geometrically.
To this end we will briefly review some of the basic theory of convex polyhedral
cones. A linear half-space Z of R™ is a subset of R™ of the form & = {v:v-w > 0}
for some fixed non-zero vector w e R™. A convex polyhedral cone € in R™ is defined
to be the intersection of finitely many linear half-spaces. (Some authorities would
require that & contains a vector v # 0.) We say that € is pointed if it doesn’t
contain a line; or equivalently, whenever 0 # ve @ then — v¢%. A supporting
hyperplane # of € is a linear hyperplane that intersects ¥ and of which ¥ lies
entirely on one side. In other words, # divides R™ into two closed half-spaces
A" and # ~ (whose intersection is #), such that either ¥ = #* or¥ = # . A
face of € is a subset # N € of €, where 5 is a supporting hyperplane. Every face
F of P is itself a convex polyhedral cone, including the degenerate face {0}. The
dimension of %, denoted dim %, is the dimension of the subspace of R™ spanned
by #.1fdim # = i, then & is called an i-face. In particular, {0} and € are faces of
%, called improper, and dim {0} = 0. A 1-face is called an extreme ray, and if
dim % = dthen a(d — 1)-face is called a facet. We will assume the standard result
that a pointed convex polyhedral cone € has only finitely many extreme rays, and
that & is the convex hull of its extreme rays. A simplicial cone o is an e-dimensional
pointed convex polyhedral cone with e extreme rays (the minimum possible).
Equivalently, o is simplicial if there exist linearly independent vectors B, ..., B, for
which ¢ = {a,B;, + - + a.B.:a;e R, }. A triangulation of € consists of a finite
collection I' = {0,,...,0,} of simplicial cones satisfying: (i) U g, =%, (G)ifoel,
then every face of ¢ is in I', and (iii) 6; N g; is a common face of ¢; and o;.

4.6.1 Lemma. A pointed convex polyhedral cone % possesses a triangulation
I' whose extreme rays (= 1-dimensional cones contained in I') are the extreme
rays of €.

Proof. Induction ondim &. Fordim % = 1or 2 there is nothing to prove since ¢
is simplicial. Assume dim % > 2. Let £ be an extreme ray of %. By induction, we
can triangulate each facet of % intersecting # only at 0, and using no new extreme
rays. Let I',,..., T, denote these triangulations. For each o €T, define o* to be
the convex hull of ¢ and £; that is, the intersection of all convex sets containing o
and Z.

Thus ¢* is a simplicial cone satisfying dimo* = 1 + dimg. Define I' to
consist of all the cones o*, where o €T, for some i, together with all faces of these
cones o*. It is not difficult to check that I" has the desired properties. ;

The boundary of %, denoted 9%, is the union of all facets of . (This coincides
with the usual topological notion of boundary.) If I is a triangulation of €, define
the boundary oI = {ceT : 0 < 0%} and interior I = T — 4I..
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4.6.2 Lemma. LetTI be any triangulation of 4. Let F denote the poset (actually
alattice) of elements of I', ordered by inclusion, with a 1 adjoined. Let u denote the
Mébius function of ™. Then I is graded of rank d = dim ¥, and

(_l)dimr—dima, ifo<t< f

(o, 1) =< (= 1)¢"dime+t  irseTand 1 = 1
0, ifoedl and 7t = 1.
Proof. This is a special case of Proposition 3.8.9. O

Let us now return to the system of equations of (17). Let € denote the set of all
solutions & in nonnegative real numbers. Then % is a pointed convex polyhedral
cone. We will always denote dim % by the letter d. Since we are assuming that
rank ® = r and that E is positive, it follows thatd = m — r [why?]. Although we
don’t require it here, it is natural to describe the faces of ¢ directly in terms of E.
We will simply state the relevant facts without proof. If « = (a4,...,a,)eR™,
define the support of o, denoted supp e, by suppee = {i: o; % 0}. If X is any subset
of R™, define

supp X = () (suppa).
ae X
Let L(%) be the lattice of faces of €, and let L(E) = {suppa:aec E}, ordered by
inclusion. Define a map f: L(¥) — B,, (the boolean algebra on [m]) by f(¥) =
supp % . Then f is an isomorphism of L(%) onto L(E).

4.6.3 Example. Let® =[1,1, —1, —1]. The poset L(E) is given by Figure 4-7.
Thus € has four extreme rays and four 2-faces. O

1234

Figure 4-7
Now let I be a triangulation of ¥ whose extreme rays are the extreme rays of
%. Such a triangulation exists by Lemma 4.6.1. If ¢ €T, let
E,=0nN"™ (21)
Then each E, is a submonoid of E, and E = | J,.r E,. Moreover, if we set

‘u¢ E, forany 1 < g}, (22)

__f
E U a

then E U r E, (disjoint union). This provides the basic decomposition of E
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and E into “nice” subsets, just as Lemma 4.5.3 did for P-partitions and strict P-
partitions.

The “triangulations” {E, : 0e '} of Eand {E,: e T} of E yield the following
result about generating functions.

4.6.4 Lemma. The generating functions E(x), E(x) and E,(x), E,(x) are related

by
E(x) = - ¥ ulo, 1)E,(x), (23a)
E(x) = Y. E,(x). (23b)
gel’

Proof. Equation (23a) follows immediately from M&bius inversion. More spe-
cifically, set E;(x) = 0 and define

H,x)= Y E(x), oel.

<o

Clearly
H (x) = E (x), oel
H;(x) = E(x). (24)

By Mobius inversion,

0=Ej(x)= Y H,(x)u(o,1)

o<1

so (23a) follows from (24).
Equation (23b) follows immediately from the fact that the union E =
Joer E, is disjoint. O

a b
z {Cross-section of C)
d c

Figure 4-8

Figure 4-9

4.6.5 Example. Let E be the monoid of Example 4.6.3. Triangulate € as shown
in Figure 4-8, where suppa = {1,3}, suppb = {1,4}, suppc = {2,4}, suppd =
{2,3}. Then the poset [ is given by Figure 4-9. Also note that I' = {bd, abd, bcd}.
Lemma 4.6.4 states that
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E(x) = E pa(x) + Epy(x) — Ep4(x)
E(x) = Eabd(x) + Ebcd(x) + Ebd(x)' (25)

Our next step is the evaluation of the generating functions E,(x) and E,(x)
appearing in (23a). Let us call a submonoid F of N™ (or even Z™) simplicial if there
exist linearly independent vectors &y, ..., o € F (called quasi-generators of F) such
that

F={yeN™":ny=a,0; + --- + a, for some ne P and a;e N}.

The quasi-generators ay,. .., & are not quite unique. If &}, ..., o is another set of
quasi-generators, then s =t and with suitable choice of subscripts o = g0
where g;€ Q, g; > 0. Define the interior F of F by

F={aeN":na=aa;+---+a0 forsomen e Panda; € P}. (26)

Note that F depends only on F, not on &, ..., &.

4.6.6 Lemma. The submonoids E, of E defined by (21) are simplicial. If
R,,..., R, are the extreme rays of g, then we can pick as quasi-generators of E,
any non-zero integer vectors in #,,..., 4%, (one vector from each %;). Moreover,
the interior of E,, as defined by (26), coincides with the definition (22) of E, .

Proof. This is an easy consequence of the fact that ¢ is a simplicial cone. The
details are left to the reader. o

If F = N™is a simplicial monoid with quasi-generators Q = {a,,...,a,},
then define two subsets Dy and Dy of F (which depend on the choice of Q) as
follows:

Dp={yeF:y=a00+ " +a0,0<a; <1} (27a)
Dp={yeF:y=a,00+ "+ a0,0 <a; < 1}. (27b)

Note that Dy and Dy are finite sets, since they are contained in the intersection of
the discrete set F (or N™) with the bounded set of all vectors a, &; + - - - + a,0,€ R™
with0 <gq, < 1.

4.6.7 Lemma. Let F < N™ be a simplicial monoid with quasi-generators
dl,...,dt.

i. Every element ye F can be written uniquely in the form
y=B+ao+-+auq,

where Be Dp and a;e N. Conversely, any such vector belongs to F.
ii. Every element ye F can be written uniquely in the form

y=PB+ao + - + aa,

where Be D, and a;e N. Conversely, any such vector belongs to F.
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Proof.

i. LetyeF,and write (uniquely)y = b,ot; + -+ + b, b€ Q,, . Leta; = | b |, the
greatest integer < b;,andletp =y —a,o; —--- — gq,a,. Then e F, and since
0<b —a <l infactBeDp. Ify =P + ajo; + -+ + a, o, were another such
representation, then 0 = (B — B') + (a, — aj)t; + - + (a, — a)e,. Each a, —
aieZ,whileifp — p' =c,0 + -~ + ¢, then —1 < ¢; < 1. Hence ¢; = 0 and
the representations agree. The converse statement is clear.

ii. The proof is analogous to (i). Instead of a; = | b; | we take a; = [b;], the least
integer > b;, and so on. Q

4.6.8 Corollary. The generating functions
Fx)= ) x% F(x)= ) x*

aeF ae F

are given by

F(x) = ( Y x") I:_[(l — x%)™ (28a)

Be Dy
F(x) = ( Y x”) T —x%y~ (28b)
Be Ds i=1
Proof. Immediate from Lemma 4.6.7. O

Note. For the algebraic-minded, we mention the algebraic significance of the
sets Dg and Dg. Let G be the subgroup of Z™ generated by F, and let H be the
subgroup of G generated by the quasi-generators a,. .., &,. Then each of Dg and
Ds is a set of coset representatives for H in G. Dy (respectively, Dg) consists of
those coset representatives that belong to S (respectively, S) and are closest to the
origin. It follows from general facts about finitely-generated abelian groups that
the index [G: H] (i.e., the cardinalities of Dg and Dy) is equal to the greatest
common divisor of the determinants of the t x ¢t submatrices of the matrix whose
rOws are o, ..., .

4.6.9 Example. Let o, = (1,3,0), &, = (1,0, 3). The greatest common divisor of
the determinants

1 3] (1 o] [30
1 o |1 3 |0 3

is 3 =|Dg| = |Dg|. Indeed, Dg = {(0,0,0),(1,1,2),(1,2,1)} and Ds= {(1,1,2),
(1,2,1),(2,3,3)}. Hence

1+ x,x,x3 + x;x35%;,
(= xx3)(1 = x,x3)

F(x)

Fox) X X,%3 + x;x3x5 + x3x3x3
X) =
(1 = x;x3)(1 — x,x3)
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We have mentioned above that if the simplicial monoid F = N™ has quasi-
generators o, ..., %, then any non-zero rational multiples of ay,.. ., o, (provided
they lie in N™) can be taken as quasi-generators. Thus there is a unique set
B1,....B, of quasi-generators such that any other such set has the form
a,Bi,...,a,PB, where a,e P. We call B,,..., B, the completely fundamental elements
of F and write CF(F) = {B,,...,B;}. Now suppose E is the monoid of all N-
solutions to (17). Define e E to be completely fundamental if for all ne P and «,
o € E for which nf = a + o, we have o = if and o' = (n — )P for some ieP,
0 < i < n. Denote the set of completely fundamental elements of E by CF(E).

4.6.10 Proposition. Let I" be a triangulation of ¥ whose extreme rays coincide
with those of 4, and let E = { J, . E, be the corresponding decomposition of E
into simplicial monoids E,. Then the following sets are identical:

i. CF(E),
ii. Uael"CF(Ea)’
iii. {fcE P lies on an extreme ray of €, and p # np’ for some n > 1, p' € E},

iv. the non-zero elements B of E of minimal support that are not of the form nf’
forsomen > 1, §'€E.

Proof. Suppose 0 # Be E and supp B is not minimal. Then some a € E satisfies
supp & < supp B. Hence for n e P sufficiently large, np — &« > O andso nfp — a€ E.
Settinga’ = nff — e we have nf = o + o’ but oo # if foranyie N. Thus ¢ CF(E).

Suppose B € E belongs to set (iv), and let np = o + o’ where n € P and o,

o’ € E. Since supp B is minimal, either & = 0 or supp & = supp B. In the latter case,
let p/q be the largest rational number where g € P, for which § — (p/q) > 0. Then
gP — pa € E and supp(gB — pa) C supp B. By the minimality of supp 8, we con-
clude gp = pa. Since B # np’ for n > 1 and B eE, it follows that p =1 and
therefore pe CF(E). Thus the sets (i) and (iv) coincide.

Now let # be an extreme ray of €, and suppose that ae %, a = a; + o,
o; € €. By definition of extreme ray, it follows that a; = aa,,0 < a < 1. (Other-
wise a; and o, lie on different sides of the hyperplane s# supporting £.) From this
it is easy to deduce that sets (i) and (iii) coincide.

Since the extreme rays of I' and € coincide, an element B of CF(E,) lies on
some extreme ray #Z of € and hence in set (iii). Conversely, if c € I" contains the
extreme ray # of € and if »# supports Z in €, then # supports £ in o. Thus Z is
an extreme ray of ¢. Since E = | J, .1 E, it follows that set (iii) is contained in set
(11). O

We finally come to the first of the two main theorems of this section.

4.6.11 Theorem. The generating functions E(x) and E(x) represent rational
functions of x = (x,,...,X,,). When written in lowest terms, both these rational
functions have denominator

Dx)= [] (1 -xP).

e CF(E)
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Proof. LetT be a triangulation of € whose extreme rays coincide with those of
% (existence guaranteed by Lemma4.6.1). Let E = | J,. - E, be the corresponding
decomposition of E. Since CF(E,) is a set of quasi-generators for the simplicial
monoid E,, it follows from Corollary 4.6.8 that E, (x) and E,(x) can be written as
rational functions with denominator

Dx)= J] (1 —xP)

BeCF(E,)
By Proposition 4.6.10, CF(E,) = CF(E). Hence, by Lemma 4.6.4, we can put the
expressions (23) for E(x) and E(x) over the common denominator D(x).

It remains to prove that D(x) is the least possible denominator. We will
consider only E(x), the proof being essentially the same (and also following from
Theorem 4.6.14) for E(x). Write E(x) = N(x)/D(x). Suppose this fraction is not in
lowest terms. Then some factor T(x) divides both N(x) and D(x). By the unique
factorization theorem for the polynomial ring C[x,, ..., Xx,, ], we may assume T(x)
divides 1 — x* for some ye CF(E). Since y # ny' for any integer n > 1 and any
vy € N™, the polynomial 1 — x? is irreducible. Hence we may assume T(x) =
1 — x*. Thus we can write

Fx)=Nx)/ [] (1-x, (29)

BeCF(E)
By
where N'(x)e C[x,,...,x,,]. Since for any neP and age N (B # y), we have
ny # Zﬂeﬂc#ﬂb‘) ag- B, it follows that only finitely many terms of the form x™ can
Y .

appear in the expansion of the right-hand side of (29). This contradicts the fact
that each ny € E, and completes the proof. O

Our next goal is the reciprocity theorem that connects E(x) and E(x). As a
preliminary lemma we need to prove a reciprocity theorem for simplicial
monoids. '

4.6.12 Lemma. Let F = N™ be a simplicial monoid with quasi-generators
o,...,0, and suppose Dp = {By,...,Bs}. Then

BFZ {a— ﬁl,...,a— Bs},

where oo = o + - + o.

Proof. Let y=a,0 +  +ao0eF. Since 0<a;<1 if and only if 0<
1 — a; < 1, the proof follows from the definitions (27) of Dy and Dy. 0

Recall that if R(x) = R(x,,..., X,,) is a rational function, then R(1/x) denotes
the rational function R(1/x,,..., 1/x,,).

4.6.13 Lemma. Let F < N™ be a simplicial monoid of dimension t. Then
F(x) = (= 1)'F(1/x).

Proof. By (28a) we have

F(1/x) = < Y x‘”\)lj(l — x %)~

peDg J i=1
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=FU<ZX”0ﬂU—ﬂT%

Pe Dg

where a is as in Lemma 4.6.12. By Lemma 4.6.12,
Y x*P= ¥ P
BeDs BeDs
The proof follows from (28b). O

We now have all the necessary tools to deduce the second main theorem of
this section.

4.6.14 Theorem. (The reciprocity theorem for linear homogeneous diophantine
equations.) Assume (as always) that the monoid E of N-solutions to (17) is
positive, and let d = dim %. Then

E(x) = (— 1)YE(1/x).

Proof. By Lemma 4.6.2 and (23a) we have
E(1/x) = =3 (=19 E,(1/x).

cel’

Thus by Lemma 4.6.13,
E(1/x) = (= 1) ¥ E,(x).

ocell
Comparing with (23b) completes the proof. O
We now give some examples and applications of the above theory. First we
dispose of the equation a; + a, — 23 — o, = 0 discussed in Examples 4.6.3 and
4.6.5.

4.6.15 Example. Let E c N* be the monoid of N-solutions to a, + o, —
a3 — ag = 0. According to (25), we need to compute E,,,(X), E,.4(X), and E, ,(x).
Now CF(E) = {Bb ﬁZ’ B3> ﬁ4}’ where ﬁl = (1,0’ 1>0)’ ﬁZ = (1’0’0, 1)’ B3 = (0’ 1,0’ l),
Bs=(0,1,1,0). A simple computation reveals D,,; = Dy, = D,y = {(0,0,0,0)}
(the reason for this being that each of the sets {B;, B2, B4}, {B2. B3, B4}, and {B2, B4}
can be extended to a set of free generators of the group_Z“)‘ Hence by Lemma
4.6.12, we have Dy = {B; + B2+ Bs} = {(2.1,2,1)}, Dypoy = {B2 + B3 + B4} =
{(1,2,1,2)}, Dyy = {B2 + B4} = {(1,1,1,1)}. There follows
1
(T = xyx3)(1 = xyx,)(1 = x;x3)
1
(1 = xyx)(1 — x3x,)(1 — x,x3)

1
(1 = x;x)(1 — x;x3)

E(x) =

+

l — xyx,x3x,

T (1= xa)(1— xyxa) (1 — x;%3)(1 — X3%4)
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E(x) = x3x,x3x, -
(I —x;x3)(1 — x;x,)(1 — X5X3)

. widnd
(I = xyx0) (1 — x,x,)(1 — X3X3)

X1X3X3X,
(1 = xyx0)(1 = x3%3)

X1 X X3Xa(1 — Xy x,Xx3x,)
(1 — x;x3)(1 — X1 xg)(1 — X, x3)(1 — X2X4)-

Note that indeed E(x) = — E(1/x). Note also that E(x) = x, x,x3x, E(x). This is
because acE if and only if a + (1,1,1,1)e E. More generally, we have the
following result:

4.6.16 Corollary. Let E be the monoid of N-solutions to (17), and let YyeZ™. The
following two conditions are equivalent:

i. E(1/x) = (—=1)"x7E(x),
ii. E=v+ E(ie,acEifand only if a + yeE).

Proof. Condition (ii) is clearly equivalent to E(x) = xYE(x). The proof follows
from Theorem 4.6.14. a
Only in the simplest cases is it practical to compute E(x) by brute force, such
as was done in Example 4.6.15. However, even if we can’t compute E(x) explicitly
we can still draw some interesting conclusions, as we now discuss. First we need a
preliminary result concerning specializations of the generating function E(x).

4.6.17 Lemma. Let E be the monoid of N-solutions to (17). Let a,,...,a, €Z
such that for each r e N, the number g(r) of elements & = («,, ..., «,,) of E satisfy-
ing L(e) := a,0; + - + apa, = risfinite. Let G(4) = ¥,5,g(r)4". Then:

i. G(4) = E(4",...,A")e C(4), where E(x) =), . ;X" as usual.
ii. If E # {0} then degG(4) < 0.

Proof.

i. Clearly G(4) = E(4*,..., A*). Since E(x) € C(x), we have G(1)e C(A).

ii. By (23a)and Lemma 4.6.2, it suffices to show that deg E, (A%, ..., i) < O for
all g . Consider the expression (28a) for E (x) (where F = E_)and let e Dy.
Thus by (27a), p = by, + -+ + by, 0 < b, < 1. Hence L(B) < L(ot)) + - +
L(c) with equality if and only if t = 0 (so o = {0}). But {0} ¢ T, so L(B) <
L(ety) + -+ + L(e,). Since the monomial x* evaluated at x = (4%,..., i)
has degree L(P), it follows that each term of the numerator of E_(A%, ..., i*)
has degree less than the degree L(a;) + -+ + L(a,) of the denominator. O

Note that in the preceding proof we did not need Lemma 4.6.2 to show
deg G(4) < 0. We only required this result to show that the constant term G(0) of
G(4) was “correct” (in the sense of Proposition 4.2.2).
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Magic Squares

We now come to our first real application of the preceding theory. Let H,(r) be the
number of n x n N-matrices such that every row and column sums to r. For
instance, H,(r) = 1 (corresponding to the 1 x 1 matrix [r]), H,(r) = r + 1 (corre-
sponding to [,1; "7’], 0<i<r), and H,(1) = n! (corresponding to all n x n
permutation matrices). Introduce n? variables a;; for (i,j)€[n] x [n]. Then an
n x nmatrix with every row and column sum r corresponds to an N-solution to
the system of equations

Zla,.j=;ak,., 1<j<n 1<k<n, (30)

witho, + o,, + -+ + «,;, = r. [t follows from Lemma 4.6.17(i) that if E denotes
the monoid of N-solutions to (30), then

E6)le o = 2 H 0. (31)

xi;=1,i>1 r>0

To proceed further, we must find the set CF(E).
4.6.18 Lemma. The set CF(E) consists of the n! n x n permutation matrices.

Proof. Let m be a permutation matrix, and suppose kn = a; + o,, where «,,
ay € E. Then a, and &, have at most one non-zero entry in every row and column
(since supp &; < supp ) and hence are multiples of nr. Thus n € CF(E).
Conversely, suppose that & = (n;;) € E is not a permutation matrix. If & is a
multiple of a permutation matrix then clearly n¢ CF(E). Hence we may assume
some row, say i,, has at least two non-zero entries #; ;,, #; ;;. Since column j, has
the same sum as row i,, there is another non-zero entry in row i,, say x;,; . If we
continue in this manner, we eventually must reach some entry twice. Thus we
have a sequence of at least four non-zero entries indexed by (i,.j,), (i,+,,/,),
(i,415dr41)s--->(issjs—1), where i =i, (or possibly beginning (i,.;,j,)—this is
irrelevant). Let o, (respectively, e,) be the matrix obtained from n by adding 1 to
(respectively, subtracting 1 from) the entries in positions (i,,/,), (i,41sJr41)s---»
(i5-,,Js—;) and subtracting 1 from (respectively, adding 1 to) the entries in positions
(Frr15ds)s (psaofrar)se--s(issjs—1).- Then oy, € E and 2w = &; + a,. But neither
o, nor &, is a multiple of &, so n¢ CF(E). O
We now come to the basic result concerning the function H,(r).

4.6.19 Proposition. For.fixed ne P, the function H,(r) is a polynomial in r of
degree (n — 1)?. Since it is a polynomial it can be evaluated at any re Z, and we
have

Hn(_l) = Hn(_z) == Hn(_n + 1) =0
H,(—n —r) = H,(r).

Proof. By Lemma 4.6.18, any nt = (n;;)e CF(E) satisfies ny; + my5 + - + 7y, =
1. Hence if we set x,; = Aand x; = 1 fori > 2in 1 — x™ (where x™ = T1ixi™), we
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obtain | — A. Let F,() = }_ ., H,(r)A". Then by Theorem 4.6.1! and Lemma
4.6.17, F,(4) is a rational function of degree <0 and with denominator (1 — A+t
for some t eN. Thus by Corollary 4.3.1, H,(r) is a polynomial function of r.

Now a is an N-solution to (30) if and only if & + « is a P-solution, where x
is the n x n matrix of all 1’s. Thus by Corollary 4.6.16,

E(1/x)= + (H x,-j> E(x).
i
Substituting x,; = 4 and x; = 1ifi > 1, we obtain

F,(1/A) = £A"F,(\) = £ 3 H,(r)V,
r=0
where H,(r) is the number of P-matrices with every row and column
sum equal to r. Hence by Proposition 4.2.3,

H(—n—r)= 1t H,(r)

(the sign being (—1)38#-0) Since H,(1)=---=H,(n— 1) =0 we also get
H(-1)=--=H,(—-n+1)=0.

There remains only to show deg H,(r) = (n — 1)*. If & = (a;;) is an N-matrix
with every row and column sum equal to r, then (a) 0 < a; < r, and (b) if a;; is
given for (i,j)e [n — 1] x [n — 1], then the remaining entries are uniquely deter-
mined. Hence

H,(r) < (r+ 1)"1D* so degH,(r) <(n—1)>

On the other hand, if we arbitrarily choose g=1r < a; < p7 for (i,j)e[n — 1] x
[n — 1], then when we fill in the rest of & to have row and column sums equal to r,

every entry will be in N. Hence

r (n — 2)r\n~v?
n—1 (@m-1)y

r (n—1)2
- ((n - 1>2> ’

so deg H,(r) > (n — 1) 0

One immediate use of Proposition 4.6.19 is for the actual calculation of
the values H,(r). Since H,(r) is a polynomial of degree (n — 1)%, we need to com-
pute (n — 1)2 + 1 values to determine it completely. Since H,(—1) ==
H(-n—1)=0 and H,(—n—r)=(—1)y""H,r), once we compute H(0),
H(1),..., H(i) we know 2i + n + 1 values. Hence it suffices to take i = ("3') in
order to determine H,(r). For instance, to compute H,(r) we only need the trivial
values H;(0) = 1 and H,(1) = 3! = 6. To compute H,(r), we need only H,(0) = 1,
H,(1) = 24, H,(2) = 282, H,(3) = 2008. Some small values of F,(4) are given by:

H,(r) = (

1+ A4+ A2

F3(2) = T
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1+ 142+ 87A% + 14813 + 87A% + 1425 + 16
- (1 _ ;L)IO

Fy(2)

Fs(2) = Ps(A)/(1 — /1)17,
where
Ps(A) =1+ 1031 + 430642 + 6311043
+ 3886154* + 11150684° + 15756694° + 111506847
+ 38861548 + 631104° + 43064'° + 1034'! + A'2,

As a modification of Proposition 4.6.19, consider the problem of counting
the number S,(r) of n x n symmetric N-matrices with every row (and column) sum
equal to r. Again the crucial result is the analogue of Lemma 4.6.18.

4.6.20 Lemma. Let E be the monoid of symmetric n x n N-matrices with all
row (and column) sums equal. Then CF(E) is contained in the set of matrices of
the form m or m + =, where = is a permutation matrix and ' is its transpose (or
inverse).

Proof. Let a€E. Forgetting for the moment that « is symmetric, we have by
Lemma 4.6.18 that supp a contains the support of some permutation matrix 7.
Thus for some ke P (actually, k = 1 will do, but this is irrelevant), ke = ® +
p where p is an N-matrix with equal line sums. Thus 2ka = k(a + &) =
(mr + n*) + (p + p'). Hence supp(n + ©n') < supp a. It follows that any pe CF(E)
satisfies jB = m + «' for some j € P and permutation matrix 7. If 7 = =’ then we
must have j = 2, otherwise j = 1 and the proof follows. o

4.6.21 Proposition. For fixed ne P, there exist polynomials P,(r) and Q,(r) such
that deg P,(r) = (5) and

Sn(r) = Po(r) + (= 1Y Q,(r).
Moreover,
Sa(=1)=8,(=2)="=5,(-n+1)=0,
Si=n—n =(=1@s,m.

Proof. By Lemma 4.620, any B = (;)e CF(E) satisfies f,, + B, + - +
Bin =1 or 2. Hence if we set x;;=Z4and x;=1fori>2in 1 — xP, we ob-
tain 1 — 4 or 1 — A% Let G,(4) = ) ,50S,(r)A". Then by Theorem 4.6.11 and
Lemma 4.6.17, G,(4) is a rational function of degree <0 and with denominator
(1 — AF(1 — A%)forsome s, t € N. Hence by Proposition 4.4.1 (or the more general
Theorem 4.1.1), S,(r) = P,(r) + (— 1Y Q,(r) for certain polynomials P,(r) and Q,,(r).
The remainder of the proof is analogous to that of Proposition 4.6.19. 0
Some small values of G,(4) are given by:

1

G =72

1
Gl ()») = m,
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1 4+ 44 A2

G,(A) =

s(4) (1 = A% + )

1 + 44+ 1042 + 423 + 14

G,(A) =

+(4) (1 =171 + 4

Vs(A)

Gs(A) = >

s(4) (1 — )1 + A)®

where

Ve(A) =1+ 214 + 222/% + 108243 + 313344
+ 572273 + 70134° + 572227 + 31338
+ 1082A°% + 222410 4 21411 4 412,

The Ehrhart Quasi-polynomial of a Rational Polytope

An elegant and useful application of the above theory concerns a certain function
i(2, n) associated with a convex polytope 2. Recall that a convex polytope 2 is the
convex hull of a finite set of points in R™. 2 is then homeomorphic to a ball BY. We
write d = dim 2 and call £ a d-polytope. By 2 and 2 we denote the boundary
and interior of £ in the usual topological sense (with respect to the relative
topology on £ inherited from the standard topology on R™). In particular, 02 is
homeomorphic to the (4 — 1)-sphere S$97*.

A point a € 2 is a vertex of 2 if there exists a closed affine half-space # < R™
such that 2 n # = {a}. Equivalently, & is a vertex if it does not lie in the interior
of any line segment contained in 2. Let V be the set of vertices of 2. Then V is
finite and 2 = cx V, the convex hull of V. Moreover, if S = R™is any set for which
2 = cx S, then V < S. The (convex) polytope 2 is called rational if each vertex of
2 has rational coordinates.

If # < R™ is a rational convex polytope and if ne P, then define integers
i(?,n) and i (2, n) by

i(?,n) = card(n? N Z™),
i(2,n) = card(n? N Z™),

where n#? = {na:ae?). Equivalently, i(,n) (respectively, i (2, n)) is equal to
the number of rational points in 2 (respectively, 2) all of whose coordinates have
least denominator dividing n. We call i(2, n) (respectively i (2, n)) the Ehrhart
quasi-polynomial of 2 (respectively, ). Of course we have to justify this termi-
nology by showing that i(2, n) and i (£, n) are indeed quasi-polynomials.

4.6.22 Example.

a. Let 2, be the convex hull of the set {(¢,,...,¢,)€R™:¢; =0 or 1}. Thus £, is
the unit cube in R™. It should be geometrically obvious that i(2,n) = (n + 1)
and i (#,n) = (n — 1)".
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b. Let 2 be the line segment joining 0 and « > 0 in R, where € Q. Clearly
i(?,n) = | na] + 1, which is a quasi-polynomial of minimum quasi-period
equal to the denominator of « when written in lowest terms.

In order to prove the fundamental result concerning the Ehrhart quasi-
polynomials i(#,n) and i(2,n), we will need the standard fact that a convex
polytope 2 may also be defined as a bounded union of finitely many half-spaces.
In other words, for some fixed 6 € R™ £ is the set of all real solutions ae R™ to a
finite system of linear inequalities &+ & < g, provided this solution set is bounded.
(Note that the equality «- 8 = a is equivalent to the two inequalities e&t- (—8) <
—aand a8 < a,so we are free to describe £ using inequalities and equalities.) 2
will be rational if and only if the inequalities can be chosen to have rational (or
integral) coefficients.

Since i(2,n) and i(#,n) are not affected by replacing 2 with 2 + y for
vy€ Z™, we may assume that all points in £ have nonnegative coordinates, denoted
2 > 0. We now associate with a rational convex polytope # > 0in R™ a monoid
E, = N™*! of N-solutions to a system of homogeneous linear inequalities. (Re-
call that an inequality may be converted to an equality by introducing a slack
variable.) Suppose that £ is the set of solutions « to the system

a6, <a, |1<i<s,

where 8;€ Q™, a;€ Q. Introduce new variables y = (y,,...,7,,) and t, and define
E, = N™! to be the set of all N-solutions to the system

v-8;,<at, 1<i<s.

4.6.23 Lemma. A non-zero vector (y,t)e N™*! belongs to E , if and only if y/t
is a rational point of 2.

Proof. Since 2 > 0, any rational point y/t€Z with yeZ™ and teP satisfies
veN™. Hence a non-zero vector (v, t)e N™*! with t > 0 belongs to E, if and only
if y/t is a rational point of £.

It remains to show that if (y,t)e E, and ¢t = 0, then y = 0. Because 2 is
bounded it is easily seen that every vector p # 0in R™ satisfies p- 8; > O for some
1 <i < s.Hence the only solutionytoy-8; < 0,1 < i < s,isy = 0, and the proof
follows. O

Our next step is to determine CF(E ), the completely fundamental elements
of E,,. If e Q™, then define den a (the denominator of &) as the least integer ge P
such that gee Z™. In particular, if « € Q then den « is the denominator of « when
written in lowest terms.

4.6.24 Lemma. Let 2 > 0 be a rational convex polytope in R™ with vertex set
V. Then

CF(E,) = {((den®)a,den o) : e V}.
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Proof. Let (y,t)e E,, and suppose for some ke P we have
k(v,8) = (Y1,t1) + (12.1,),
where (y;,t;)€ E5, t; # 0. Then

v/t = (. /ke)(vi/t,) + (t2/ke) (v2/t,),

where (¢, /kt) + (t,/kt) = 1. Thus y/t lies on the line segment joining y,/t, and
T2/t;- It follows that (y,t)e CF(E,) if and only Y/te V(sothaty,/t, = y,/t, = y/t)
and (y,t) # j(y.t') for (y,t')eN™*! and an integer j > 1. Thus we must have
t = den(y/t), and the proof follows. 0

It is now easy to establish the two basic facts concerning i(2, n) and i (2, n).

4.6.25 Theorem. Let 2 be arational convex polytope of dimension d in R™ with
vertex set V.Set F(2,2) = 1 + 3., i(#,n)A". Then F(2, ) is a rational function
of 4 of degree <0, which can be written with denominator [aey (1 = Aden%),
(Hence in particular i(#, n) is a quasi-polynomial whose “correct” value at n = 0
is i(2,0) = 1.) If F(2, ) is written in lowest terms, then A = 1 is a pole of order
d + 1, while no value of 1 is a pole of order >d + 1.

Proof. Let the variables x; correspond to y;and y to t in the generating function
E,(x, y); that is,

Es(x,y)= Y x'y.

(y,)eEgp
Lemma 4.6.23, together with the observation E5(0,0) = 1, shows that
Es(1,...,1,4) = F(2,4). (32)

Hence by Lemma 4.6.17, F(#2,A) is a rational function of degree <0. By
Theorem 4.6.11 and Lemma 4.6.24, the denominator of E,(x,y) is equal to
[Tacy (1 — xdenmxydensy Thyg by (32), the denominator of F (2, ) can be taken
as [ Taer (1 — 2%0%),

Now dimE, is equal to the dimension of the vector space {CF(E;)>
spanned by CF(E;) = {((deno)or,dener): e ¥'}. Clearly we then also have
{CF(E;)> = {(&, 1): e V). The dimension of this latter space is just the maxi-
mum number of e € V' that are affinely independent in R”™ (i.e., such that no non-
trivial linear combination with zero coefficient sum is equal to 0). Since 2 spans a
d-dimensional affine subspace of R™ there follows dimE, =d + 1. Now by
Lemmas 4.6.2 and 4.6.4 we have

Es(x,y)= 3, (=1)*'"9m9 E (x, )

cel
SO
F(@,3) =Y (—1y*i=dimep (1 1 4. (33)
gel

Looking at the expression (28a) for E,(x, y), we see that those terms of (33) with
dimo = d + 1 have a positive coefficient of (1 — 1)**! in the Laurent expansion
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about A = 1, while all other terms have a pole of order <d at A = 1. Moreover, no
term has a pole of order >d + 1.at any A€ C. The proof follows. a

4.6.26 Theorem. (The reciprocity theorem for Ehrhart quasi-polynomials.) Since
i(#,n) is a quasi-polynomial, it can be defined for all ne Z. If dim 2 = d, then
i(2,n) = (=12, —n).

Proof. A vector (y,t)eN™ lies in E if and only if y/t € 2. Thus
Ep(l,...,1, )= ¥ i(2,n)i"

n>1

The proof now follows from Theorem 4.6.14, Proposition 4.2.3, and the fact
(shown in the proof of the previous theorem) that dim E, = d + 1. O

Unlike Theorem 4.6.11, the denominator D(4) = [ [ac v (1 — A%"%) of F(2, A)
is not in general the least denominator of F(£, A). By Theorem 4.6.25, the least
denominator has a factor (1 — 4)*! but not (1 — A)?*2, while D(4) has a factor
(1 — ). We have |V|=d + 1 if and only if 2 is a simplex. For roots of unity
{ # 1, the problem of finding the highest power of 1 — {4 dividing the least
denominator of F(£, A) is very delicate and subtle. Some results in this direction
are given in the exercises. Here we will content ourselves with one example
showing that there is no obvious solution to this problem.

4.6.27 Example. Let 2 be the convex 3-polytope in R* with vertices (0,0, 0),
(1,0,0), (0,1,0), (1, 1,0), and (3,0,%). An examination of all the above theory will
produce no theoretical reason why F(£, A) does not have a factor 1 + Ainits least
denominator, but such is indeed the case. It is just an “accident” that the factor
1 + A appearing in []qey (1 — 4%"%) = (1 — 2)°(1 + A) is eventually cancelled,
yielding F(2,4) = (1 — A)™*.

One special case of Theorems 4.6.25 and 4.6.26 deserves special mention.

4.6.28 Corollary. LetZ? — R™be anintegral convex d-polytope (i.e., each vertex
has integer coordinates). Then (2, n) and i (£, n) are polynomial functions of n,
of degree d, satisfying

i(2,00=1, (2, —n)=(—1)\i(2,n).

Proof.- By Theorem 4.6.25, the least denominator of F(£,4) is (1 — 2)7¢7".
Now apply Corollary 4.3.1. O

If # = R™ is an integral polytope, then of course we call i(#, n) and i(2,n)
the Ehrhart polynomials of 2 and 2. One interesting and unexpected application
of Ehrhart polynomials is to the problem of finding the volume of 2. Somewhat
more generally, we need the concept of the relative volume of an integral d-
polytope. If 2 = R™ is such a polytope, then the integral points of the affine
space .« spanned by £ forms an abelian group of rank d—that is, o/ N Z™ = Z°,
Hence there exists an invertible affine transformation ¢: ./ — R? satisfying
¢(/ N Z™) = Z°. The image ¢(2) of Z under ¢ is an integral convex d-polytope
in R?; hence ¢(£) has a positive volume (= Jordan content or Lebesgue measure)
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v(2), called the relative volume of 2. It is easy to see that v(Z) is independent of
the choice of ¢ and hence depends on 2 alone. If d = m (i.e., 2 is an integral d-

polytope in R?), then v(2) is just the usual volume of 2 since we can take ¢ to
be the identity map.

4.6.29 Example. Let 2  R? be the line segment joining (3,2) to (5, 6). The
affine span o/ of Z is theline y = 2x — 4, and o/ N 72 = {(x,2x — 4): xeZ}. For
the map ¢ : &/ — R we can take ¢(x,2x — 4) = x. The image ¢(2) is the interval
[3, 5], which has length 2. Hence v(2) = 2. To visualize this geometrically, draw
a picture of 2 as in Figure 4-10. When “straightened out” 2 looks like Figure
4-11, which has length 2 when we think of the integer points (3, 2), (4,4), (5,6) as
consecutive integers on the real line.

(5,6)

(3,2) (4,4) (5,6)

@ \ & 4

Figure 4-11

(3,2)
Figure 4-10

4.6.30 Proposition. Let 2 = R™ be an integral convex d-polytope. Then the
leading coefficient of i(2, n) is v(2).

Sketch of Proof. The map ¢:./ — R? constructed above satisfies i(2, n) =
i(#(Z), n). Hence we may assume m = d. Given ne P, for each point ye 2 with
ny € Z¢ construct a d-dimensional hypercube H, with center y and sides of length
1/n parallel to the coordinate axes. These hypercubes fit together to fill 2 without
overlap, except for a small error on the boundary of 2. There are i(2, n) hyper-
cubes in all with a volume of n ™ each, and hence a total volume of n "4i(2, n). As
n— oo it is geometrically obvious (and not hard to justify rigorously—this is
virtually the definition of the Riemann integral) that the volume of these hyper-
cubes will converge to the volume of 2. Hence lim,_, , n%i(2, n) = v(2), and the
proof follows. a

4.6.31 Corollary. LetZ < R™beanintegral convex d-polytope. If we know any
d of the numbers i(2, 1), i(#,2),... or i (#,1), i(#,2), ..., then we can uniquely
determine v(2).

Proof. Since i(2,0) = 1 and i(®, —n) = (= 1)%i(2, n), once we know d of the
given numbers we know d + 1 values of the polynomial i(2, n) of degree d. Hence,
we can find i(2, n) and in particular its leading coefficient v(£). a
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4.6.32 Example.

a. If # < R™is an integral convex 2-polytope, then
1 —
v(P) = E(i(.@, 1)+ i(2,1) = 2)
This classical formula (for m = 2) is usually stated in the form

WP) = 1(2A —B-2),

2
where A = card(Z> n2?) = i(#, 1) and B = card(Z2 N 0P) = i(P,1) — i (P, 1).
b. If # < R™ is an integral convex 3-polytope, then

1 _
v(P) = —6(1‘(.@, 2) = 3i(2, 1) —i(2, 1)+ 3).
c. If#? < R™is an integral convex d-polytope, then

1
V(9)=-‘ﬂ((—1)"'+ Z ( )(—1 rI(P, k).

Note. Corollary 4.6.31 extends without difficulty to the case where 2 is not
necessarily convex. We need only assume 2 < R? is an integral polyhedral d-
manifold with boundary; that is, a union of integral convex d-polytopes in R such
that the intersection of any two is a common face of both and such that £,
regarded as a topological space, is a manifold with boundary. (The assumption
m = d implies that v(2) is the usual volume of Z—we need not worry about the
relative volume of a polyhedral complex.) The only change in the theory is that
now i(2,0) = x(2), the Euler characteristic of #. Details are left to the reader.
We conclude with two more examples.

4.6.33 Example. (Propositions 4.6.19 and 4.6.21 revisited).

a. Let 2 = Q, c R%, the convex polytope of all s x s doubly stochastic
matrices, 1.e., matrices of nonnegative real numbers with every row and column
sum equal to one. Clearly M € rQ, n Z** if and only if M is an N-matrix with every
row and column sum equal to r. Hence i(Q,,r) is just the function H(r) of
Proposition 4.6.19. Lemma 4.6.18 is equivalent to the statement that V(Q)
consists of the permutation matrices. Thus Q; is an integral polytope, and the
conclusions of Proposition 4.6.19 follow also from Corollary 4.6.28.

b. Let 2 = £, c R¥, the convex polytope of all s x s symmetric doubly
stochastic matrices. As in (a), we have i(Z,, r) = S,(r), where Sy(r) is the function of
Proposition 4.6.21. Lemma 4.6.20 is equivalent to the statement that

1 :
V(Z) < {E(P + P): Pisans x s permutation matrix}.
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Henceden M = 1 or 2 for all M € V(Z,), and the conclusions of Proposition 4.6.21
follow also from Theorem 4.6.25.

4.6.34 Example. Let P = {x,,...,x,} bea finite poset. Let 2 be the convex hull
of the incidence vectors of order ideals I of #; that is, vectors of the form
(¢1,...,€,) where ¢; = 1 if x;e I and ¢; = 0 otherwise. Then

.@={(al,...,ak)ERpIOSa‘S1, andalzal ifX‘SXI}.

Thus (by,...,b,)en? N ZP if and only if (i) b;€ Z, (ii) 0 < b, < n, and (iii) b, > b if
x; < x;. Hence i(2, n) = Q(P,n + 1), where Q is the order polynomial of P.

The Transfer-matrix Method

The transfer-matrix method, like the Principle of Inclusion-Exclusion and the
Moébius inversion formula, has simple theoretical underpinnings but a very wide
range of applicability. The theoretical background can be divided into two
parts—combinatorial and algebraic. First we discuss the combinatorial part. A
directed graph or digraph D is a triple (V, E, §), where V = {v,,...,v,} is a set of
vertices, E is a set of (directed) edges or arcs, and ¢ is a map from Eto V x V. If
#(e) = (u,v), then eis called an edge from u to v, with initial vertex u and final vertex
v. Thisisdenoted u = inteand v = fine. Ifu = vtheneiscalled a loop. A walk I in
D of length n from u to v is a sequence e, e, ‘- - e, of n edges such that inte, = u,
fine, =v,and fine; = inte;,, for 1 <i < n.Ifalsou = v, then I" is called a closed
walk based at u. (Note that if I' is a closed walk, then e;e;, e e, ~-e;—; is in
general a different closed walk. In some graph-theoretical contexts this distinc-
tion would not be made.)

Now let w: E — R be a weight function on E with values in some commuta-
tive ring R. (For virtually all purposes we can take R = C or a polynomial ring
over C)If ' = e e, e, is a walk, then the weight of I' is defined by w(I') =
w(e,)w(e,) - w(e,). Henceforth we will assume that D is finite, i.e., that V and E
are finite sets. In this case, letting i,je[p] and ne N, define

Aij(n) = ;W(F),

where the sum is over all walks I" in D of length n from v; to v;. In particular,
Aj(0) = J;;. The fundamental problem treated by the transfer matrix method is
the evaluation of A;/(n). The first step is to interpret 4;(n) as an entry in a certain
matrix. Define a p x p matrix A = ( A;) by

Aij = Z w(e),
e
where the sum is over all edges e satisfying inte = v;and fine = v;. In other words,

Ay = A;(1). The matrix A is called the adjacency matrix of D, with respect to the
weight function w.
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4.7.1 Theorem. Let neN. Then the (i, j)-entry of 4" is equal to 4 ;i(n). (Here we
define A° = I even if 4 is not invertible.)

Proof. This is immediate from the definition of matrix multiplication. Specifi-
cally, we have
(A")ij = Z Aii, Ai,i2 e Ai,,ﬁ s
where the sum is over all sequences (i, ,...,i,_;) €[ p]"~!. The summand is O unless
there is a walk e,e, e, from v; to v; with fine, = v, (1 <k <n)and inte, =
Vi, (1 <k < n). If such a walk exists, then the summand is equal to the sum of
the weights of all such walks, and the proof follows. O
The second step of the transfer matrix method is the use of linear algebra to
analyze the behavior of the function A4;(n). Define the generating function
FiD, %) = Z Ay(n) A"

n>0

4.7.2 Theorem. The generating function F(D, 4) is given by

. (=D det(I — A4 :j,i)
FlD. 2) = det(I — 14) ’

(34)

where (B :j,i) denotes the matrix obtained by removing the j-th row and i-th
column of B. Thus in particular F(D, 1) is a rational function of A whose degree is
strictly less than the multiplicity n, of 0 as an eigenvalue of A.

Proof. F;(D,4) is the (i,j)-entry of the matrix ) ,.o,A"A" =(I — 24)"*. If B is
any invertible matrix, then it is well-known from linear algebra that (B™!); =
(—1)"*i det(B:j,i)/det B, so (34) follows.

Suppose now that A is a p x p matrix. Then

det(l — Ad) =1+ a; A+ +a,_, AP,
where
(- I)P(ocp_,,ol"° + -+ o, AP 4 P

is the characteristic polynomial det(4 — Al) of A. Thus as polynomials in 4, we
have degdet(] — A4) = p — n, and degdet(l — 1A :j,i) < p — 1. Hence
deg Fi(D,A) <p—1—(p—ny) < n,. O

One special case of Theorem 4.7.2 is particularly elegant. Let

Cp(n) = Y w(I),

r

where the sum is over all closed walks I" in D of length n. For instance, C,(1) =
tr A, where tr denotes trace.




4.7 The Transfer-matrix Method 243

4.7.3 Corollary. Let Q(4) = det(I — 14). Then

)
&, CoA" = = =55

Proof. By Theorem 4.7.1 we have
p
i=1

Let w,,...,», be the non-zero eigenvalues of A. Then tr 4" = w} + -+ + w}, so

W, w, A
Cpmir = —1"— + - .
ngl »(") I — w4 1 —w,A
When put over the denominator (1 — w,4)---(1 — w,4) = Q(4), the numerator
becomes —AQ’'(4). (Alternatively, this result may be deduced directly from
Theorem 4.7.2). 0O
With the basic theory now out of the way, let us look at some applications.

3
Figure 4-12

4.7.4 Example. Let f(n) be the number of sequences a, a, ‘- a, €[3]" such that
neither 11 nor 23 appear as two consecutive terms a;a;.,. Let D be the digraph
on V = [3] with an edge (i, ) if j is allowed to follow i in the sequence. Thus D is
given by Figure 4-12. If we set w(e) = 1 for every edge e, then clearly f(n) =

2 =1 Aij(n — 1). Setting Q(4) = det(I — 14) and Q,;(4) = det(I — 1A :},i), there
follows from Theorem 4.7.2 that

FA)=Y fin+ A" = Y2 (=170, (3)

n>0 ()

Now

0 1 1
A=[1 1 0}

1 1 1

so by direct calculation,
, (1 — A)? A Al = A)

(1 —214)7' = Al—A4) 1 —A—-22 A2

S .
R M +4) 1—a—2
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It follows that

3+ 4— A2
1 —-2A—22+1¥

F() = (35)

or equivalently,

n I+ 4

LSO =
In the present situation we do not actually have to compute (I — 14)~! in order
to write down (35). First compute det(] — A4) = 1 — 24 — A*> + A3. Since this
polynomial has degree 3, it follows from Theorem 4.7.2 that deg F(4) < 0. Hence
the numerator of F(4) is determined by the initial values f(1) =3, f(2) =7,
f(3) = 16. This involves a considerably easier computation than evaluating
(I —A4)7L.

Now suppose we impose the additional restriction on the sequence
a,a, --a,that a,a, # 11 or 23. Let g(n) be the number of such sequences. Then
g(n) = Cp(n), the number of closed walks in D of length n. Hence with no further
computation we obtain

W Q) A2 +24—34%)
n;g("))” T 00 1 —=21—=224 ¥

It is somewhat magical that, unlike the case for f(n), we did not need to consider
any initial conditions. Note that (36) yields the value g(1) = 2. The method dis-
allows the sequence 1, since a,a, = 11. This illustrates a common phenomenon
in applying Corollary 4.7.3—for small values of n (never larger than p — 1) the
value of Cp(n) may not conform to our combinatorial expectations.

(36)

4.7.5 Example. Let f(n) be the number of words (i.e., sequences) a,a, - a,€
[3]" such that there are no factors of the form a;a;,, = 12 or a;a;,,a;,, = 213,
222, 231, or 313. At first sight it may seem as if the transfer-matrix method is
inapplicable, since an allowed value of a; depends on more than just the previous
value a;_,. A simple trick, however, circumvents this difficulty—make the di-

Figure 4-13
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graph D big enough to incorporate the required past history. Here we take V =
[3]?, with edges (ab, bc) if abe is allowed as three consecutive terms of the word.
Thus D is given by Figure 4-13. If we now define all weights w(e) = 1, then
Sf(n) = Z Agp,caln — 2).
ab,cdeV

Thus ) -, f(n)A" is a rational function with denominator Q(4) = det(I — AA) for
a certain 8 x 8 matrix A (the vertex 12 is never used so we can take 4 to be 8 x 8
rather than 9 x 9).

It is clear that the technique of the above example applies equally well to
prove the following result.

4.7.6 Proposition. Let S be a finite set and let & be a finite set of finite words
with terms (letters) from S. Let f(n) be the number of words a,a, -*-a,€S" such
that no factor a;a;,, " -a;,;is in #. Then ) -, f(n)A" e C(4). (The same is true
if we take the subscripts appearing in a;a;,, - - - a;+; modulo n. In this case, if g(n)
is the number of such words, then ) -, g(n)A" = —AQ'(1)/Q(4) for some Q(1)e
C[A], provided g(n) is suitably interpreted for small n.) O

While there turn out to be special methods for actually computing the
generating functions appearing in Proposition 4.7.6 (see Exercise 14), at least the
transfer-matrix method shows transparently that the generating functions are
rational.

4.7.7 Example. Let f(n) be the number of permutations a,a, - -a,€S, such
that |a; — i| = 0 or 1. Again it may first seem that the transfer-matrix method is
inapplicable, since the allowed values of a; depend on all the previous values a,,
...,a;_;. Observe, however, that there are really only three choices for a,—
namely, i — 1, i, or i + 1. Moreover, none of these values could be used prior to
a;_,, so the choices available for a; depend only on the choices already made for
a;_, and a;_,. Thus the transfer-matrix method is applicable. The vertex set V
of the digraph D consists of those pairs (o, f) € { — 1,0, 1} for which it is possible
to have ¢, —i = a and a;,, — i — 1 = . An edge connects («, f) to (B,7) if it
is possible to have g, —i=ao, a;p,, —i—1=8, a;,, —i—2=7y. Thus V=
{vy,...,0,} where v, =(—1,-1), v, =(—10), v =(—1,1), v, =(0,0), vs =
0, 1), vg = (1, — 1), v, = (1, 1). (Note, for instance, that (1,0) cannot be a vertex,
since if a;, —i=1and q;,, —i— 1 =0, then a; = q;,,.) Writing a,x, for the
vertex (a,,5), and so on, it follows that a walk (x;o,, o, a3), (@003, A3%4), -,
(0404 15 %yt 1 %4 2) Of length nin D corresponds to the permutation 1 + «,,2 + a5,
., n+ 2+ a,,, of [n+ 2] of the desired type, provided that o, # —1 and
a4+, # 1. Hence f(n + 2) is equal to the number of walks of length n in D from
one of the vertices v,, vs, vg, U, to one of the vertices vy, v,, v,, V. Thus if set
w(e) = 1 for all edges e in D, then

fln+2)= 3 2 (A

i=4,5,6,7 j=1,2,4,6

The adjacency matrix A is given by
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[1 1 1.0 0 0 0]
0001100
0000 O0T1 1
A=10 0 0 1 1 0 O
0 000 O0T1 1
011 00 0O
LO 0 0 0 0 0 1

and Q(4) = det(I — A4) = (1 — 2)*(1 — A — A%). As in Example 4.7.4, we can
compute the numerator of ) ., f(n + 2)A" using initial values, rather than
finding (I — 2A4)™". According to Theorem 4.7.2, the polynomial (1 — 1)?(1 —
A —A%)3Y .50 f(n + 2)A"may have degree as large as deg Q(1) + 3 = 6, s0in order
to compute Y 5, f(n)A" we need the initial values f(0), f(1),..., f(6). If this work
is actually carried out we obtain

1
2 S = ———— (37)

n=20 1 - /1 - /12 ’
so that f(n) is just the Fibonacci number F,, ,(!).

Similarly we may ask for the number g(n) of permutations a,a,-a,e S,
suchthata; — i = 0, + 1 (mod n). This has theeffect of allowinga, = nand a, = 1,
so that g(n) is just the number of closed walks (x;a,,a,03), (X305, %304),. ..,
(0p— 1 Oy, 06,04 ); (2,0, &y ,) in D of length n. Hence

AQ'(A) 2 Al + 24)
A= — = )

2,90 o) 1-4 1-=i-2
Hence g(n) = 2 + L,, where L, is the n-th Lucas number, defined by L, = 1,

L,=3,L,,, =L,.; + L,. Note the “spurious” values g(1) = 3, g(2) = 5.
It is clear that the preceding arguments generalize to the following result.

(38)

4.7.8 Proposition.

a. Let S be a finite subset of Z. Let fi(n) be the number of permutations
a,a, --a,€ S, such that a; — ie S for ie[n]. Then ) , 5 fs(n)A" € C(A).

b. Let gs(n) be the number of permutations a, a, ‘- a, € S, such that for alli e [n],
there is a je S for which a; — i = j (mod n). If we suitably interpret gg(n) for
small n, then there is a polynomial Q(4)e C[4] for which ) 5, gs(n)A" =

—4Q'(2)/Q(A). O

The reader is undoubtedly wondering, in view of the simplicity of the
generating functions (37) and (38), whether there is a simpler way of obtaining
them. (Surely it seems unnecessary to find the characteristic polynomial ofa 7 x 7
matrix A when the final answer is 1/(1 — 4 — 42). The five eigenvalues 0, 0, 0, 1,
1 do not seem relevant to the problem. Actually, the vertices v, and v, are not
needed for computing f(n), but we are still left with a 5 x 5 matrix.) This brings
us to an important digression—the method of factoring words in a free monoid.
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While this method has limited application, when it does work it is extremely
elegant and simple.

Factorization in Free Monoids

Let o/ be a finite set, called the alphabet. A word is a finite sequence a,a, - a,
of elements of .« including the void word 1. The set of all words in the alphabet
A is denoted o4*. Define the product of two words u = a,---a, and v = b, ---b
to be their juxtaposition,

m

uv =a;---ayb,---b,.

In particular, 1u = ul = u for all u e o/*. The set o/*, together with the product
just defined, is called the free monoid on the set . If u = a,-*-a,e .o/* with
a; € o/, then define the length of u to be £(u) = n. In particular (1) = 0.

If € is any subset of 2/*, define

€, ={uec¥:¢(u) = n}.

Let 4 be a subset of .&/* (possibly infinite), and let * be the submonoid of
o/ * generated by #; that is, #* consists of all words u, u, ---u, where u; € 8. We
say that #* is freely generated by A if every word u e #* can be written uniquely
as u,u, - u, where u;e . For instance, if o = {a,b} and & = {a, ab, aab} then
A* is not freely generated by 4, but is freely generated by {a,ab}. On the other
hand, if Z = {a, ab, ba} then #* is not freely generated by any subset of «/* (since
aba = a-ba = ab- a).

Now suppose we have a weight function w: o/ — R (where R is a commuta-
tive ring), and define w(u) = w(a,):--w(a,) f u = a,---a,, a;e . In particular,
w(1) = 1. For any subset € of .o/* define the generating function

%) = Z@ w(u)A’® e R[[A]].

ue
Thus the coefficient f(n) of A" in €(4) is Zuefgn w(u). The following proposition is
almost self-evident.

4.7.9 Proposition. Let & be a subset of o/*, which freely generates #*. Then
B*() = (1 — BA)™"

Proof. We have

k
fy= % (H 2 w(u)).
Qg+ +ie=n \j=1 uew,-j
Multiplying by A" and summing over all neN yields the result. )
As we shall soon see, even the very straightforward Proposition 4.7.9 has
interesting applications. But first we seek a result, in the context of the preceding
proposition, analogous to Corollary 4.7.3. It turns out that we need the monoid
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#* to satisfy a property stronger than being freely generated by 4. (This property
depends on the way in which #* is embedded in o7*.) If #* is freely generated
by 24, then we will say that 2* is very pure if the following condition, called unique
circular factorization (UCF), holds:

(UCF) Let u = u,u, - u,e #*, with u;e /. Thus for unique integers 0 =
N <n; <n, <---<n; <n we have

un0+1uno+2'“un,e'@’ un,+1un,+2'”unze'@9 AR unk+lunk+2”.'une'%'

Suppose that for some ie [n] we have wu; ;- u,u; -~ u;,_, € B*. Theni = n; + 1
forsome 0 <j < k.

In other words, if the letters of u are written clockwise around a circle, as in
Figure 4-14, with the initial letter u, not specified, then there is a unique way of
inserting “bars” between pairs of consecutive letters such that the letters between
any two consecutive bars, read clockwise, form a word in 4. See Figure 4-15.

Figure 4-14 Figure 4-15

For example, if &/ = {a} and # = {aa}, then #* fails to have UCF since
the word u = aaaa can be “circularly factored” in the two ways shown in Figure
4-16. Similarly, if o/ = {a,b,c} and # = {abc, ca, b}, then #* again fails to have
UCF since the word u = abc can be circularly factored as shown in Figure 4-17.
Note that in both examples #* is indeed freely generated by 4.

a a a a
a o Q a C O c Q
b
a a b
Figure 4-16 Figure 4-17

Though not necessary for what follows, for the sake of completeness we state
the following characterization of very pure monoids. The proof is left to the
reader.

4.7.10 Proposition. Suppose #* is freely generated by # < «/*. The following
two conditions are equivalent:
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i. #* is very pure;
il. Ifueo/* veos* uwe B* and vue B* then ue #* and v e B*, O

Suppose now that #* has UCF. If wesd and u = uyu, -u,e B*, then an
/*-conjugate of u is a word uu;,, rUgly Uy €9/F. Define g(n) = Y w(u),
where the sum is over all distinct of *-conjugates u of words in 2y. For instance,
if o ={a,b} and & = {aq, ab} then g(4) = w(aaaa) + w(aaab) + w(aaba) +
w(abaa) + w(baaa) + w(abab) + w(baba) = w(a)* + dw(a)’*w(b) + 2w(a)*w(b)2.
Define the generating function

A1) = Y. g(n)an.

nx>1

4.7.11 Proposition. Assume #* is very pure. Then

d
lﬁ B(4) J ,ld%%*(l)
Equivalently,
l’l
B =exp 7 g (’;) (39)

First Proof. Fix a word ve 4. Let g,(n) be the sum of the weights of distinct
2 *-conjugates Uil vy - U,y of words in #* such that for some j < iand k > i,
we have w;u;, ; -+ u, = v. (Note that j and k are unique by UCF.) If £(v) = m, then

J

clearly g,(n) = mw(v) f(n — m), where B*(\) = > ns0 S (MA". Hence

9= 3 g, = 3. mbimf(n — m)
SO

B(A) = ( > mb(m)i"‘) B*(A). u
m=>0
Our second proof of Proposition 4.7.11 is based on a purely combinatorial
lemma involving the relationship between “ordinary” words in #* and their
s/ *-conjugates. This is the general result mentioned after the first proof of
Lemma 2.34.

4.7.12 Lemma. Assume £* is very pure. Let f,(n) = Y . w(u), where u ranges
over all words in % that are a product of k words in 4. Let g(n) =Y, w(),
where v ranges over all distinct /*-conjugates of the above words u. Then

nfi(n) = kg,(n).

Proof. Let A be the set of ordered pairs (u, i), where u € 8* and u is the product
of k words in %, and where i [n]. Let B be the set of ordered pairs (v,j), where
v has the meaning stated above, and where je [k]. Clearly | 4] = nf.(n)and |B| =
kgi(n). Define a map ¢ : A —» B as follows: Suppose u = u,u, - u, = VU,
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v € B¥, where u; € o, v;e 8. Then let
Y, i) = (Wngy - ug_y,j),

where u; is one of the letters of v;. It is easily seen that ¢ is a bijection that
preserves the weight of the first component, and the proof follows. O

Second Proof of Proposition 4.7.11. By the preceding lemma
nf(n) = ; nfi(n) = ) kgi(n). (40)
k

The right-hand side of (40) counts all pairs (v, v;), where v is an /*-conjugate of
some word v, v, - v, € BF, with v;€#. Thus v may be written uniquely in the
form vy, o0 0,00 J, ', where vjv; = v;. Associate with v the ordered pair
(V:iVis1 """ 0j—1, V4 - 0,1 0)). This sets up a bijection between the pairs (v, v,)
above and pairs (yl,yz) where y, € #*, y, 1s an «/*-conjugate of an element of

#*, and ¢(y,) + £(y,) = n. Hence

S kaulm) = 3. f)gn — )

By (40), this says 17;8*(1) = B*(1)B(A). 0
Note that when 4 is finite, #(1) and #*(A) are rational. See Exercise 5 for
further information on this situation.

4.7.13 Example. Let us take another look at Lemma 2.3.4 from the viewpoint
of Lemma 4.7.12. Let o/ = {0,1} and 2 = {0,10}. An «/*-conjugate of an ele-
ment of 8%, which is the product of m — k words in %, corresponds to choosing
k points, no two consecutive, from a collection of m points arranged in a circle.
(The position of the 1’s corresponds to the selected points.) Since there are (" *)
permutations of m — 2k 0’s and k 10’s, we have f,,_,(m) = ("*). By Lemma 4.7.12,
Gm-i(m) = 7=(""), which is Lemma 2.3.4.

4.7.14 Example. Recall from Exercise 14(c) in Chapter 1 that the Fibonacci
number F,,; counts the number of compositions of n into parts equal to 1 or 2.
We may represent such a composition as a row of “bricks” of length 1 or 2; for
example, the composition 1 + 1 + 2 + 1 + 2 is represented by Figure 4-18. An
ordered pair (a, ) of such compositions of n is therefore represented by two rows
of bricks, such as in Figure 4-19. The vertical line segments passing from top to
bottom serve to “factor” these bricks into blocks of smaller length. For example,
Figure 4-20 shows the factorization of Figure 4-19. The prime blocks (i.e., those
that cannot be factored any further) are given by Figure 4-21. Since there are

Figure 4-18 Figure 4-19
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Figure 4-20
B [ Lol T L Lo
[ L ] eoe L ] l cee L
Length 2n+1 > 3, Length 2n > 2,
together with interchanging  together with interchanging
the two rows the two rows
Figure 4-21

FZ | pairs (a, B), we conclude

22 -1
ZF,.2+1/1"=<1—/1—,12—1f/1>

n=0
_ 1-4
T4+ A1 =314
In principle the same type of reasoning would yield combinatorial evaluations
of the generating functions ) ,, F.; 4", where ke P. However, it is no longer

easy to enumerate the prime blocks when k > 3.
We now derive (37) and (38) using Propositions 4.7.9 and 4.7.11.

4.7.15 Example. Represent a permutation a,a, - - - a, € G, by drawing »n vertices
vy,...,v,inaline and connecting v; to v, by a directed edge. For instance, 31542
is represented by Figure 4-22. A permutation a,a, - a,€ S, for which |a; — i| =0
or 1 is then represented as a sequence of the graphs G and H of Figure 4-23. In
other words, if we set o = {a,b,c} and G = a, H = bc, then the function f(n) of
Example 4.7.7 is just the number of words in &Y, where # = {a,bc}. Setting
w(a) = w(b) = w(c) = 1, we therefore have by Proposition 4.7.9 that

2 f(WA" = B*(2) = (1 — B,

n=20
where B(L) = w(@)A*@ + w(bc)A*®® = A + A2. Consider now the number g(n)
of permutations a,a, " a,€ S, such that a; —i =0, +1 (mod n). Every cyclic

shift of a word in #* gives rise to one such permutation. There are exactly two
other such permutations (n > 3) (namely, 234---n1and n123---n — 1), as shown
in Figure 4-24. Hence,

e 0 O

Figure 4-22 Figure 4-23
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and

Figure 4-24

B(1)

an=_"T 2)n
2,90 =t ¥ 2

a1+2) 2
12T iTo

provided of course we suitably interpret g(1) and g(2).

4.7.16 Example. Let f(n) be the number of permutations a,a, --a,eS, with
a; —i= t1or +2. To use the transfer-matrix method would be quite unwieldy,
but the factorization method is very elegant. A permutation enumerated by f(n)
is represented by a sequence of graphs of the types shown in Figure 4-25.

>
i, T A T A o e e e

(Two orientations of the edges, and with 2m+1 > 3 vertices)

(Two orientations of the edges, and with 2m > 4 vertices)

Figure 4-25

Hence #(2) = A> + 2* + 23,53 A™ and

3 \1
m=>0

1 -4
_ 1—-2
Tl — A=A 3ty 05
Suppose now we also allow a;, — i = 0. Thus let S *(n) be the number of permuta-

tions a,a, - a,e S, with a, — i = +1, 42, or 0. There are exactly two new
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v.Q

Figure 4-26

elements of # introduced by this change, shown in Figure 4-26. Hence

Zf*(n)ln=(l_)~_)»2—)v3_,14_ 213 )~1

n>0 1 —2

B 1 — A
Tl =24 =23 415

4.7.17 Example. (k-discordant permutations.) In Section 2.3 we discussed the
problem of counting the number f,(n) of k-discordant permutations a,a, --a,e
S,, thatisa; —i#0,1,..., k — 1 (mod n). We saw that

fillm) = 3. (= Drdn)(n — i),

™

where r;(n) is the number of ways of placing i non-attacking rooks on the board
B,={(r,s)e[n] x [n]:s—r=0,1,...,k — 1 (modn)}.

The evaluation of r,(n), or equivalently the rook polynomial R,(x) =} ;r,(n)x’,
can be accomplished by methods analogous to those used to determine gg(n) in
Proposition 4.7.8. The transfer-matrix method will tell us the general form of the
generating function F(x,y) = Y ,»; R,(x)y" (suitably interpreting R,(x) for n <
k), while the factorization method will enable us to compute F,(x, y) easily when
k is small.

First we consider the transfer-matrix approach. We begin with the first row
of B, and either place a rook in a square of this row or leave the row empty. We
then proceed to the second row, either placing a rook that doesn’t attack a
previously placed rook or leaving the row empty. If we continue in this manner,
then the options available to us at the i-th row depend on the configuration of
rooks on the previous kK — 1 rows. Hence, for the vertices of our digraph D,, we
take all possible placements of non-attacking rooks on some k — 1 consecutive
rows of B,. An edge connects two placements P, and P, if the last k — 2 rows of
P, are identical to the first k — 2 rows of P,, and if we overlap P, and P, in this
way (yielding a configuration with k rows), then the rooks remain non-attacking.
For instance, D, is given by Figure 4-27. There is no arrow from u to v since their
overlap would be as shown in Figure 4-28, which is not allowed. Similarly, D,
has 14 vertices, a typical edge being shown in Figure 4-29. If we overlap these
two vertices, we obtain the legal configuration shown in Figure 4-30. Define the
weight w(P,, P,) of an edge (P,, P,) to be x**?, where v(P,) is the number of rooks
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»

TN :

Co X | e— o | x D) x

Figure 4-27 Figure 4-28
X
X X X
X X X
Figure 4-29 Figure 4-30
vy = Uy = X Ug= | X
Figure 4-31

in the last row of P,. It is then clear that a closed walk I of length n and weight
x*® in Dy corresponds to a placement of v(I') non-attacking rooks on B, (pro-
vided n > k). Hence if A, is the adjacency matrix of D, with respect to the weight
function w, then

R, (x)=trA;, n>k.
Thus if Q,(1) = det(I — L A,) € C[x, A], then by Corollary 4.7.3 we conclude

AQi(4)
R,(x)A" = ==L (41)
& 0= =55
For instance, when k = 2 (the “probléme des ménages”) then with the vertex
labeling given by Figure 4-31, we read off from Figure 4-27 that

1 x x
A,=|1 x 0],
1 x x
so that
1—1 —Aix —Ax
QA =det] —1 1 -—Ax 0
-2 —Ax 1 -1Ax
=1-— A1 + 2x) + A2x2.
Therefore
1 —21%x?
T R(pn = LRI 2 g

i T 1 — A1+ 2x) + 42X
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The above technique, applied to the case k = 3, would involve the deter-
minant of a 14 x 14 matrix. The factorization method yields a much easier
derivation. Regard a placement P of non-attacking rooks on B, (or on any subset
of [n] x [n]) as a digraph with vertices 1, 2, ..., n, and with a directed edge from
itojifarook is placed in row i and column j. For instance, the placement shown
in Figure 4-32 corresponds to the digraph shown in Figure 4-33. In the case
k = 2, every such digraph is a sequence of the primes shown in Figure 4-34,
together with the additional digraph shown in Figure 4-35. If we weight such a
digraph with g edges by x4, then by Proposition 4.7.11 there follows

d
ia.@(/l)
12'l /ln = 4 n}vn 42
ngl (X) 1 - '@()') ngzx ( )
where
B(A) = xA + Z xiTIp
i>1
A
= XxA 4+ R

This yields the same answer as before, except that we get the correct value
R,(x) = 1 + x rather than the spurious value R, (x) = 1 + 2x. To obtain R, (x) =
1 4 2x, we would have to replace ) ,», x"A" in (42) by 3 ,», x"A". Thus in effect
we are counting the first digraph of Figure 4-34 twice, once as a prime and once
as an exception.

When the above method is applied to the case k = 3, it first appears ex-
tremely difficult because of the complicated set of prime digraphs that can arise,
such as in Figure 4-36. A simple trick eliminates this problem; namely, instead

x Q)
1 2 3 4 o6 7
<\o 0

X Figure 4-33

Figure 4-32

[ > 1 vertices .
n > 2 vertices

Figure 4-34 Figure 4-35
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e N o N @ b
o 0 A AT

of using the board B, = {(j.j),(j,j + 1),(j,j + 2)(modn)}, use instead B, =
{(j — 1,j),(j,j),(j.j + 1)(mod n)}. Clearly, B, and B, are isomorphic and there-
fore have the same rook polynomials, but surprisingly B, has a much simpler
class of prime placements than B,. The primes for B, are given by Figure 4-37.
In addition, there are exactly two exceptional placements, shown in Figure 4-38.
Hence

d
l;a%’(l)
Y R (x)A" = — 2 nan 43
P TR T )
where
BA)= A+ xi+x2A2+2) xTA
i>22
212 2xA?
=14 xA+ x*A* - .
1 —xA

If we replace Y ,53x"A" in (43) by Y ,>; x"A" (causing R,(x) and R,(x) to be
spurious), then after simplification there results
A1 4 2x 4 2xA — 3x*A%) xA
R, (x)A" = .
,.Zl (%) 1 - A1 + 2x) — xA2 + x*43 + 1 — x4

o Q <:> TN T D eeed 0 T Toessd W o

i > 2 vertices i > 2 vertices
Figure 4-37
Figure 4-38

4.7.18 Example. A polyomino is a finite union P of unit squares in the plane
such that the vertices of the squares have integer coordinates, and P is connected
and has no finite cut set. Two polyominoes will be considered equivalent if there
is a translation that transforms one into the other (reflections and rotations
not allowed). A polyomino P is horizontally convex (or HC) if each “row” of P
is an unbroken line of squares; that is, if L is any line segment parallel to the x-
axis with its two endpoints in P, then L < P. Let f(n) be the number of HC-
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Figure 4-39

polyominoes with n squares. Thus f(1) = 1, f(2) = 2, f(3) =6, as shown by
Figure 4-39. Suppose we build up an HC-polyomino one row at a time, starting
at the bottom. If the i-th row has r squares, then we can add an (i + 1)-st row of
s squares inr + s — 1 ways. It follows that

f(n) = Z(n1 +n, — 1)(ny + ny —1)---(n, + Nsey — 1), (44)

where the sum is over all 27! compositions n, + n, 4+ -+ + n,,, of n (where the
composition with s = 0 contributes 1 to the sum). This suggests studying the
more general sum, over all compositions n; + n, + -+ 4+ n,,,_, = n with s > 0,

fin) =3 (fi(n) + fo(n) + - + L)) fi(ny) + fo(n3) + * + fulmesr))
v '(fl(ns) + f2(n5+1) + o+ ﬁc(ns-f-k—l)) (45)

where f}, ..., f, are arbitrary functions from P to C (or to any commutative ring
R). We make the convention that the term in (45) with s = 0 is 1. The situation
(44) corresponds to fi(m) = m + a, f,(m) = m — a — 1 for any fixed a e C.

It is surprising that the transfer-matrix method can be used to write down
an explicit expression for the generating function F(x) = Y w>1 f(n)x"in terms of
the generating functions F,(x) = anl fi(n)x". We may compute a typical term
of the product appearing in (45) by first choosing a term fi,(n;) from the first
factor ¢, = fi(ny) + fo(n2) + -+ + fi(n,), then a term f,(n;,,,) from the second
factor ¢, = f,(n,) + fo(n3) + *** + fi(m+,), and so on, and finally multiplying
these terms together.

Alternatively we could have obtained this term by first deciding from which
factors we choose a term of the form f; (n,), then deciding from which factors we
choose a term of the form f; (n,), and so on. Once we've chosen the terms f,.i(nj),
the possible choices for fi,.,(n;+,) are determined by which of the k — 1 factors
@j—k+25 Bj-k+35. .., #; we have already chosen a term from. Hence define a digraph
D, with vertex set V = {(g;,...,&-,):& = 0 or 1}. The vertex (¢,,...,&.,) indi-
cates that we have already chosen a term from ¢,_, ., if and only if¢,_, = 1. Draw
an edge from (e,,...,&-,) to (&},..., &) if it is possible to choose terms of the
form f,-j(njﬂ) consistent with (g,,...,&,_,), and then of the form fi,.,(n;4,) con-
sistent with (¢',...,&,_,) and our choice of fij(nj)’s. Specifically, this means that
(€),...,&-,) can be obtained from (e,,...,&_,,0) by changing some 0’s to 1’s. It
now follows that a path in D, of length s + k — | that starts at (1,1,...,1)
(corresponding to the fact that when we first pick out terms of the form f; (n,),
we cannot choose from nonexistent factors prior to ¢,) and ends at (0,0,...,0)
(since we cannot have chosen from nonexistent factors following ¢,) corresponds
to a term in the expansion of ¢, ¢, - @,. For instance, if k = 3 then the term
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W—19—0)—1—190—(10—(00—0)

Figure 4-40

Sf3(n3) f1(n3) f1(n3)f5(ns) f3(n,) in the expansion of @, @, - @5 corresponds to the
path shown in Figure 4-40. The first edge in the path corresponds to choosing
no term f; (n,), the second edge to choosing f,(n,), the third to f;(n,)f5(n,), the
fourth to no term f; (n,), the fifth to f,(ns), the sixth to no term f; (ne), and the
seventh to f5(n).

We now have to consider the problem of weighting the edges of D,. For
definiteness, consider for example the edge e from v = (0,0,1,0,0,1) to v’ =
(1,1,0,1,1,0). This means we have chosen a factor f;(m)fg(m) f(m), as illustrated
schematically by

S| 3

\J
\J

4

—_—| N
)

— O |
—— U
[e>Jan i BF N
— O | W

0

If 2 <i< k — 1, then we include f;(m) when column i is given by 9. We include
fi(m) if the first entry of v is 0, and we include f; (m) if the last entry of v’ is 1. We
are free to choose m to be any positive integer. Thus if we weight the above edge
e with the generating function |

Zl fr(m)fe(m)f7(m)x™ = F3 % Fg % F,,

where * denotes the Hadamard product, then the total weight of a path from
(1,1,...,1)to(0,0,...,0)is precisely the contribution of this path to the generating
function F(x). (Note that in the case of an edge e where we pick no terms of the
f;(m) for fixed m, then we are contributing a factor of 1, so that the edge must be
weighted by .-, x™ = +=, which we will denote as J(x).) Since there is no need
to keep track of the length of the path, it follows from Theorem 4.7.2 that
F(x) = F;j(D,, 1), where iis theindex of (1, 1,...,1) and j of (0,0,...,0). (In general,
it is meaningless to set A = 1 in F;;/(D, 1), but here the weight function has been
chosen so that F;(D,,1) is a well-defined formal power series. Of course if we
wanted to we could consider the more refined generating function F;(D,, 4),
which keeps track of the number of parts of each composition.)
We can sum our conclusions in the following result:

4.7.19 Proposition. Let Ak be the following 2! x 2*~! matrix whose rows and
columns are indexed by V = {0, 1}* L. If v = (g1,..., 6=1 ) V' = (€15 ., &= 1) EV,
then define the (v, v')-entry of 4, as follows:

0, ifforsome! <i<k—2 wehaveg,, =lande; =0
(A).s. = F, - xF, otherwise, where {i,,...,i,} = {i:&-;+; =0and
° ey_; = 1}, and where we set g, =0, = 1, and a
void Hadamard product equal to J = x/(1 — x).

Let B, be the matrix obtained by deleting row (0,0,...,0) and column (1, 1,...,1)
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from I — A, (where I is the identity matrix) and multiplying by the appropriate
sign. Then the generating function F(x) = ¥, f(n)x", as defined by (45),is given
by

F(x) = (det B,)/det(I — A,).

In particular, if each F,(x) is rational then F(x) is rational by Proposition 4.2.5.
O
Here are some small examples. When k = 2, we have D, given by Figure
4-41, while

F, F xF
A2=[2 ] B, =[J],

J F,
F(x) = 4 (46)
(1 -~ F)(1 = F,) = J(F, * F,)’
F2
FxF, “ J
£ O
D2
Figure 4-41
In the original problem of enumerating HC-polyominoes,
Fi(x)= ) nx"=x/(1 — x)?,
n>1
F(x)= ) (n—1x"=x*/1 - x,
n>1
(FyxFo)(x) = ¥ nln — )x" = 2x*/(1 — x)},
n=>1
yielding
 xfl-x)
FG) = | X | x? x = 2x?
(1 - x)? 1-x2) 1—-x(1-x?
B x(1 — x)3
T 1= 5x 4 Tx? —4x*
It is by no means obvious that f(n) satisfies the recurrence
fm+3)=5f(n+2)=Tf(n+ 1)+ 4f(n), n>2, (47)

and it is difficult to give a combinatorial proof.
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Figure 4-42

Finally let us consider the case k = 3. Figure 4-42 shows D,, while

Fy FixFy F,xFy; F xF,*F;

1= 0 0 F, F,* F,
" |J F F, F,xF,
0 0 J F,
0 1 —F,
B3 = _J - ‘Fl 1 - Fz
0 0 J
JZ
Fx) = ———
0 = Getd — Ay
where

det(I — A3) = (1 - F))(1 — F;)(1 — F, — F,Fy)
—J(1 = F)(F,*F; + F5(F, * Fy))
—J(1 — F3)(F,xF, + F,(F, * F3))
— JA((F, % F3)* + F, « Fy % F,).

Notes

The basic theory of rational generating functions in one variable belongs to the
calculus of finite differences. Charles Jordan [17, §I.1] ascribes the origin of this
calculus to Brook Taylor in 1717, but states that the real founder was Jacob
Stirling in 1730. The first treatise on the subject was written by Euler in 1755,
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where the notation A for the difference operator was introduced. It would
probably be an arduous task to ascertain the precise origin of the various parts
of Theorem 4.1.1, Corollary 4.2.1, Proposition 4.2.2, Proposition 4.2.5, Corollary
4.3.1, and Proposition 4.4.1. The reader interested in this question may wish to
consult the extensive bibliography in N6rlund [26].

The reciprocity result Proposition 4.2.3 seems to be of more recent vintage;
it is attributed by E. Ehrhart [7, p. 21] to T. Popoviciu [29, p. 8]. It would not
be surprising, however, if this result were discovered in considerably earlier work.

The operation of Hadamard product was introduced by Hadamard [14],
who proved Proposition 4.2.5. This result fails for power series in more than one
variable, as observed by Hurwitz [15].

Methods for dealing with quasi-polynomials such as p,(n) in Example 4.4.2
were developed by Herschel, Cayley, Sylvester, Glaisher, Bell, and others. For
references see [2.3, §2.6]. Some interesting properties of quasi-polynomials are
given by Macdonald in [9, pp. 145-155].

The theory of P-partitions was foreshadowed by work of MacMahon (see,
for example, [2.15, §439, 441]) and more explicitly Knuth [19], but the first
general development appeared in [3.28] [3.29]. Our treatment closely follows
[3.29]. The elegant Corollary 4.5.9 is due to MacMahon (see [2.15, §453]).
A combinatorial proof was given by Foata [11] and extended by Foata and
Schiitzenberger [13]. See also [12].

The theory of linear homogeneous diophantine equations developed in
Section 4.6 was investigated in the weaker context of Ehrhart quasi-polynomials
by E. Ehrhart beginning around 1955. (It is remarkable that Ehrhart did most
of his work as a teacher in a lycée, and did not receive his Ph.D. until the age of
57.) Ehrhart’s work is collected together in his monograph [9], which contains
detailed references. Some aspects of Ehrhart’s work were corrected, streamlined,
and expanded by I. G. Macdonald [22] [23]. Other approaches toward Ehrhart
quasi-polynomials appear in [24] [37].

The extension of Ehrhart’s work to linear homogeneous diophantine equa-
tions appeared in [33] and is further developed in [35] [38]. In these references
commutative algebra is used as a fundamental tool. The approach given here in
Section 4.6 is more in line with Ehrhart’s original work. Reference [38] is
primarily concerned with inhomogeneous equations and the extension of Theo-
rem 4.6.14 (reciprocity) to this case. A more elementary but less comprehensive
approach to inhomogeneous equations and reciprocity is given in [34, §8—-11].

The study of “magic squares” (as defined in Section 4.6) was initiated by
MacMahon [2.15, §404-419], who computed H,(r) in §407. (See Exercise 6 in
Chapter 2 for MacMahon’s proof.) Proposition 4.6.19 was conjectured by Anand,
Dumir, and Gupta in [1] and was first proved in [33]. Ehrhart [8] also gave a
proof of Proposition 4.6.19 using his methods. An elementary proof (essentially
an application of the transfer-matrix method) of part of Proposition 4.6.19 was
given by Spencer [32]. The fundamental Lemma 4.6.18 on which Proposition
4.6.19 rests is due to Garrett Birkhoff [3]. It was rediscovered by J. von Neumann
[39] and is sometimes called the “Birkhoff—~von Neumann theorem.” The proof
given here is that of von Neumann.
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Carlitz [4, p. 782] conjectured that Proposition 4.6.21 was valid for some
constant Q,(r), and proved this fact for n < 4. The value of V(1) given after
Proposition 4.6.21 shows that Carlitz’s conjecture is false for n = 5. Proposition
4.6.21 itself was first proved in [33], and a refinement appears in [35, Thm. 5.5].
In particular, it is shown that

n—1) dd
) — 1, no

deg Q,(r) <
n—2
( 5 )— 1, neven,

and it is conjectured that equality holds for all n. The values of F,(1) (given for
n < 5 preceding Lemma 4.6.20) were computed for n < 6 in [16], while the values
of G,(4) for n < § appearing after Proposition 4.6.21 were first given in [35].

Example 4.6.32(a) is a classical result of Pick. The extension (b) to three
dimensions is due to Reeve, while the general case (c) (or even more general
Corollary 4.6.31) is due to Macdonald. See [9] or [22] for references.

The connection between the powers A" of the adjacency matrix 4 of a
digraph D and the counting of walks in D (Theorem 4.7.1) is part of the folklore
of graph theory. An extensive account of the adjacency matrix A is given in [6];
see §7.5 in particular for its use in counting walks. We should also mention that
the transfer-matrix method is essentially the same as the theory of finite Markov
chains in probability theory.

The transfer-matrix method has been used with great success by physicists
in the study of phase transitions in statistical mechanics. See [2] and [27] for
further information.

For more information on Example 4.7.5, see Exercise 14 and the references
given there. For work related to Examples 4.7.7,4.7.15, and 4.7.16, see [20] [25],
and the references given there. These approaches are less combinatorial than
ours.

Our discussion of factorization in free monoids merely scratched the surface
of an extensive subject. An excellent overall reference is [21], from which we have
taken most of our terminology and notation. Other interesting references include
[5] and [10]. The application to summing Y F2 ; A" (Example 4.7.14) appears in
[31], while a less combinatorial approach to the evaluation of Y F,¥A" is given in
[30].

The recurrence (47) for HC-polyominoes was first found by Polya in 1938
but was unpublished by him until 1969 [28]. A proof of the more general (46) is
given in [18], while an algebraic version of this proof appears in [36, Ex. 4.2].
The elegant transfer-matrix approach given here was suggested by I. Gessel. The
combinatorial proof of (47) alluded to after (47) is due to D. Hickerson (private
communication).
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Exercises

1.

a. Suppose that f(x) = ) ,»a,Xx" is a rational function with integer coeffi-
cients a,. Show that we can write f(x) = P(x)/Q(x), where P and Q are
relatively prime (over Q[x]) polynomials with integer coefficients such
that Q(0) = 1.

b. Suppose that f(x,,...,x,)is a formal power series (over C, say) that repre-
sents a rational function P(x,,..., x,)/Q(x,,...,X,), where P and Q are
relatively prime polynomials. Show that Q(0,...,0) # 0.

2. Suppose f(x)eZ[[x]], f(0) # 0, and f'(x)/f(x)e Z[[x]]. Prove or disprove

that f(x)/f(0)e Z[[x]]. (While this problem has nothing to do with rational
functions, it is similar in flavor to Exercise 1(a).)

3. a. Suppose ) ,»oa,x"e C[[x]] is rational. Define y : C — Z by

_JL, a#0
xa) = {0, a=0.
Show that Y .o x(a,)x" is also rational (and hence its coefficients are
eventually periodic, by Exercise 19(b)).
b. Show that the corresponding result is false for C[[x, y]]; that is, we can
have ) a,,,x™y" rational but Y %(@,,,)x™y" non-rational.
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c. Let ) ,.0a,x" and ) ,.,b,x" be rational functions with integer coeffi-
cients a, and b,. Suppose that c,:= a,/b, is an integer for all n (so in
particular b, # 0). Show that 3 c,x" is also rational.

4. a. Let b eP for i>1. Use Exercise 3 to show that the formal power series

H(l 211

i>1
is not a rational function of x.
b. Find a;eP (i > 1) for which the formal power series

=[] —x)™

i1

is a rational function of x.

5. Let F(x) = Z,,zoa,,ﬂx"e([:[[x]]. Show that the following conditions are
equivalent:
i. There exists a rational power series G(x) for which F(x) = G'(x)/G(x).

n

is rational.

ii. exp Y InX

n>1 h
iii. There exist non-zero complex numbers (not necessarily distinct) o, ...,
a;, By, --.» By such that

a, = Z“? - Zﬁi"-
6. Let I be an order ideal of the poset N™, and define f(n) = # {(a,,...,a,)el:
a, + -+ + a,, = n}. (In other words, f(n) is the number of x e I whose rank
in N™ is n.) Show that there is a polynomial P(n) such that f(n) = P(n) for n
sufficiently large. (E.g., if I is finite then P(n) = 0.)

7. Let X be a finite alphabet, and let X* denote the free monoid generated by
X. Let M be the quotient monoid of X* corresponding to relations w, =
wi, ..., W, = w;, where w; and w; have the same length, 1 < i < k. Thus if
we M, then we can speak unambiguously of the length of w as the length of
any word in X* representing w. Let f(n) be the number of distinct words in
M of length n, and let F(x) =) 50 f(n)x
a. If k = 1, then show that F(x) is rational.

b. Show that in general F(x) need not be rational.

c. Linearly order the g letters in X, and let M be defined by the relations
achb = cab and bac = bcafora < b < ¢,and aba = baa and bab = bba for
a < b. Compute F(x).

d. Show that if M is commutative then F(x) is rational.

8. a. Let A and B be n x n matrices (over C, say). Given a, $e N’, define
t(a,B) = tr A% BP14°2 B2 .- 4% BF-,

Show that T,(X,y) := Y «penr (e, B)x*yP is rational. What is the denomi-
nator of T,(x,y)?

b. Compute T;(x,y)forA=[¢ “Jand B=[_} 3§].

9. Let f(n) denote the number of distinct Z/nZ-solutions & to (17) modulo n.
For example, if ® = [1 —1] then f(n) = n, the number of solutions («, f) €
Z/nZ to o — B = 0 (mod n). Show that f(n) is a quasi-polynomial for n large
(so in particular 3,5 f(n)x" is rational).
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10. Let E* be the set of all N-solutions « to (17) in distinct integers «;, ..., &,,.
Show that the generating function E*(x) := 3, g« x* is rational.
11. a. Let ® be an r x m Z-matrix, and fix BeZ". Let Eg be the set of all

N-solutions & to ®a = f. Show that the generating function Eg(x) repre-
sents a rational function of x = (x,,..., x,,). Show also that either Eg(x) =
0 (i.e., Eg = (D) or else Eg(x) has the same least denominator D(x) as E(x)
(as given in Theorem 4.6.11).

Assume for the remainder of this exercise that the monoid E is positive
and that Eg # Q. We say that the pair (®, B) has the R-property if Eﬁ(x) =
(— l)"Eﬁ(l/x), where Eg is the set of P-solutions & to @& = —f, and where
d is as in Theorem 4.6.14. (Thus Theorem 4.6.14 asserts that (®, 0) has the
R-property.) For what integers f§ does the pair ([1 1 —1 —1], B) have
the R-property?

¢. Suppose there exists a vector a € Q" satisfying —1 <o; <0(1 <i <m)

d.

and ®a = B. Show that (®, B) has the R-property.
Find a “reasonable,” necessary, and sufficient condition for (®, ) to have
the R-property.

12. Let ® be anr x m matrix whose entries are linear polynomials an + b, where
a, b e Z. Suppose that for each fixed n € P the number f(n) of solutions ee N™
to ®a = 0 is finite. Show that f(n) is a quasi-polynomial.

13. a. Let P, ..., BeK[x,,...,X,], where K = GF(q). Let f(n) be the number

14.

a.

of vectors a = («4,...,a,), «;€ GF(q"), such that Pj(e) =--- = P(er) = 0.
Show that F(x) := exp ) ,»; f(n)x"/nis rational. (See Exercise 5 for equiv-
alent forms of this condition.)

Let P, ..., BeZ[x,,...,X,], and p be a prime. Let f(n) be the number
of solutions & = (a,,...,%,), ;€ Z/p"Z, to the congruences

Pi(@) =--- = P() = 0 (mod p").
Show that F(x):= Y, f(n)x" is rational.

Let X = {x,,...,x,} be an alphabet with n letters, and let C (X)) denote
the non-commutative power series ring (over C) in the variables X; that is,
CL X consists of all formal expressions Zwe ¥+ &, w, where o, € C and
X* is the free monoid generated by X. Multiplication in C{ X)) is defined
in the obvious way, namely,

(2:, 0‘..“) <Zv: va> = mZvocuﬁuuv
= LW

where y,, = > .-, f, (a finite sum).

Let L be a set of words such that no proper factor of a word in L
belongs to L. (A word ve X* is a factor of we X* if w = uvy for some
u, y€ X*)) Define an L-cluster to be a triple (w,(vy,..., %), (£1,--.,£)))€
X* x L¥ x [r]*, where r is the length of w=0,0,--0, and k is some
positive integer, satisfying:

i. For 1 <j < k we have w = uy;y for some ue X7, and ye X* (i.e, w
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b.

contains v; as a factor beginning in position ¢;). Henceforth we identify
v; with this factor of w.

ii. Forl <j<k - 1, we have that v; and v;,; overlap in w, and that Uit
begins to the right of the beginning of v; (s0o 0 </, <¢, <--- <
£ <r).

iii. v, contains g,, and v, contains o,.

Note that two different L-clusters can have the same first component

w. For instance, if X = {a} and L = {aaa}, then (aaaaa, (aaa, aaa, aaa),

(1,2,3)) and (aaaaa, (aaa, aaa), (1, 3)) are both L-clusters.

Let D(L) denote the set of L-clusters. For each word ve L introduce

a new variable ¢, commuting with the x,’s and with each other. Define the

cluster generating function

Clx,t)= ) (H té"""")WGCEEtv:veL]]<<X>>,
(w,u,v)e D(L) \ve L

where m, () denotes the number of components v; of pe L* that are equal
tov.
Show that in the ring C[[t,: ve L]] KX we have

2 (Hté""(w))w=[1—x1—"'—xn—C(x,t—l)]"', (48)
weX* \velL

where m,(w) denotes the number of factors of w equal to v,and where t — 1
denotes the substitution of ¢, — 1 for each ¢,.
Note the following specializations of (48):

i. If we let the variables x; in (48) commute and set each t, = ¢, then the
coefficient of t*x7: - -+ x™ is the number of words w e X* with m; x;’s
for 1 <i < n, and with exactly k factors belonging to L.

ii. If we set each x; = x and ¢; = ¢ in (48), then the coefficient of t*x™ is
the number of words w € X* of length m, with exactly k factors belong-
ing to L.

iii. If we set each-x; = x and each t, = 0 in (48), then the coefficient of x™
is the number of words w e X*.of length m with no factors belonging
to L.
Show that if L is finite and the x;’s commute in (48), then (48) represents
a rational function of x,, ..., x, and the t,’s.
Ifw = a,a, - a,e X*, then define the autocorrelation polynomial A,,(x) =
¢y + cyx + - + ¢x'7', where
1, ifayay, a4y = a4y " q

C.: = .
! {0, otherwise.

For instance, if w = abacaba, then A,(x) = 1 + x* + x®. Let f(m) be the
number of words w € X* of length m that don’t contain w as a factor. Show
that

T fm)xm A, (x)

m>0 N (1 —nx)A4,,(x) + x* (49)

[3—] 15. Let B,(n) be the number of ways of placing k non-attacking queens on




268

[2+]

[2+]

(3]

[5-1

(2]

(2]

[(3+]

(3]

(3]

[2+]

Chapter 4 Rational Generating Functions

18.

19.

20.

21.

an n x n chessboard. For example, B,(n)=n? B,(3)=8. Show that
Y >0 Bi(n)x" is a rational power series.

. Let t(n) be the number of non-congruent triangles whose sides have integer

length and whose perimeter is n. For instance, t(9) = 3, corresponding to
3+3+4+3,2+3+4+4,1+4+4Find) ,.;t(nx"

. Letk,r,neP. Let N,,(n) be the number of n-tuples « = («;,...,a,) € [k]" such

that no r consecutive elements of « are all equal. (For example, N,,(r) =
k" — k) Let F,(x) = Y5 Ni-(n)x". Find Fy,(x) explicitly. (Set N,,(0) = 1.)

a. Let me P and ke Z. Define a function f: {mm + I, m + 2,...} - Z by
f(m) =

fin + 1)=[ f(n)J, n>m.

Show that f is a quasi-polynomial on its domain.

b. What happens when (n + 2)/n is replaced by some other rational function
R(n)?

a. Define f: N — Q by

fin+2)= 6fn+1 —fn), fO)=0, f(1)=1 (51)
Show that | f(n)| < 3.
b. Suppose f: N — Z satisfies a linear recurrence (2) where each a;€Z, and
that f(n) is bounded as n — co. Show that f(n) is periodic.
c. Suppose y is a power series with integer coefficients and radius of conver-
gence one. Show that y is either rational or has the unit circle as a natural
boundary.

n+2 (50)

If e N™ and k > 0, then let f,(x) denote the number of partitions of « into
k parts belonging to N™. For example, f,(2,2) =5, since (2,2) =(2,2) +
0,0)=(L0)+(1,2)=0, 1)+ 2, 1)=2,00+0,2)=(1, 1)+ (1, 1).Ifa =
(0¢g,--.,0,), then write x* = x{'--- x5. Show that

5, At =[St || Fla - = - xb |

aeN™
where the second sum is over all m-tuples (=n,,...,n,)e Sy satisfying
T, 7y 7, = 1, and where 1(n) is the greater index of x.

a. Let S = {a,,...,q;} . = P. Define fg(n) to be the number of chains 1° <
A' < -+ < A9 of partitions A’ (ordered by containment of their Young
diagrams) such that |A°| = n and |A'| = n + a; for ie[j]. (Thus in the
notation of Section 3.12, f¢(n) = o;(T), where L =J,(N2) and T =
{n,n + ay,...,n + a;}.) Set

Y. fs(n)g" = P(q)As(q),

n=>0 .
where P(q) = | ];»1(1 — ¢')7". For instance, 4(q) = 1. Show that Ag(q)
is a rational function whose denominator can be taken as ¢,(q):=
(1 —q)(1 —g*) (1 — g%)
b. Compute Ag(q) for S < [3].
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[3-] ¢. Show that for ke P,
T (=15 agq) = g2 g, (52)

SE[k)

[2+] d. Deduce from (c) thatif L = J(N?)and B(L, S) is defined as in Section 3.12,
then for ke N we have

Y B(L.[nn +KDg™ = P@) 3, ["“'2’"‘”’(- 1)""‘1 e

n>0 #:(q) 1 —g¢q

[2] e. Give a simple combinatorial proof that 4;,,(q) = (1 — q)7".

[2+] 22. a. Let P be a finite poset of cardinality p, with order polynomial Q(P, m).
Show that as m — oo (with m € P), the function Q(P,m)m ™" is eventually
decreasing, and eventually strictly decreasing if P is not an antichain.

[5] b. Is the function Q(P, m)m~? decreasing for all me P?

[3]  23. Let P be a finite poset on [p], and define the formal power series G(P, x) in
the variables x = (x¢, x;,...) by

G(P,x) = Zxam " Xa(py

where o ranges over all P-partitions g : P — N. Show that G(P,x) is a sym-
metric function (i.e., G(P, x) = G(P, nx) for any permutation = of N, where
X = (Xg(0)> Xx(1) - - -)) if and only if P is a disjoint union (as a poset) of chains.

Note. It is easily seen that G(P,x) is symmetric if and only if for § =
{n,ny,...,ns} . < [p — 1], the number «(J(P), S) depends only on the multi-
set of numbers n,, n, —n,, ..., ng — n,_;, p — ng (not on their order). See
Exercise 65 in Chapter 3.

[2—] 24. a. Let P be a finite poset and m e N. Define a polynomial
P.g) =} q"

where o ranges over all order-reversing maps (P-partitions) o:P —

[0, m]. In particular, Uy(P,q) = 1 and U,(P,1) = Q(P,m + 1). Show that

U,(P,q) = F(J(m x P),q), the rank-generating function of J(m x P).
[2+] b. If|P|=pand 0 <i < p — 1, then define

WiP,q) =3 4", (53)
where 7 ranges over all permutations in £(P) with exactly i descents and

where 1(7) denotes the greater index of n. Note that W(P, q) = Y. Wi(P, q).
Show that for all meN,

UnP.g) = T <" T i) WiP.q) (54)
[2] ¢. Show that

WiP*,q) = 4" W(P. 1/a), (55)

Un(P*,q) = 4" Up(P, 1/4), (56)

where P* denotes the dual of P.
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d. The formula

C?=Jl—¢ﬂl—q“ﬂ“%1—qr“ﬁ

b 1-¢)1—g"") (1 —9q)

allows us to define (}) for any ae Z and be N. Show that
—a) o (-12peats-nf2 D=1
(V) =mpacmmen(®371)

- (_l)bq—«’;l)(a +b~ 1) |

b 1/q

e. Equation (54) and part (d) above allow us to define U, (P, g) for any me Z.

Show that for me P,

U—m(Ps CI) = (_ 1)pzq—|t|’
where 7 ranges over all strict order-reversing maps (strict P-partitions)
T:P - [m—1].

f. If xe P, then define d(x) to be the length of the longest chain of P with
bottom x, and let §, be the number of elements x € P satisfying §(x) = k,
for 0 < k < ¢ = £(P). Define

A =6+064y+ "+ 1<r<e,
and set
MP)=[p—1]— {AIaAZ,"',A/}'
Show that the degree of W,(P, q) is equal to the sum of the largest i elements
of M(P). (Note also that if P is graded of rank 7, then
A = #{xeP:p(x)< ¢ —r})
25. Let P = {x,,...,x,} be a finite poset. P is said to be Gaussian if there exist
integers hy, ..., h, > 0 such that for all me N,
p 1 _ qm+h,-
Un(P,q) = H‘T—T‘, (57)
i=1 —-q"

where U,,(P,q) is given by Exercise 24.

a. Show that P is Gaussian if and only if every connected component of P is
Gaussian.

b. If P is connected and Gaussian, then show that every maximal chain of
P has the same length #. (Thus P is graded of rank 7£.)

c. Let P be connected and Gaussian, with rank function p (which exists by
(b)). Show that the multisets {h,,...,h,} and {1 + p(x): x € P} coincide.
Note. It follows easily from (c) that a finite connected poset P is Gaussian
if and only if P x m is pleasant (as defined in Chapter 3, Exercise 27) for
all meP.

d. Suppose P is connected and Gaussian, with hy, ..., h, labeled so that
hy <---<h, Showthath,+ h,_;,, =¢(P)+2for1 <i<p.

e. Let P be connected and Gaussian. Show that every element of P of rank
one covers exactly one minimal element of P.

f. Show that the following posets are Gaussian:

i. rxs, forallr,seP,
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[2] 26. a.
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[2] 27. a.
[2] b.
[3+] 28. a.
[3+] b.

Exercises 271

i. J@xr), forallreP,

iii. the ordinalsumr@® (1 + 1)®r, forallreP,

iv. J(J(2 x 3)),

v. J(J(J(2 x 3))).

Are there any other connected Gaussian posets? In particular, must a
connected Gaussian poset be a distributive lattice?

Let M = {1",2",...,m"™} be a finite multiset on [m], and let S(M) be
the set of all ("} *'""%') permutations n = (a,,a,,...,a,) of M, where r =

ry + -+ r, =|M| Let d(n) be the number of descents of =, and set
Ap(x) = ZneG(M)x1+d(")a Ap(x) = Zne G(M)xr_d(")- Show that

SN ()
L0 ()

Find the coefficients of 4,,(x) explicitly in the case m = 2.

Fix r, se P. Let 2 be the convex polytope in R"** defined by
Xi+X+ -+ x=y1+y,+ -+ y,<1,x,>0,y, >0.

Let i(n) = i(2, n) be the Ehrhart (quasi-) polynomial of 2. Use Exercise

26 to find F(x) = ) ,»,i(n)x" explicitly; that is, find the denominator of

F(x)and the coefficients of the numerator. What is the volume of 2? What

are the vertices of 2?

Find a partially ordered set P, for which i(n — 1) = Q(P,,, n), the order

polynomial of P,,.

Let 2 be an integral convex d-polytope, with Ehrhart polynomial i(Z, n).

Set
Y (P, n)x" = W&, )

n=>0 (1 — X et
so that W(2, x) is a polynomial with integer coefficients of degree <d (by
Theorem 4.6.25). Show that the coefficients of W(£, x) are nonnegative.
Let 2 — R™ be a finite union of integral convex d-polytopes, such that the
intersection of any two of these polytopes is a common face (possible
empty) of both. Suppose that 2, regarded as a topological space, satisfies

H(2,2 —p;Q)=0 ifi<d, forallpe2,

H(2,Q)=0 ifi<d.
Here H, and H; denote relative singular homology and reduced singular
homology, respectively. We may define the Ehrhart polynomial i(2, n)
exactly as for polytopes 2, and one easily sees that i(2, n) is a polynomial
of degree d. Set

Y i(2,n)x" = W(2,x)

n>0 (1 - x)d+1 .

Show that the coefficients of the polynomial W(2, x) are nonnegative.
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29.

[2]

[2+]

[2+]

[2]

2+3 30.

[2+]

[2]

[3] 3L

[3] 32

An antimagic square of index n is a d x d N-matrix M = (m;) such that for

every permutation me &, we have ) &, m; ., = n. In other words, any set

of d entries, no two in the same row or column, sum to n.

a. For what positive integers d do there exist d x d antimagic squares whose
entries are the distinct integers 1,2, ..., d2?

b. Let R; (respectively, C;) be the d x d matrix with I's in the i-th row
(respectively, i-th column) and O’s elsewhere. Show that a d x d antimagic
square has the form

M= Za,-R,- + ijq,
1 1
where q;, b;e N.
Use (b) to find a simple explicit formula for the number of d x d antimagic
squares of index n.

d. Let 2, be the convex polytope in R?* of all d x d R-matrices X = (x;)
satisfying

e

d
x,-j > O, in.n(i) =1 for all me 6,1.
1
What are the vertices of #,? Find the Ehrhart polynomial i(£;, n).

a. Let P = {x;,...,x,} be a finite poset. Let 2'(P) denote the convex poly-
tope defined by

P'(P)={(e1,...,5,)eRP:0 <¢g; + - +¢, <1wheneverx; <-—<x}.
Find the vertices of #'(P).

b. Show that the Ehrhart (quasi-) polynomial of #'(P) is given by i(Z'(P),
n — 1) = Q(P, n), the order polynomial of P. (Thus we have two polytopes
associated with P whose Ehrhart polynomial is Q(P,n + 1), the second
given by Example 4.6.34.)

c. Find the volume of the convex polytope £, = R" defined by x; > O for
I<i<nandx;+ x;,, <lforl <i<n-—1

Let vy,...,0,€Z™ Let
P={av; + - +au:0<q <1}

Thus 2 is a convex polytope with integer vertices. Show that the Ehrhart
polynomial of 2 is given by i(2,n) = c,n* + -+ + ¢, where ¢; = Y x f(X),
the sum being over all linearly independent i-element subsets X of {v,,..., 1.},
and where f(X) is the greatest common divisor (always taken to be positive)
of the determinants of the i x i submatrices of the matrix whose rows are the
elements of X.

a. Let 2, denote the convex hull in R? of the d! points (n(1),7(2),...,n(d)),
ne S,. Show that the Ehrhart polynomial of £, is given by

d--1
i(‘a}d,n) = Z f;'ni’
i=0

where f; is the number of forests with i edges on a set of d vertices. (For
example, fy = 1, f; = (3), fi—1 = d%~2.) In particular, the relative volume
of Z,is d*~2.
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[2+] 34.

(1]

(2]

[5-1

[2+] 35.

b. Generalize (a) as follows. Let I" be a finite graph (loops and multiple edges
permitted) with vertices vy, ..., v;. An orientation ¢ of the edges may be
regarded as an assignment of a direction u — v to every edge {u,v} of T.
If in the orientation o there are §; edges pointing out of v, then call
0(0) = (4,...,0,) the outdegree sequence of ¢. Define o to be acyclic if
there are no directed cycles u; — u, — -+ - u, — u,. Let 2 be the convex
hull in R? of all outdegree sequences 6(a) of acyclic orientations of I'. Show
that

i(Pe,n) = Z f(D)n’,

where f;(I') is the number of spanning forests of I" with i edges. Show also
that
PN 2% = {4(0): ¢ is an orientation of '},

and deduce that the number of distinct d(o) is equal to the number of

spanning forests of I'.
Let 2 be a d-dimensional rational convex polytope in R™, and let the Ehrhart
quasi-polynomial of # be

i(P,n) = c,(mn? + c4_ (Mn?™1 + -+ + ¢cy(n),

where ¢, ..., ¢, are periodic functions of n. Suppose that for some je[0,d],
the affine span of every j-dimensional face of 2 contains a point with integer
coordinates. Show that if k > j, then ¢, (n) is constant (i.e., period one).

®

Let M = (m,j) be an n x n circulant matrix with first row (aq,...,a,_;)€
C", that is, m; = a;_;, the subscript j — i being taken modulo n. Let
{ = e*mim Show that the eigenvalues of M are given by

=Za"1’, O0<r<n-—1.

b. Let fi(n) be the number of sequences ¢,, t,, ..., t, of integers ; modulo k
(i.e., tje Z/kZ) such that t;,; =t; — 1, t;, or ¢; + I modk),1 <j<n-—1.
Find f,(n) explicitly.

c. Let g,(n) be the same as f,(n), except that in addition we require t, =¢, — 1,
t,, ort, + 1 (mod k). Use the transfer-matrix method to show that

k-1 27\
g =Y (1 + 2cos—Zf) .

r=0
d. From (c)we get g,(n) =3"+ 2 + (= 1)"and g¢(n) = 3" + 2"*! + (= 1" Is
there a combinatorial proof?
As in Exercise 14, let X = {x,,...,x,} be an alphabet with n letters. If
w=y,y, "y, is a word in the free monoid X* with each y;e X, then a
subword of wis a word v = y; y;, -+ y;, where 1 <i; <i, <+ <i,</7. Let
N be a finite set of words. Define f,(m) to be the number of words w in X3,
(i.e., of length m) such that w contains no subwords belonging to N. Use the
transfer-matrix method to show that Fy(x) := ), 50 fy(m)x™ is rational.

[2] 36. a. Fix ke P, and for ne N define f,(n) to be the number of ways to cover a

k x n chessboard with 1kn non-overlapping dominoes (or dimers). Thus
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Ji(n) = 0if kn is odd, f,(2n) = 1, and [2(2) = 2.Set F(x) = ¥ ,5 ¢ filn)x™.
Use the transfer-matrix method to show that Fi(x) is rational. Compute
F(x)fork =23, 4.

[3] b. Use the transfer-matrix method to show that
lk/ZJC-"+1 _ E-"+1
f;c(n) = H J*——]%, nk even, (58)
=1 2bh
where

Cj = aj + ‘1 + aj2)1/2
Gi=a;— (1 + a?)'?
by =1+ af)'?
jm
a; = cos Eﬁ
[3-] c. Use (b) to deduce that we can write Fi(x) = P(x)/Q,(x), where P, and Q,
are polynomials with the following properties:
i. Set £ = |k/2]. Let S = [¢/]and set S = [£] — S. Define

()

Then

[T1(1 = csx), keven
&m={s

[1(1 — c2x2), & odd,

S
where S ranges over all subsets of [£].
il. Q,(x) has degree g, = 2k+V12],
iii. P(x) has degree p, = q, — 2.
iv. If kK > 1 then P,(x) = —xP<P,(1/x). If k is odd or divisible by 4 then
Qi (x) = x™Q,(1/x). If k = 2 (mod 4) then Q,(x) = —x%Q.(1/x). If k is
odd then P(x) = P,(—x) and Q,(x) = Q,(— x).

37. Let T, be the n x n toroidal graph; that is, the vertex set is (Z/nZ)?, and (i, J)
is connected to its four neighbors (i — 1, j), (i + Lj),Gj—1),0Gj+1)with
entries modulo n. (Thus T, has n? vertices and 2n? edges.) Let y,(A) denote
the chromatic polynomial of T,, and set N = n2.

[1+] a. Find x,(2).

[4-] b. Use the transfer matrix method to show that
3N 4
log x,(3) = -]og(—) + o(N).
2 3
[5] c. Show that
3N 4 T
| )= — —]—-= 1).
08 1.3) = — 10g(3> ¢ o)
[5] d. Find lim,_, N "'log x,(4).
[3-] e. Let x,(4) =AY — q,(N)AN™! 4+ q,(N)AN~2 —---. Show that there are

polynomials Q,(N) such that g,(N) = Q;(N) for all N sufficiently large
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(depending on i). For instance, Q,(N) = 2N, Q,(N)= NN — 1), and
Q3(N) =3N(@N? — 6N — 1).

f. Let o; = Q;(1). Show that

I+ Z Qi(N)xi =1 +o0x+ a2x2 +...)N

i=1

=(1+2x+x2—x3+x* — x5+ x84+ )V,

g Let L(4) = limy_, x,(4)""". Show that for 1 > 2, L(A) has the asymptotic

expansion
LA~ A1 —a A7 +a,A72 —-0),
Does this infinite series converge?

Solutions to Exercises

1. a. Define a formal power series ) ,5qa,x" with integer coefficients to be

primitive if no integer d > 1 divides all the a,. One easily shows that the
product of primitive series is primitive (a result essentially due to Gauss
but first stated explicitly by Hurwitz; this result is equivalent to the
statement that F,[[x]] is an integral domain, where [, is the field of prime
order p).

Clearly we can write f(x) = P(x)/Q(x) for some relatively prime
integer polynomials P and Q. Assume no integer d > 1 divides every
coefficient of P and Q. Then Q is primitive, for otherwise if Q/d e Z[ x] for
d > 1 then

P 0
—=fZezlx],
a contradiction. Since (P, Q) = 1 in Q[x], there is an integer m > 0 and
polynomials A, Be Z[x] such that AP + BQ = m. Then m = Q(Af + B).
Since Q is primitive, the coefficients of Af + B are divisible by m. (Other-
wise, if d < m is the largest integer dividing Af + B, then the product of
the primitive series Q and (Af + B)/d would be the imprimitive poly-
nomial m/d > 1.) Let ¢ be the constant term of Af + B. Then m = Q(0)c.
Since m divides ¢, we have Q(0) = + 1.

This result is known as Fatou’s lemma and was first proved in P.
Fatou, Acta Math. 30 (1906), 369. The proof given here is due to A.
Hurwitz; see G. Polya, Math. Ann. 77 (1916), 510-512.

. This result, while part of the “folklore” of algebraic geometry and an

application of standard techniques of commutative algebra, seems first to
be explicitly stated and proved (in an elementary way) by I. M. Gessel,
Utilitas Math. 19 (1981), 247-251 (Thm. 1).

2. The assertion is true. Without loss of generality we may assume f(x) is
primitive, as defined in the solution to Exercise 1. Let f'(x) = f(x)g(x), where
g(x)e Z[[x]]. By Leibniz’s rule for differentiating a product, we obtain by
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induction on n that f(x)| f™(x) in Z[[x]]. But also n!] f ™(x), since if f(x) =
Y a;x' then Tf™(x) = Y (Da;x™". Write f(x)h(x) = n!(f™(x)/n!), where
h(x)e Z[[x]]. Since the product of primitive power series is primitive, we
obtain just as in the solution to Exercise 1 that n!|h(x) in Z[[x]], so
SN ™(x)/n!). In particular, f(0)|(f™(0)/n!) in Z, which is the desired
conclusion.

Note. An alternative proof uses the known fact that Z[[x]] is a unique
factorization domain. Since f(x)|f ™ (x) and n!|f™(x), and since f(x) and n!
are relatively prime in Z{[[x]], we get n! f(x)| f™(x).

3. a.

This exercise is due to David Harbater.

This result was first proved by Skolem, Oslo Vid. Akad. Skrifter I, no. 6
(1933), for rational coefficients, then by Mahler, Proc. Akad. Wetensch.
Amsterdam 38 (1935), 50-60, for algebraic coefficients, and finally in-
dependently by Mahler, Proc. Camb. Phil. Soc. 52 (1956), 39-48, and
Lech, Ark. Mat. 2 (1953), 417-421, for complex coefficients (or over any
field of characteristic 0). All the proofs use p-adic methods. As pointed out
by Lech, the result is false over characteristic p, an example being the
series

1 1 1
1—(1+0x 1—-x 1-1tx
over the field F,(¢). See also J.-P. Serre, Proc. Konin. Neder. Akad. Weten.
(A) 82 (1979),469-471. For further information on coefficients of rational
generating functions, see A. J. van der Poorten, in Coll. Math. Soc. Janos
Bolyai, 34, Topics in Classical Number Theory (G. Halasz, ed.), vol. 2,
North—Holland, New York, 1984, pp. 1265-1294. (This paper, however,
contains many inaccuracies, beginning on p. 1276.)

F(x) =

Let
F(x,y)= Y (m—n*)x"y"
mn2>0
_ 1 oyt
1-=xP1 -y (A-=x)1-y?*
Then
Y ox(m—n?)xmyr= 3% x™yn,
m,n=>0 m=>0

which is seen to be non-rational, for example, by setting y = 1 and using
(a). This problem was suggested by D. Klarner.

A proof based on the same p-adic methods used to prove (a) is sketched
by A. J. van der Poorten, Bull. Austral. Math. Soc. 29 (1984), 109-117.

. Write
xF'(x) b,x
= 59
Fx) —- + G(x) (59)
where
Glx)= ) c,x"

n=>1
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By arguing as in Example 1.1.14, we have
C’l = Z (2i -_ l)b".

@i Dyn
If n is a power of 2 then the above sum is empty and ¢, = 0; otherwise
cn # 0. By Exercise 3, G(x) is not rational. Hence by (59), F(x) is not
rational.
This result is essentially due to J.-P. Serre, Proc. Konin. Neder. Akad.
Weten. (A) 82 (1979), 469-471.

b. Let F(x) = (1 —ax)™!, where a > 2. Then by the same reasoning as
Example 1.1.14, we have

1
a; = ?Z.U(i/d)“d

dJi
1/ . i
27(0(l — Z Ot’) > Q.
1 j=1
It is also possible to interpret a; combinatorially when o > 2 is an integer
(or a prime power) and thereby see that a; > 0.

5. (i)=(ii1)) If F(x)eC[[x]] and F(x) = G'(x)/G(x) with G(x)e C((x)), then
F(0) # 0. Hence if G(x) is rational then we can write

G - 110 =B
H (1 —o;x)
for certain non-zero a;, ;€ C. Direct computation yields
G'(x)

&; B;
G(x) Z:1 — ;X _zl — Bix’

soa, =Y a —) B
(iil) = (ii) If @, = > of — )" B, then
a,x"
exp Z_,l = [T =B/ — ax)
by direct computation.
(i) = (i) Set G(x) = exp ) ,»; a,x"/n and compute that

d
F(x) = d—xlog G(x) = G'(x)/G(x).
6. Two solutions appear in R. Stanley, Amer. Math. Monthly 83 (1976), 813—
814. The crucial lemma in the elementary solution given in this reference is
that every antichain of N™ is finite.

7. a. Follows from J. Backelin, Comptes Rendus Acad. Sc. Paris 287 (A) (1978),
843-846.
b. The first example was given by J. B. Shearer, J. Algebra 62 (1980), 228-231.
A nice survey of this subject is given by J.-E. Roos, in 18th Scandanavian
Congress of Mathematicians (E. Balslev, ed.), Progress in Math., vol. 11,
Birkhauser, Boston, 1981, pp. 441-468.
¢. Using Thms. 4 and 6 of D. E. Knuth, Pacific J. Math. 34 (1970), 709—
727, one can give a bijection between words in M of length n and
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9.

10.

11.

symmetric g x g N-matrices whose entries sum to n. It follows that
q
Fx) = 11 — x0(1 — x)P,
d. This result is a direct consequence of a result of Hilbert—Serre on the
rationality of the Hilbert series of commutative finitely-generated graded
algebras. See, for example, Thm. 11.1 of M. F. Atiyah and 1. G. Macdonald,

Introduction to Commutative Algebra, Addison—Wesley, Reading, Mass.,
1969.

. a. T,(x,y) = tr y. A% BF--- 4% Bbrx*yP

= tr(Y A= x7) (Y BPy)--- (Y Byl

=tr(l — Ax;)7'(1 = Byy)™' (1 — Ax,)"'(1 — By,)™".
Now for any invertible matrix M, the entries of M ™! are rational functions
(with denominator det M) of the entries of M. Hence the entries of
(1 — Ax,)™'---(1 — By,)™! are rational functions of x and y with coeffi-
cients in C, so the trace has the same property. The denominator of T,(x, y)
can be taken to be

det(1 — Ax,)(1 — By,)---(1 — Ax,)(1 — By,)
= ]L[det(l — Ax;) ]L[ t(1 — By;).
i=1 j=1

l—y+xy x-— y]
-x+y+xy 1+xy

2—y+ 2xy
(1+x)1 —y+y*)
Let S = {feZ™: there exist e N™ and ne P such that ®a = nff and 0 <
; < n}. Clearly S is finite. For each pe S, define Fy = ) y*x", summed over
all solutions cce N™ and neP to ®a = np and a; < n. Now Y 54 f(n)x" =

Y pes Fp(1,x) (where 1 = (1,...,1)e N™), and the proof follows from Theorem
46.11.

For S < ("), let Eg denote the set of N-solutions a to (17) that also satisfy
a; = o;if {i,j} € S. By Theorem 4.6.11 the generating function Eg(x)1s rational,
while by the Principle of Inclusion—Exclusion

E*(x) = Y. (= )WEg(x), (60)

and the proof follows.

b. (1 —Ax)(1 —By)= [

= Tl(x9y) =

Note. For practical computation, one should replace S < ('3') by neIl,,

and should replace (60) by Mobius inversion on I,

a. Given BeZ’, let S = {i: B, < 0}. Now if y = (y;,...,7,), then define y° =
(ty,--.,7.) where y; = y;if i¢ S and y; = —y, if ie S. Let F° be the monoid
of all N-solutions (e, y) to ®a = y°. By Theorem 4.6.11, the generating
function

Fix,yy= > x%'

(o, Y)e FS
is rational. Let B5 = (B,...,B;). Then
1 (3111 o

F3(x,y) (61)

Eg(x) = — - -
BT BB oyl oy y=0
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so Eg(x)is rational. Moreover, ifa e CF(E) then («, 0) e CF(F®). The factors
I — x* in the denominator of F5(x, y) are unaffected by the partial differ-
entiation in (61), while all the other factors disappear upon setting y = 0.
Hence D(x) is a denominator of Eg(x). To see that it is the least denomi-
nator (provided Eg # (), argue as in the proof of Theorem 4.6.11.
There are numerous other ways to prove this result.

b. Answer: § =0, +1.

¢. Leta; = —p;/q; for integers p, > 0 and g, > 0. Let £ be the least common
multiple of q4, q5, ..., q,,. Let ® =[y,,...,y,,] where Y; is a column
vector of length r, and define y; = (¢/q,)y;. Let & = [¥},..., y,]. For any
vector v = (vy,...,v,)€ Z" satisfying 0 < v; < g, let E\,, be the set of all
N-solutions d to @4 = 0 such that §; = v, (mod g;). If E’ denotes the set of
all N-solutions é to @'d = 0, then it follows that E' = (1), E, (disjoint
union). Hence by Theorem 4.6.14,

E(x) = +E(1/x) = +Y E(1/x) (62)

Now any monomial x* appearing in the expansion of E{,)(1/x) about the
origin satisfies & = —v; (mod g;). It follows from (62) that E,(1/x) =
t EG)(x), where ¥, = q; — v, for v; # 0 and v, = v; for v, = 0, and where
Ew = EwnE.

Now let g; be the least nonnegative residue of p; modulo g;, and let
¢ =(0y,...,0,) Define an affine transformation ¢ : R™ — R™ by the con-
dition ¢(8) = (61/9;,- -, 0m/qm) + o One can check that ¢ defines a bijec-
tion between E(,) and Eg and between E(,) and Eg, from which the proof
follows.

This proof is patterned after Thm. 3.5 of R. Stanley, in Proc. Symp.
Pure Math. (D. K. Ray-Chaudhuri, ed.), vol. 34, American Math. Society,
1979, pp. 345-355. This result can also be deduced from Thm. 10.2 of [34],
as can many other results concerning inhomogeneous linear equations. A
further proof is implicit in [38] (see Thm. 3.2 and Cor. 4.3).

d. Cor. 4.3 of [38].

12. A somewhat more general conjecture was made by E. Ehrhart [9], p. 139,
and several special cases are verified there.

13. a. This result was conjectured by A. Weil as part of his famous “Weil
conjectures.” It was first proved by B. Dwork, Amer. J. Math. 82 (1960),
631-648, and a highly readable exposition appears in Ch. V of N. Koblitz,
p-adic Numbers, p-adic Analysis, and Zeta-Functions, Second ed., Springer
—Verlag, New York, 1984. The entire Weil conjectures were subsequently
proved by P. Deligne. See, for example, N. M. Katz, in Mathematical
developments arising from Hilbert problems, Proc. Symp. Pure Math., vol.
26, American Math. Society, Providence, R.1., 1976, pp. 275-305, for
further information.

b. This exercise is a result of J.-1. Igusa, J. Reine Angew. Math. 278/279 (1975),
307-321, for the case k = 1. A simpler proof was later given by Igusa in
Amer. J. Math. 99 (1977), 393-417 (appendix). A proof for general k was
given by D. Meuser, Math. Ann. 256 (1981), 303-310, by adapting Igusa’s
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14.

a.

methods. For another proof, see J. Denef, Invent. Math. 77 (1984), 1-23.
See also J.-1. Igusa, Lectures on Forms of Higher Degree, Springer—Verlag,
Berlin/Heidelberg/New York, 1978.

Let D,, denote the set of all factors of w belonging to L. (We consider two
factors u and v different if they start or end at different positions in w, even
if u = v as elements of X*.) Clearly for fixed w,

> (H s,,) = [T + s,)™™.
T<D, \veT vel

Hence if we set each s, = ¢, — 1 in (48) we obtain the equivalent formula

> <H Su>=[1 —-x; ——x, — C(x,8)]7". (63)

ueX*TED,, \veT
Now given we X* and T < D,,, there is a unique factorization w =
vy * - v, such that either
i. v;€ X and v; does not belong to one of the factors in T, or
ii. v; is the first component of some L-cluster (V;, u, v) where the com-
ponents of u consist of all factors of v; contained in D,,.

Moreover,
H sv — H I—[ sl’)"v(ll),
veT i vel

where i ranges over all v; satisfying (ii), and where u is then given by (ii).
It follows that when the right-hand side of (63) is expanded as an element
of C[[t,ve L]JK X, it coincides with the left-hand side of (63).

This result 1s due to I. P. Goulden and D. M. Jackson, J. London

Math. Soc. (2) 20 (1979), 567576, and also appears in [3.16], Ch. 2.8. (An
erroneous version of this result was given by D. Zeilberger, Discrete Math.
34 (1981), 89-91))
Let C,(x,t) consist of those terms of C(x,t) corresponding to a cluster
(w, u, v) such that the last component of pis v. Hence C(x,t) = Y, . ; C,(x, t).
By (48) or (63), it suffices to show that each C, is rational. An easy
combinatorial argument expresses C, as a linear combination of the C,’s
and 1 with coefficients equal to polynomials in the x;’s and t,’s. Solving
this system of linear equations by Cramer’s rule (it being easily seen on
combinatorial grounds that a unique solution exists) expresses C, as a
rational function. (Another solution can be given using the transfer-matrix
method.) An explicit expression for C(x,t) obtained in this way appears
in Goulden and Jackson, ibid., Prop. 3.2, and in [3.16], Lem. 2.8.10. See
also L. J. Guibas and A. M. Odlyzko, J. Combinatorial Theory (A) 30
(1981), 183-208.

. The right-hand side of (49) is equal to [1 — nx + xA,,(x)"*]~". The proof

follows from analyzing the precise linear equation obtained in the proof
of (c). This result appears in L. J. Guibas and A. M. Odlyzko, ibid.

15. Identify an n x n chessboard with the set [0,n — 1]2. Then k! B,(n) is equal
to the number of vectors v = (ay,...,%, B;,..., B, y)€ Z***! satisfying
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16.

17.

y=n-—1 (64)
0<a; <y, 0<B <y (65)
i#j=[(o # aj)&(Bi # Bj)&(ai - B # o — ﬁ,)&

(o + B # o + B)]. (66)

Label the r = 4(3) inequalities of (66), say I,,...,I,. Let I, denote the nega-
tion of I;, that is, the equality obtained from I; by changing # to =. Given
S < [r], let fs(n) denote the number of vectors v satisfying (64), (65), and I;
for ieS. By the Principle of Inclusion—Exclusion,

k! By(n) = ES:(— 1YY (n). (67)

Now by Theorem 4.6.11 the generating functions Fg = > x{" " x% yfi- -
yZx? are rational, where the sum is over all vectors v satisfying (65) and I,
for ie S. But ) fs(m)x"~" is obtained from Fy by setting each x; = yi=1,s0
Y. fs(n)x" is rational. It then follows from (67) that Y B,(n)x" is also rational.

Note that the basic idea of the proof is the same as in Exercise 10;
namely, replace non-equalities by equalities and use Inclusion—Exclusion.
We want to count triples (a,b,c)e P? satisfying a < b <c, a+ b > c, and
a+ b + ¢ = n. Every such triple can be written uniquely in the form

(a,b,c) = a(0,1,1) + B(1,1,1) + y(1,1,2) + (1,1, 1),
where «, f, ye N; namely,

a=b—-a, f=a+b-c—-1, y=c-b>

Moreover, n — 3 = 2a + 38 + 4y. Conversely, any triple (2, §,y)e N3
yields a valid triple (a,b,c). Hence t(n) is equal to the number of triples
(o, B,y)e N3 satisfying 2o + 38 + 4y = n — 3, so

3
Y tn)x" =

X

& (I =) — )1 = x%)

From the viewpoint of Section 4.6, we obtained such a simple answer
because the monoid E of N-solutions (a,b,c) to a<b<cand a+b>c
isa free(commutative) monoid (with generators (0, 1, 1), (1,1, 1), and (1, 1, 2)).

Equivalent results (with more complicated proofs) are given by J. H.
Jordan, R. Walch, and R. J. Wisner, Notices Amer. Math. Soc. 24 (1977),
A-450, and G. E. Andrews, American Math. Monthly 86 (1979), 477-478.

A simple combinatorial argument shows that

N,(n + 1) =kN,,(n)— (k= 1)N,(n—r+1), n>r. (68)
It follows from Theorem 4.1.1 and Proposition 4.2.2(ii) that F;,(x) = B,,(x)/
(1 — kx + (k — 1)x"), where P,,(x) is a polynomial of degree r (since the
recurrence (68) fails for n =r — 1). In order to satisfy the initial condi-
tions N,,(0) = 1, N,,(n) = k"ifl <n<r —1, N,,(r) = k" — k, we'must have
P, (x) =1 — x". Hence

F,(x) =(1 —x")/(1 —kx + (k — 1)x").

If we reduce F,,(x) to lowest terms we obtain

1+ x+--+x"
Tl—(k—Dx—(k = Dx® = — (k= x"V

Fkr(x)
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18.

19.

a.

a.

This formula can be obtained by proving directly that

Ny (n + 1) = (k = D[N(n) + Nyp(n = 1) + -- + N (n —r + 2)],
but then it is somewhat more difficult to compute the correct numerator.
(I. Gessel and R. Indik) Let ge P, pe Z with (p,q) = 1, and ie N. First one
shows that the two classes of functions

n

fy=i+ Y qu] where n > 2iq + q,

Jj=1

n |l pj+ 1
fl)=—i—-1+ 5> I'p];- ], where n > 2ig + 2g,
=1

satisfy the recurrence (50). Then one shows that for any me P and ke Z,
one of the above functions satisfies f(m) = k.

. The most interesting case is when R(n) = P(n)/Q(n), where

P(n)=x*+a;_n" ' +a,_,n"" 2+ +a,

Q(n) = x* +by_on®"2 4+ + by,
where the coefficients are integers and a,_, > 0. (Of course we should
assume that Q(n) # 0 for any integer n > m.) In this case f(n) = O(n?)
where a = a,_,, and we can ask whether f(n) is a quasi-polynomial.
Experimental evidence suggests that the answer is negative in general,
although in many particular instances the answer is affirmative. I. Gessel
has shown that in all cases the function A% (n) is bounded.

A simple computation shows
5i
fln) = P

where o = 1(3 — 4i) and B = £(3 + 4i). Since |a| = |B| = 1, we have
|f(m)] < 3(lal” + 1BI") = 3-
The easiest way to show f(n) # +5/4 is to observe that the recurrence
(51) implies that the denominator of f(n) is a power of 5.
Since f is integer-valued and bounded, there are only finitely many
different sequences f(n + 1), f(n + 2), ..., f(n + d). Thus for some r <'s,
we have f(r + i) = f(s + i) for 1 <i < d; and it follows that f has period
s—r.
This result was conjectured by G. Pélyain 1916 and proved by F. Carlson
in 1921. Subsequent proofs and generalizations were given by Polya
and are surveyed in Jahrber. Deutsch. Math. Verein. 31 (1922), 107-115,
reprinted in George Pélya: Collected Papers, vol. 1 (G. Polya and R. P.
Boas, eds.), M.L.T. Press, 1974, pp. 192-198. For more recent work in this
area, see the commentary on pp. 779-780 of the Collected Papers.

20. A. M. Garsia and L. Gessel, Advances in Math. 31 (1979), 288-305 (Remark

22).

21. a. When the Young diagram A° is removed from A, there results an ordered

disjoint union (the order being from lower left to upper right) of rookwise
connected “skew” diagrams u', ..., u". For example, if 20 =(54,4,4,31)
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u D u = LI W=

Figure 4-43

and A’ = (6,6,5,4,4,4, 1), then we obtain the sequence of skew diagrams
shown in Figure 4-43. Since [u'| 4 - + |u"| = a;, there are only finitely
many possible sequences p = (u',.. ., u*)for fixed S. Thus if we let fy(p, n)
be the number of chains 1° < 4! < -+ < 1/ under consideration yielding
the sequence p, then it suffices to show that the power series Ag(p, g)
defined by

2 fs(r,n)q" = P(q)Ag(p, q) (69)

n>0
is rational with denominator ¢, (q).

We illustrate the computation of Ag(p, ) for p given by Figure 4-43,
and leave the reader the task of seeing that the argument works for arbi-
trary p. First, it is easy to see that there is a constant cg(p) € P for which
As(n, 9) = cs(W A, (n, q), so we may assume S = {a;} = {9}. Consider a
typical 1/, as shown in Figure 4-44. Here q, b, ¢ mark the lengths of the

’__l

[

L

indicated rows, so ¢ > b + 2 > a + 5. When the rows intersecting some
u' are removed from A/, there results a partition v with no parts equal to

Figure 4-44

b—1,b—2,orc¢c — 1, and every such v occurs exactly once. Hence
Z ﬁ9}(“9n)q"+9
n=>0

— P(q) Z qa+2b+(3c—1)(1 _ qb—l)(l _ qb—Z)(l _ qc—l).

c2b+2>a+526
To evaluate the sum, expand the summand into eight terms, and sum on
¢, b, a in that order. Each sum will be a geometric series, introducing a
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factor 1 — g'in the denominator and a monomial in the numerator. Since
among the eight terms the maximum sum of coefficients of a, b, ¢ in the
exponent of q is a; = 9 (coming from g**4°*4<=5) it follows that the eight
denominators will consist of distinct factors 1 — g, 1 <i < 9. Hence they
have a common denominator of ¢4(q), as desired. Is there a simpler proof?

. Let As(q) = Bs(q)/¢s,(q). Then

B®=1, Bl=17 BZ=2_q’ Bs=3_q_q2, Bl,2=2’
B, 3=3+29—-¢*—q* B,,=4—q+ 29> — 293 and
Bi23=22—-q)(1+q+ g%

Is there a simple formula for B, (q)?

. (With assistance from L. Butler) First check that the coefficient g(n)

of ", in the product of the left-hand side of (52) with P(g), is equal to
B(L,[n,n + kJ) + B(L,[n + 1,n + k]), where L = J,(N?). We now want
to apply Theorem 3.12.1. Regard N2 with the usual product order as a
coarsening of the total (lexicographic) order
GLH<@,j)y fi<i’ orifi=i,j<j.

By Theorem 3.12.1, g(n) is equal to the number of chains v:v° < v! <
-+» < v* of partitions v’ such that (1) |[vi| = n + i; (2) vi*! is obtained from
v' by adding a square (in the Young diagram) strictly above the square
that was added in obtaining v’ from vi™!; and (3) the square added in
obtaining v* from v*~! is not in the top row. (This condition guarantees
a descent at n + k.) Here v° can be arbitrary and v! is obtained by adding
any square to v°. (If the square added to v° starts a new row or is in the
bottom row of v°, then the chain v contributes to B(L,[n + 1,n + k]);
otherwise it contributes to B(L,[n,n + k]).) We can now argue as in the
solution to (a); namely, the added k squares belong to columns of length
2 <i; <i, <- <I,and when these rows are removed any partition can
be left. Hence

gog(n)qnﬂc — P(CI) Z qi,+-..+ik

2<i) < <iy

= “ (I P(9)¢u(q),
and the proof follows. Is there a simple proof avoiding Theorem 3.12.1?

. Follows readily from the first sentence of the solution to (c), upon noting

that
k

B(L,[n,n + k1) =} (= 1Y(B(L,[n + i,n + k])

i=0
+ B(L,[n+i+ 1L,n+k])— (=1~

(The term —(— 1) is needed to cancel the term (—1)*B(L,[n + k + 1,

n+ k1) = (= 1)*B(L, ) = (— 1)* arising in the summand with i = k.)

. We want to show that the number f(n) of chains 4 < u with |1] = n and

lul = n + 1isequal to p(0) + p(1) + --- + p(n), where p(j) is the number
of partitions of j. Given a partition v with |v| = k < n, define 1 to be v
with the part n — k adjoined (in the correct position, so the parts are
weakly decreasing), and define p to be v with n — k + 1 adjoined. This
yields the desired bijection (which is implicit in the proof of (a) or (c)).
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22. a. If Pis an antichain then Q(P,m) = m?, and the conclusion is clear. It thus
suffices to show that when P is not an antichain the coefficient of m?~! in
Q(P,m)is positive. This coefficient is equal to 2e,_, — (p — 1)e,.. Let 4 be
the set of all ordered pairs (o, i), where 6 : P — p is a linear extension and
ie[p — 1]. Let B be the set of all ordered pairs (z, j), where 7: P — p — 1
is a surjective order-preservingmapand j = [ or 2. Since # A4 = (p — le,
and #B = 2¢,_,, it suffices to find an injection ¢: A4 — B that is not
surjective. Choose a labeling {x,,...,x,} of P. Given (o,i)e 4, define
¢(o,i) = (7, j) where

() = {a(x), ifo(x) <i
ox)—1, ifo(x)>i
B {1, fo(x,)=io(x)=i+1, andr<s
T2, ifo(x,)=i0(x)=i+1, andr>s.

It is easily seen that ¢ is injective. If y covers xin Pand t: P —»p — 1 is
an order-preserving surjection for which 7(x) = t(y) (such a t always
exists), then one of (7, 1) and (t,2) cannot be in the image of ¢. Hence ¢ is
not surjective.

b. This problem was raised by J. Kahn and M. Saks, who found the above
proof of (a) independently from this writer.

23. The “if” part is easy; we sketch a proof of the “only if” part. Let P be the
smallest poset for which G(P, x) is symmetric and P is not a disjoint union
of chains. Define G(P,x) = Y e Xq0)Xx1) " » Where T ranges over all strict
P-partitions 7: P — N. The technique used to prove Theorem 4.5.7 shows
that G(P, x) is symmetric if and only if G(P, x) is symmetric. Let M be the set
of minimal elements of P. Set m = |[M| and P, = P — M. The coefficient of
xin G(P,x)is G(P,,x’), where X’ = (x,, X5, ...). Hence G(P,, x) is symmetric,
so P, is a disjoint union of chains. Similarly if M’ denotes the set of maximal
elements of P, then P — M’ is a disjoint union of chains. It follows that P
itself is a disjoint union of chains C,, ..., C,, together with relations x < y
where x is a minimal element of some C; and y a maximal element of some
Coi 1. _

Now note that the coefficient of xg'x;x,**x,-,, in G(P,x) is equal to
e(P,), the number of linear extensions of P;, so the coefficient of x¢x; - "
Xicy X{"Xip; """ Xp-p 1S also e(P;)forany0<i<p-—-m.Let Q=C; + - +
C,. Then the coefficient of x§'x, -** x,_, in G(Q,x) is again equal to e(P,),
since P; ~ Q — (minimal elements of Q). Thus the coefficient of xq - x" "

Xp-m iN G(Q,x) is e(P;). Since P is a refinement of Q it follows that if

7:Q — [0,p — m] is a strict Q-partition such that ~!(j) has one element for

all j [0, p — m] with a single exception |t7!(i)| = m, then (regarding P as a

refinement of Q) v : P — [0, p — m] is a strict P-partition. Now let x < yin P

but x and y are incomparable in Q. One can easily find a strict Q-partition

1:0 — [0, p — m] with t(x) = ©(y) = i, say, and with [t 1) = m, |t (j)| =1

if j # i. Then t: P — [0,p — m] is not a strict P-partition, a contradiction.

This exercise establishes a special case (namely, when w is natural) of a
conjecture appearing on p. 81 of [3.29].
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24. a.
b.

C.

25. a.

Follows from the bijection given in the proof of Proposition 3.5.1.

This result appears in [3.29, Prop. 8.2] and is proved in the same way as
Theorems 4.5.8 or 4.5.13.

Equation (55) follows directly from the definition (53); see [3.29, Prop.
12.1]. Equation (56) is then a consequence of (54) and (55). Alternatively,
(56) follows directly from (a).

Analogous to the proof of Theorem 4.5.7.

[3.29], Prop. 17.3 (ii).

First note that
(p+ m-i> (1=¢"7p =g 'y)-(1=g"™y)
P (l—q")(l—q" (11— q)
where y = g™. It follows from Exercise 24(b) that there is a polynomial

V(P, y) of degree p in y, whose coefficients are rational functions of g, such
that

Un(P,q) = V(P,q"™).
The polynomial V(P, y) is unique since it is determined by its values on
the infinite set {1,q,4%,...}.

Since U,(P; + P5,q) = U, (P, q)U,.(P,, q), it follows that if each com-
ponent of P is Gaussian, then so is P. Conversely, suppose P, + P, is
Gaussian. Thus

V(P + Py, y) = R(q)Ijl(l —yg"),

where R(gq) depends only on g (not on y). But clearly V(P + P,,y) =
V(P,,y)V(P,, ). Since each factor 1 — yq" is irreducible (as a polynomial
in y) and since deg V(P,, y) = # P;, we must have
V(P,y) = Ryq) HS (1 — yq"),
JEO;
where j ranges over some subset S; of [p]. Since Uy(P,q) = V(P, 1) =1,
it follows that R(q) = [],es,(1 — ¢%)7", so P, is Gaussian.

. Clearly for any finite poset P we have

lim U,(P,q) = G,(9),

m— oo

as defined by (12). Hence if P is Gaussian we get

We(q) P .
Ge(q) = - =[1A —¢")™"

D=5 U
Hence W;(q) = q®W,(1/q) where d(P) = deg Wp(q), so by Theorem 4.5.13
P satisfies the d-chain condition.

Now by equation (56) we have
Un(P*,q) = ¢""Un(P, 1/q) = U,(P,q).
It follows that P* is also Gaussian, and hence P* satisfies the J-chain

condition. But if P is connected, then both P and P* satisfy the J-chain
condition if and only if P is graded, and the proof follows.




Solutions to Exercises 287

¢. Suppose that g; of the hj’s are equal to i. Then by (54) we have

'
(_IF(“-QG)_“;(1 =gy (1= g?yy= (1 — gPyys

p-1 . . .
= Zb (L= g""'p)(1 = g7 1 y) (1 — g Ly WP, g). (70)
Pick 1 <j<p+1,and letb,-=a,-ifi;éj,andbj=aj+ 1 (where we set
ap+1 = 0) Set
(p+ 1)

1_ by... — AP+l bp+i
(l)b,...(p+l)bpﬂ( qy)' -+ (1 — gP*ty)

p . o
= Y (=g (1 = gy X

This equation uniquely determines each X (P, q).
Now we note the identity

(I =71 — g/y) = (1 — g™)(1 — gr+i-iy)
+@™ — g1 — g7iy). (71)
Multiply (70) by (71) to obtain

(=) Y (1= g7 (1 = g X, (Pg)

= :io [(1 — qi+j)(1 — qp+i—iy)...(1 _ q-iﬂy)

+(@™ = g"") (1 = "7y (1 — g7 ) TP, g).

It follows that

(1 —g)X; = (1 — g™ )W,  (g+t — a W, (72)

Next define

(p—1]—{a,+a,+- +aq:i> 1} ={cy,. .., 0.
If we assume by induction that we know deg W,_, and deg W, in (72), then
one can compute deg X;. It then follows by induction that

degW.=c, + +¢, 0<i<k
Comparing with Exercise 24(f ) completes the proof.

d. If U,,(P) is given by (57) then

q""Un(P, 1/q) = U, (P, q).
Comparing with (56) shows that Un(P,q) = U,(P* q). Let p* denote the
rank function of P*. It follows from (c) that

{l+px):xeP}={1+ p*(x): x e P*}

={/(P)+ 1 — p(x): xe P}.

Hence by (c) the multisets {hi,...,h,} and {£(P)+ 2 —hy,....l(P)+
2 — h,} coincide, and the proof follows. (This result was independently
obtained by P. Hanlon.)

e. Let P have W, elements of rank i. Using (57) and (c), one computes that
the coefficient of ¢ in U,(P,q) is (*°) + W,. By Exercise 24(a), this
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26.

27.

28.

number is equal to the number of 2-element order ideals of P. Any of the
(*°) 2-element subsets of minimal elements forms such an order ideal.
The remaining W, 2-element order ideals must consist of an element of
rank one and the unique element that it covers, and the proof follows.

f. A uniform proof of (i)-(v), using the representation theory of semisimple

a.

a.

Lie algebras, is due to R. Proctor, European J. Combinatorics 5 (1984),
313-321. For ad hoc proofs (using the fact that a connected poset P is
Gaussian if and only if P x m is pleasant for all me P), see the solution
to Exercise 3.27(b, d, f, g).

Apply Theorem 4.5.14 to thecase P =1, + - + Iy,

Suppose n e S(M) with d(n) = k — 1. Then = consists of x, ones, then y,
twos, then x, ones, then y, twos, and so on, where x;, + -+ + x, = ry,
y1+ -+ y=rpandx,eN,x;ePfor2 <i<k,yePforl<i<k-—1,
v« € N. Conversely, any such x;’s and y,’s yield a ne S(M) with d(n) =
k — 1. There are (,”*;) ways of choosing the x;’s and (,”2,) ways of
choosing the y;’s. Hence

Ay (x) = rlirz T (T2 okt
M K=o \ k k '
A “g-analogue” of this result appears in [3.29], Cor. 12.8.

We have that i(n) is equal to the number of N-solutions to x; + -+ + x, =
y, + - + y, < n. There are ("}") ways to choose the x;s and ("}*) ways
to choose the y;’s, so i(n) = ("}")("F*) = (("I"))(("t')). Hence by Exercise
26(b) we get

o= ()N
[E ()]

The volume of £ is by Proposition 4.6.30,

1 s /r\/(s 1
VA= e <k> (k> st

There are (r + 1)(s + 1) vertices—all vectors (X, ...,X,, Vi,-.., V) €N
suchthatx;, + -+ x,<land y, +--+ y, < L.
P.. =r + s. See Exercise 30 for a generalization to any finite poset P.

Two proofs are known of this result. The first ([37], Thm. 2.1) uses the
result (H. Bruggesser and P. Mani, Math. Scand. 29 (1971), 197-205) that
the boundary complex of a convex polytope is shellable. The second (an
immediate generalization of Prop. 4.5 of [35]) shows that a certain com-
mutative ring Ry associated with 2 is Cohen—Macaulay.

R. Stanley, Generalized h-vectors, intersection cohomology of toric vari-
eties, and related results in Proc. U.S.-Japan Seminar on Commutative
Ring Theory and Combinatorics (M. Nagata, ed.), North—Holland, to
appear (Thm. 4.4). The methods discussed in U. Betke, Ann. Discrete
Math. 20 (1984), 61-64, are also applicable.
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29. a. For any 4, the matrix

30.

a.

1 2 oo d
d+1 d+2 - 2

M=
d*—d+1 d*—d+2 - d2]

1S an antimagic square.
Let M = (m;;) be antimagic. Row and column permutations do not affect
the antimagic property, so assume m,, is a minimal entry of M. Define
a;=m;; —m;; €N and b, =m,;;eN. The antimagic property implies
m;=my +my;—my; =a+b.
To get an antimagic square M of index n, choose a; and b; in (b) so that
Y. a;+ Y bj=n. This can be done in (?4";') ways. Since the only
linear relations holding among the R;’s and C;'s are scalar multiples of
Y. R, =) C, it follows that we get each M exactly once if we subtract
from (?3327') the number of solutions to > a; + Y b;=n with a;eP
and b,eN. It follows that the desired answer is (*4;"7%) — (%)
(Note the similarity to Exercise 2.6 (b).)
The vertices are the 2d matrices R; and C; this result is essentially a
restatement of (b).

An integer point in n®, is just a d x d antimagic square of index n.
Hence by (c),

. 2d+n—1 d+n-—1
z@%M—( 24— 1 >_(2d—1>'

The vertices are the characteristic vectors x, of antichains 4 of P; that is,
X, = (&1,---,€,) where

_J1, ifxeAd,
=00, ifx¢A

. Let 2(P) be the polytope of Example 4.6.34. Define a map f: 2(P) — Z'(P)

by f(&y,...,¢€,) = (91,.-.,6,), where
8, = min{g; — ¢;: x; covers x; in P}.
Then f is a bijection (and is continuous and piecewise-linear) with inverse
g =max{d; + "+, :x; <" = X;}.
Moreover, the image of Z N (%Z)” under f is Q’ (£Z)?.Hence i(#(P),n) =
i(Z'(P), n), and the proof follows from Example 4.6.34.
Note. Essentially the same bijection f was given in the solution to Exer-
cise 3.60(a). Indeed, one sees that #'(P) depends only on Com(P), so any
property of Z'(P) (such as its Ehrhart polynomial) depends only on
Com(P).
Choose P to be the zigzag poset Z, of Exercise 3.23. Then #'(Z,) = 2,

Hence by (b) and Proposition 4.6.30, V(£,) is the leading coefficient of
Q(Z,, m). Then by Section 3.11 we have V(#,) = e(P,)/n!. But e(F,) is the
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31.

32.

33.

34.

number E, of alternating permutations in &, (see Exercise 3.23(c)), so
> e(P)x"/n! = tanx + secx.

n=z0

A more ad hoc determination of V(£,) is given by I. G. Macdonald
and R. B. Nelsen (independently), Amer. Math. Monthly 86 (1979), 396.

The results of this entire exercise are included in R. Stanley, Discrete
and Computational Geometry I (1986), 9-23.

This result follows from the techniques in §5 of G. C. Shephard, Canad. J.
Math. 26 (1974), 302-321, and was first stated in [37], Ex. 3.1. The polytope
2 is by definition a zonotope, and the basic idea of the proofis to decompose
# into simpler zonotopes (namely, parallelopipeds, the zonotopal analogue
of simplices), each of which can be handled individually.

The crucial fact is that the polytope Z (which coincides with 2, when I is
the complete graph K,) is a zonotope, so can be handled by the techniques
of Exercise 31. See [37], Ex. 3.1. A purely combinatorial proof that the
number of é(o)’s equals the number of spanning forests of I' is given by D.
Kleitman and K. Winston, Combinatorica I (1981), 49—54. The polytope
2 was introduced by T. Zaslavsky (unpublished) and called by him an
acyclotope.

This result was conjectured by Ehrhart [9, p. 53] and solved independently
by R. Stanley [37, Thm. 2.8] and P. McMullen, Arch. Math. (Basel) 31
(1978/79), 509-516.

a. The column vector (1,£,(%,..., (" VY (¢t denotes transpose) is an eigen-
vector for M with eigenvalue w,. (The attempt to generalize this result
from cyclic groups to arbitrary finite groups led Frobenius to the discovery
of group representation theory; see T. Hawkins, Arch. History Exact Sci.
7 (1970/71), 142—-170; 8 (1971/72), 243-287; 12 (1974), 217-243.)

b. f.(n) = k-3""!

c. Let I be the directed graph on the vertex set Z/kZ such that there is an
edgefromitoi — 1,iand i + 1 (mod k). Then g,(n) is the number of closed
walks in I of length n. If for (i, j) € (Z/kZ)? we define

M 1, ifj=i—1,ii+ 1 (modk)
v {0, otherwise,
then the transfer-matrix method shows that g,(n) = tr M", where M =
(M;;). By (a), the eigenvaluesof M are 1 + (" + (™" =1+ 2 cos ¥ where
{ = e?™/* and the proof follows.

35. Let N = {w,,w,,...,w,}. Define a digraph D = (V, E) as follows. V consists

of all (r + 1)-tuples (v,,0,,...,0,,y) where each v; is a left factor of w; and
v; # w, (so w; = v;u; where £(u;) > 1) and where y e X. Draw a directed edge
from (v,,...,v,,y) to (v4,...,v,,y")ifv;y’¢ N for 1 <i <r andif

{v,.y', if v;y" is a left factor of w;
v =

’
i

;s otherwise.

A walk beginning with some (1,...,1,y;) (where 1 denotes the empty word)
and whose vertices have last coordinates y,, y5, - - -, V' cOrresponds precisely
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to the word w = y, y, ' y,, having no subword in N. Hence by the transfer-
matrix method Fy(x) is rational.

36. a. Let D be the digraph with vertex set V' = {0, 1}*. Think of (¢,,...,&,)eV
as corresponding to a column of a k x n chessboard covered with dimers,
where ¢; = 1 if and only if the dimer in row i extends into the next column
to the right. There is a directed edge u — v if it is possible for column u to
be immediately followed by column v. For instance, there is an edge
01000 — 10100, corresponding to Figure 4-45. Then f(n) is equal to the
number of walks in D of length n — 1 with certain allowed initial and final
vertices, so by Theorem 4.7.2 F,(x) is rational. (There are several tricks to
reduce the number of vertices, which will not be pursued here.)

u v

Figure 4-45

Example. k = 2. Thedigraph D is shown in Figure 4-46. The paths must
start at 00 or 11 and end at 00. Hence if

—det(l — xA:1,2) +det(/ — xA:2,2)
det(I — xA)
x + (1 —x) 1
Tl ox—x2 1-x-—x*

9!

F,(x) =

00 01
11 10
Figure 4-46

This result can also be easily obtained by direct reasoning. We also have
(see J. L. Hock and R. B. McQuistan, Discrete Applied Math. 8 (1984),
101-104; D. Klarner and J. Pollack, Discrete Math. 32 (1980), 45-52;
R. C. Read, Aequationes Math. 24 (1982), 47-65):
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1 — x?

BT

1 — x?
F4(x)=1—x—5x2—x3+x4
Fox) = 1 — 7x% + 7x* — x®
ST — 15x% 4+ 32x* — 15x8 + xB

1 — 8x%2 —2x° + 8x* — x®

Fg(x) =

1 — x —20x% — 10x> + 38x* + 10x> — 20x® + x7 + x®"
b. Equation (58) was first obtained by P. W. Kasteleyn, Physica 27 (1961),
1209-1225. It was proved via the transfer-matrix method by E. H. Lieb,
J. Math. Phys. 8 (1967), 2339-2341. Further references to this and related
results appear in the solution to Exercise 37(b). See also Ch. 8 of [6].
c. R. Stanley, Discrete Applied Math. 12 (1985), 81-87.
2, nevenorn=1

37. a. 1n(2) = {0, nodd and n > 3.

b. This is a result of E. H. Lieb, Phys. Rev. 162 (1967), 162—-172. More
detailed proofs appear in [27, pp. 143—159] (this exposition has many
minor inaccuracies); E. H. Lieb and F. Y. Wu in Phase Transitions and
Critical Phenomena (C. Domb and M. S. Green, eds.), vol. 1, Academic
Press, London/New York, 1972, pp. 331-490; and [2] (see eq. 8.8.20 and
p. 178).

¢. The constant —n/6 has been empirically verified to 8 decimal places.

e, f. See N. L. Biggs, Interaction Models, Cambridge University Press, 1977;
Biggs, Bull. London Math. Soc. 9 (1977), 54-56; D. Kimand I. G. Enting,
J. Combinatorial Theory (B) 26 (1979), 327-336.




APPENDIX

Graph Theory Terminology

The number of systems of terminology presently used in graph theory is equal,
to a close approximation, to the number of graph theorists. Here we describe the
particular terminology that we have chosen to use throughout this book, though
we make no claims about its superiority to any alternate choice of terminology.

A finite graph is a triple G = (V, E, ¢), where V is a finite set of vertices, E is
a finite set of edges, and ¢ is a function that assigns to each edge e a 2-element
multiset of vertices. Thus ¢ : E — ((%)). If ¢(e) = {u, v} then we think of e as joining
the vertices u and v. If u = v then e is called a loop. If ¢ is injective (one-to-one)
and has no loops, then G is called simple. In this case we may identify e with the
set ¢(e) = {u, v}, sometimes written e = uv. In general, the function ¢ is rarely
explicitly mentioned in dealing with graphs, and virtually never mentioned in
the case of simple graphs.

A vertex v and edge e are incident if ve g(e)—that is, if e joins v to some
other vertex (possibly v again). A walk (called by many authors a path) of length
v from vertex u to vertex v is a sequence vqe,v,e,0, " e,v, such that v, = u,
v, = v, each e; € E, and any two consecutive terms are incident. If G is simple then
the sequence v,yv, * - - v, of vertices suffices to determine the walk. A walk is closed
if vy = v,, a trail if the ;s are distinct, and a path if the v;’s (and hence ¢;s) are
distinct. If n > 1 and all the v;’s are distinct except for v, = v,, then the walk is
called a cycle.

A graph is connected if any two distinct vertices are joined by a path (or
walk). A connected graph without cycles is called a free tree (called by many
authors simply a tree).

A digraph or directed graph is defined analogously to a graph, except now
¢:E—V x V; that is, an edge consists of an ordered pair (u,v) of vertices
(possibly equal). The notions of walk, path, trail, cycle, and so on, carry over in
a natural way to digraphs; see the beginning of Section 4.7 for further details.

We next come to the concept of a tree. It may be defined recursively as
follows. A tree T is a finite set of vertices such that:

293
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a. One specially designated vertex is called the root of T, and

b. The remaining vertices (excluding the root) are partitioned intom > 0 disjoint

non-empty sets Ty, ..., T, each of which is a tree. The trees T, ..., T,, are
called subtrees of the root.

Rather than formally define certain terms associated with a tree, we will
illustrate these terms with an example, trusting that this will make the formal
definitions clear. Suppose T = [9], with root 6 and subtrees T}, T;. T, has vertices
{2,7} and root 2, while T, has vertices {1, 3,4, 5,8,9} root 3, and subtrees Ty, T,.
T; has vertices {1,4, 5,8}, root 5, and subtrees Ts, Ty, T, consisting of one vertex
each, while T consists of the single vertex 9. This is depicted in an obvious way
in Figure A-1. Note that we are drawing a tree with its root at the top. This is
the most prevalent convention among computer scientists, though many graph
theorists (as well as Nature herself) would draw them upside-down from our
convention. In Figure A-1, we call vertices 2 and 3 the sons or successors of vertex
6. Similarly 7 is the son of 2, 5 and 9 are the sons of 3, and 1, 4, 8 are the sons of
5. We also call 2 the father or predecessor of 7, 5 the father of 1, 4, and 8, and so
on. Every vertex except the root has a unique father. Those vertices without sons
are called leaves or endpoints; in Figure A-1 they are 1, 4, 7, 8, 9.

6
2 3
5 9
7
1 8 4
Figure A-1

If we take the diagram of a tree as in Figure A-1 and ignore the designations
of roots (i.e., consider only the vertices and edges) then we obtain a diagram of
a free tree. Conversely, given a free tree G, if we designate one of its vertices as a
root, then this defines the structure of a tree T on the vertices of G. Hence a
“rooted tree,” meaning a free tree together with a root vertex, is conceptually
identical to a tree. :

A tree may also be regarded in a natural way as a poset; simply consider its
diagram to be a Hasse diagram. Thus a tree T, regarded as a poset, has a unique
maximal element, namely, the root of the tree. Sometimes it is convenient to
consider the dual partial ordering of T. We therefore defined a dual tree P as a
poset such that the Hasse diagram of the dual poset P* is the diagram of a tree.

Some important variations of trees are obtained by modifying the recursive
definition. A plane tree or ordered tree is obtained by replacing (b) in the definition
of a tree with:

b’. The remaining vertices (excluding the root) are put into an ordered partitﬁon

(Ty,..., T,) of m> 0 disjoint non-empty sets T, ..., T,,, each of which is a

plane tree.
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1 1 1 1
SO TS
3 5 6 3 6 5 3 6 5 6 5 3
Figure A-2

To contrast the distinction between trees and plane trees, an ordinary tree
may be referred to as an unordered tree. Figure A-2 shows four different plane
trees, each of which has the same “underlying (unordered) tree.” The ordering
(Ty,..., T,) of the subtrees is depicted by drawing them from left-to-right in that
order.

Now let m > 2. An m-ary tree T is obtained by replacing (a) and (b) with:

a”. Either T is empty, or else one specially designated vertex is called the root of
T, and

b”. The remaining vertices (excluding the root) are put into an ordered partition
(Ty,..., T,,) of exactly m disjoint (possibly empty)sets T, ..., T,,, each of which
is an m-ary tree.

A 2-ary tree is also called a binary tree. When drawing an m-ary tree for m
small, the edges joining a vertex v to the roots of its subtrees Ty, ..., T,, are drawn
at equal angles symmetric with respect to a vertical axis. Thus the empty subtree
T, is inferred by the absence of the i-th edge from v-Figure A-3 depicts five of the
55 non-isomorphic ternary trees with four vertices. We say that an m-ary tree is
complete if every vertex not an endpoint has m sons. In Figure A-3, only the first
tree is complete. '

A

Figure A-3

The length £(T) of a tree T is equal to its length as a poset; that is, Z(T) is
the largest number ¢ for which there is a sequence vy, vy, -- -, U of vertices such
that v; is a son of v,_, for 1 <i <7 (s0 v, is necessarily the root of T). The
complete m-ary tree of length ¢ is the unique (up to isomorphism) complete m-ary
tree with every maximal chain of length Z; it has a total of 1 + m + m +-+m

vertices.
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Atom, of finite lattice, 104
Autocorrelation polynomial, 267

Backelin, J., and number of words in quotient
monoid, 277
Baclawski, K.:
and core of irreducible poset, 176
and odd composition poset, 191
and topological properties of posets, 150
Baker, K. A., and dimension of poset, 176
Banaschewski, Z., and MacNeille completion,
176
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Barycentric subdivision of finite regular cell
complex, 121
Bases of vector space, for polynomial generat-
ing functions, 208
Bayer, M. M., and Eulerian posets, 199
Bedrosian, S. D., and counting rooted forests
(exercise), 94
Bell, E. T., and incidence algebras, 149
Bell number, 33
Bennett, M. K., and Eulerian posets, 197
Betke, U., and integral convex d-polytopes,
288
Bijection, 11
Billera, L. J., and dimension of vector sub-
space, 199
Binary trees:
number of unordered (proposition), 25
properties of (proposition), 24
Binomial coefficients, generating function,
approach to, 14
Binomial posets:
definition, 142
and generating functions, 140
literature references, 151
and subalgebra of incidence algebra
(theorem), 144
Birkhoff, Garrett, and posets and lattices, 149
Birkhoff-von Neumann theorem, 93
Bjorer, A.:
and Bruhat order, 199
and core of irreducible poset, 176
and Crapo complementation theorem, 184
and finite supersolvable lattice, 190
and topological properties of posets, 150
Block, of set partition, 33
Board, and general theory of derangement, 71
Bonferroni, over and undercounts for
approximation (exercise), 91
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Boole, G., and partially ordered sets and lat-
tices, 149
Boolean algebra of rank n, as distributive lat-
tice, 107
Bressoud, D. M.:
proof of g-Dyson conjecture, 54
and tournament (exercise), 95
Bruggesser, H., and Ehrhart polynomial, 288
Bruhat order, of symmetric group, 172, 199
Brylawski, T., partitions of integer ordered by
dominance, 192
Butler, L.:
chains of Young diagrams, 284
and set of infinite words, 191

Calculus (formal), for formal power series, 7
Calculus of finite differences, 36
Canfield, E. R., and Stirling number of the
second kind (exercise), 57
Cardinality:
comparison between two finite sets by bijec-
tion, 79
of multiset, definition, 15
Carlson, F., and power series with integer
coefficients, 282
Cartier, P.:
applications of theory of hyperplane arrange-
ments, 192
and monoid, 189
Catalan numbers:
and a difference equation, 62
and non-crossing partitions, 169
and number of linear extensions of poset,
112
Cayley, A., and generating function, 151
Cellular decomposition, of Grassmann variety
and partitions of vector space, 30
Chain:
definition of poset as, 99
in distributive lattice, 110
increasing and R-labeling, 133
saturated, 99
Chain condition:
5, 216
A, 219
Chain-partitionable, finite graded poset, 168
Characteristic polynomial:
of adjacency matrix, 242
of a graded poset, 128
Chromatic polynomial of a graph, 162
Circular factorization, unique, 248
CL-labeling, literature references, 151
Closure, 159
Cluster, L-, 266
Clutter, antichain or Sperner family, 100
Coatom, of finite lattice, 104
Coefficient of n, restricted to finite computa-
tion, 6
Cohen—Macaulay finite poset:
definition, 123
and Mébius function, 123
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Cohen-Macaulay posets:
and lexicographically shellable posets, 151
literature references to discovery of, 150
shellable, 193
Coimage, 38
Combinations with repetition, and multiset, 15
Combinatorial interpretation, of polynomial
associated with Eulerian poset, 139
Combinatorial proof:
definition, 11
and non-combinatorial proof for same ex-
amples, 12
Combinatorial reciprocity theorem (example),
16 (see also Reciprocity theorem)
Comparability graph, 168
Comparable elements, of posets, 97
Compatibility:
between injectivity and equivalence relation,
32
between surjectivity and equivalence relation,
32
Compatible:
dual p- (lemma), 212
7 and P-partition (lemma), 212
Compatible permutations, and descent sets
(lemma), 212
Completely fundamental elements:
of n X n magic squares (lemma), 232
of n X n symmetric magic squares (lemma),
234
of rational polytope (lemma), 236
Composition of n:
definition, 14
and factorization in free monoids, 250
Comtet, L., and convergence of generating
function (exercise), 61
Connected poset, 100
Convergent formal power series, 6
Convex polytope, integral (corollary), 238
Convex subposet, 98
Convolution, for locally finite poset, 113
Core, of irreducible finite poset, 155
Counting, subsets of a set, 13
Cover function, of finitary distributive lattice,
157
Cover relations, of posets, 98
Crapo, H. H.:
and closure relations, 183
complementation theorem, 184
Cvetkovié, D. M., rooted tree (exercise), 94
Cycles:
bijection for standard representation (proposi-
tion), 18
number of (proposition), 18
of permutation defined, 17
standard representation of, 17

Das, S. K., and meet-distributive semilattice,
178

Davis, R. L., and valuation of finite dis-
tributive lattice, 184
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deBruijn, N. G., decomposition of permutations
of sets (exercise), 47, 57
Dedekind, R., and posets and lattices, 149
Degree of formal power series, 6
Dehn-Sommerville equations:
literature references, 151
and Whitney numbers of second kind (propo-
sition), 136
Deligne, P., and Weil conjectures, 279
Delta-chain condition:
definition, 216
theorem, 218
Denominator, of a rational vector, 236
Deodhar, V. V., and Bruhat order, 199
Derangement, definition, 67
Derangement problem, and use of Principle of
Inclusion-Exclusion, 67
Derivative (formal), definition for formal power
series, 7
Descent set:
and Inclusion—Exclusion, 69
of multiset permutation, 25
number of permutations (proposition), 22
of permutation, 21
Determinants, 82
Determinations, definition by example, 1
Dickson, L. E., binomial coefficients and
primes (exercise), 53
Difference of f, formula for k-th, 37
Difference operator, 36
Difference table:
and bases for polynomials, 209
for finite differences of a function, 37
Digraph, 241, 293
Dilworth, R. P.;
and modular lattice, 186
and order ideals, 182
Dilworth, theorem of, 110
Dimension, of finite poset, 176
Dimers, 273
Diophantine equations, linear homogeneous,
221
Direct product:
twisted (figure), 175
of two posets (figure), 101
Dissects, literature references, 151
Distinguishable, elements of set, 31
Dominance, definition of order by, 166
Doob, M., rooted tree (exercise), 94
Double partition, 77
Doubly stochastic matrices, 240
Dowling lattice, 191
Dowling, T.:
and uniform poset, 191
and Whitney number inequalities, 185
Down-set, subset of poset, 100
Dreesen, B., and comparability graph, 194
Dual:
of Mobius inversion formula, 116
of poset, 101
for Principle of Inclusion-Exclusion, 66

Duality theorem, master for Eulerian posets,
138

Duffus, D., and core of irreducible poset, 176

Dumont, D., finite differences (exercise), 61

Durfee square, definition for partition, 58

Dwork, B., and Weil conjectures, 279

Dyson, F. J., and ¢-Dyson conjecture, 54

Edelman, P. H.:
and Bruhat order, 199
counting certain posets, 178
and maximum Mobius function, 187
and meet-distributive meet-semilattice, 179
and non-crossing partitions, 197
and odd composition poset, 191
simple reduction of permutation set, 199
weak Bruhat order, 199
Edwards, R. D., and finite regular cell complex
(proposition), 150
Ehrhart polynomial, 238
Ehrhart quasi-polynomial, of rational polytope,
235
Eigenvalue:
of adjacency matrix, 242
of circulant matrix, 273
Enting, I. G., and chromatic polynomial, 292
Equivalent sets, 31
Euler characteristic, definition of reduced, 120
Eulerian lattice, a fundamental example of, 136
Eulerian number:
f, 209, 22
as count of excedances, 23
Eulerian polynomial:
f, 209, 22
for multiset, 26
Eulerian posets:
definition, 122, 135
figure, 138
literature references, 151
and zeta polynomial (proposition), 135
Euler number, count of alternating per-
mutations, 149
Euler pair, 48
Euler pentagonal number formula, 89
Euler’s totient function, 62
exercise, 48, 161
Excedance, of permutation, 23
Exceptional set, and rational functions (proposi-
tion), 205
Exponential generating function:
and binomial posets, 141
definition, 3
Extensions:
number of, and chains, 110
number of, and permutations, 112
number of, and recurrence, 112
number of linear, for posets (figure), 111

Factor, of word, 266
Factorial function, of P as number of maximal
chains, 142
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Fall, as element of permutation, 24
Farmer, F. D., and poset of normal words, 199
Fatou, P., and Fatou’s lemma, 275
Fatou’s lemma, and primitive series, 275
Fences, or zig-zag posets, 109
Ferrers boards, 74
with equal rook polynomials, 75
Ferrers diagram,
of conjugate partition, 39
of a partition of n, 29
Fibonacci number, Eulerian posets and dimen-
sion of vector subspace, 172
Filter, order ideal subset of poset, 100
Finitary distributive lattice:
definition of, 107
and Pascal’s triangle, 112
Finite difference; to define excluded objects
from set (proposition), 68
Finite graded poset, Eulerian, 122
Finite graph:
definition, 293
edges, 293
loop, 293
simple, 293
vertices of, 293
Finite regular cell complex:
definition, 121
figures, 122
Fishbum, P. C., and dimension of poset, 176
Fixed points, for permutations, 68
Fixed point set, counted in terms of weight
function, 80
Foata, D.:
and monoid, 189
multiset permutations, 57
Forest, and Ehrhart polynomial, 272
Forests, 93
rooted, 89
spanning, 93, 273
Formal power series:
definition, 3
as integral domain, 4
primitive, 275
treated as functions, 8
validity of identities (example), 5, 6
Frankl, P., conjecture on cardinality of dual
order ideals, 186
Freely generated submonoid, 247
very pure, 248 )
Free monoids, factorization in, 247
Free R-module, 167
Freese, R., and complements in a finite lattice,
184
Fundamental property of rational functions:
simplification (corollary), 204
theorem, 202

Gale’s evenness condition, and faces of convex
polytope, 199

T', triangulation of pointed convex polyhedral
cone, 223
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Ganter, B., and modular lattice, 186
Garisa, A. M.:
and chain-partitionable posets, 193
and vector partitions, 282
Gaussian polynomial, or g-binomial coeffient,
26
Geissinger, L.:
and a convex polytope associated with a
poset, 199
and valuation of finite distributive lattice,
184
Generating function:
and adjacency matrix (theorem), 242
advantages of using, 10
and binomial posets, 140
chromatic, 142
and closed walks (corollary), 243
cluster, 267
and completely fundamental elements
(theorem), 228
doubly-exponential, 141
Eulerian, 141
for evaluating counting function, 3
exponential, 141
extracting information from, 10
fundamental, and Jordan-Holder set
(theorem), 214
fundamental for P-partition, 212
for monoid, 222
for monoid, specialization (theorem), 231
for number of closed walks of length n, 244
for number of partitions of n, 38
and number of P-partitions, 216
ordinary, 141
and quasi-generators (corollary), 227
rational, and adjacency matrices, 245
reasons for using, 3
for restricted partitions, 39
r-exponential, 141
sets associated with, 143
for simplicial monoids (corollary), 227
and weighted edges of digraph, 258
Geometric lattice:
definition of, 105
and partition lattice, 128
Geometric representation, of permutations, 23
Gessel, I. M.:
and duality theorem for Eulerian posets,
198
and formal power series for rational function,
275
and a recurrence relation, 282
and strong fixed point of permutation (ex-
ercise), 61
tournament (exercise), 94
and vector partitions, 282
Gleason, A., and direct products of posets,
175
Good, L. J., proof of Dyson conjecture, 54
Gordon, B., and pleasant posets, 182
Goresky, M., intersection (co)homology, 199
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Gould, H. W., and formal power series (ex-
ercise), 62
Goulden, I. P.:
and binomial poset, 201
and cluster generating function, 280
Graded posets:
definition, 99
ranks of (table), 99
Graph:
definition for permutation, 71
directed, 241
Greene, C.:
and rank inequality for finite geometric lat-
tice, 185
and geometric sublattice, 178
and maximum size antichains, 182
and meet-distributive meet-semilattice, 179
and Mobius algebras, 150
and Mobius functions, 149
partitions of integer ordered by dominance,
192
and subsets of finite lattice, 186
and weak Bruhat order, 199
Grimson, E., and Mébius function, 188
Gross, O. A., chains in boolean algebra, litera-
ture references, 151
Guibas, L. J., and autocorrelation polynomial,
280
Gunson, J., and Dyson conjecture, 54

Hadamard product:

and generating function with weighted edge,

258

for rational power series (proposition), 207

and sums over compositions, 258
Haiman, M., and order ideals, 182
Hajos, G., combinatorial proof (exercise), 52
Hall, P., and Mdbius inversion formula, 149
Hanlon, P., and Gaussian poset, 287
Harbater, David, and integral power series, 276
Hasse diagram:

for B, (figure), 108

for direct product of two posets (figure), 101

edges of and R-labeling, 133

of finite poset, 98

method for drawing, finite order ideals of

poset, 108

method for drawing (figures), 109
Hasse diagrams, of lattices (figures), 102
Hawkins, T., and history of group representa-

tions, 290
Hilton, P. J., and duality for abelion groups,
190

Hock, J. L., and dimers, 291
Horizontally convex polyominos, 256
Hurwitz, A., and Fatou’s lemma, 275
Hyperplane arrangement, 166

Igusa, J.-I., and congruences mod p”, 279
Incidence algebra:
and algebra of upper triangular matrices, 114

Incidence algebra (continued)
of a locally finite poset, 113
subaigebra of and binomial poset (theorem),
144
Incident, edges and vertices, 293
Inclusion~Exclusion:
dual form, 66
Principle of, 64
Principle of (theorem), 64
Indecomposable permutation, 49
Index, greater (major), of permutation, 216
Indik, R., and a recurrence relation, 282
Indistinguishable, elements of set, 31
Inequivalent injective functions, number of,
definition, 32
Inequivalent sets, 31
Integral convex d-polytope, and relative
volume, 239
Interior, of simplicial submonoid, 226
Inverse:
of elements of formal power series, 4
of matrix for Stirling number of the second
kind, 35
Inversion:
definition of, for multiset permutation, 26
definition of, for permutation, 21
number of, for permutations (corollary), 21
and permutation statistics, 20
Inversion table, of permutation, 21
Involution principle, for converting proofs to
combinatorial proofs, 80
Involutions, 79
construction of for intersecting lattice paths,
84
Irreducible finite poset, 155
Isomorphic posets, 98

Jackson, D. M.:
and cluster generating function, 280
and descents of permutations, 201
Jambu, M., and intersections of hyperplanes,
192
Jeu de taquin, 179
Join, for elements of poset, 102
Join-irreducible:
element of lattice, 106
of finite distributive lattice (proposition), 106
Jordan, Charles, number of objects of finite set
(exercise), 91
Jordan, J. H., counting triples, 281
Jordan-Hoélder set:
definition of, 131
and P-partitions (lemma), 213
and supersolvable lattices, 164

k-composition:
definition, 14
weak, 15
k-composition of n, schematic representation,
15
k-discordant permutations, problem of, 74
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Kahn, J., and order polynomial, 285
Kasteleyn, P. W., and dimers, 291
Katz, N. M., and Weil conjectures, 279
" Kelly, D., and dimension of poset, 176
Kelmans, A. K., and counting rooted forests
(exercise), 94
Kendall, M. G., and tournament (exercise), 94
Kim, D., and chromatic polynomial, 292
Kirdar, M. S., proof for partition counts (ex-
ercise), 59
Klarner, D. A.:
decomposition of permutations of sets (ex-
ercise), 47, 57
and dimers, 291
and rational generating functions, 276
Kleitman, D. J.:
combinatorial proofs (exercise), 52
and free distributive lattice, 181
and maximum-size antichains, 182
and meet-distributive meet-semilattice, 179
and meet-irreducible elements of finite lat-
tice, 177
and non-isomorphic n-element posets, 174
and order ideals, 182
and outdegree sequences, 290
Knuth, D. E.:
inversion polynomial (exercise), 61
and monoid, 189
multiset permutations, 57
and number of words in quotient monoid,
277 .
Koblitz, N., and Weil conjectures, 279
Koh, K. M., and finite distributive lattice,
182
Koszul complex, 92
Koszul relation, 92
Kratzer, C., Mobius function of lattice of sub-
groups, 191
Kreweras, G.:
and non-crossing partitions, 197
and Young’s lattice, 195
Kummer, E., binomial coefficients and primes
(exercise), 53
Kung, J., and subsets of finite lattice, 186

L-labeling, literature references, 150
Lascoux, A., and weak Bruhat order, 199
Lattice, 102
atomic, 104
complemented, 104
complete, 103
distributive, 105
finitary distributive, definition, 107
finitary distributive and FTFDL (proposition),
107
finite distributive, fundamental theorem for,
106
finite geometric, 105
finite semimodular, 104, 105
free distributive, 158
and Moébius algebras, 124
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Lattice path, 82
diagram, 82
enumeration of, 44, 111
intersecting, 82
Laurent series, and rational generating function,
206
Lexicographically shellable posets and CL-
labeling, 151
Lie algebras, semi-simple, 288
Lieb, E. H., and dimers, 291
Lindstrom, B., and meet-semilattice determi-
nant, 184
Linear extension, of poset, 110
Linear ordering, of elements of multiset, 16
Link, in a finite simplicial complex, 121
Linked sets, literature references, 151
Loop, of digraph, 241
Lucas, E., binomial coefficients and primes
(exercise), 53
Lucas number, and permutation enumeration,
246
Lyndon, R. C., and multiset permutations (ex-
ercise), 57

Macdonald, 1. G.:
constant term of product expansion (ex-
ercise), 54
cycle types of permutations (exercise), 61
and number of words in quotient monoid,
277
and pleasant posets, 182
and volume of convex polytopes, 290
MacMahon, P. A.:
and recurrence formula (exercise), 58
and Young’s lattice, 195
MacNeille completion, of irreducibles of finite
lattice, 176
MacPherson, R., intersection (co)homology,
199
Magic squares, number of (proposition), 232
Mani, P., and Ehrhart polynomial, 288
Markowsky, G., and free distributive lattice,
181
Maximal chain, and supersolvable finite lattice,
134
Maximal chains:
in distributive lattice, 110
number of and R-labeling (theorem), 133
McMullen, P.:
and cyclic polytopes, 199
and Ehrhart quasi-polynomial, 290
McQuistan, R. B., and dimers, 291
Meet-distributive, meet-semilattice, 156
Meet-semilattice, conditionally a lattice (propo-
sition), 103
Meuser, D., and congruences mod p”*, 279
Milne, S., Stirling number of the second kind
(exercise), 60
Mébius algebras:
definition for lattice, 124
theorem, 124
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Moébius function:
classical, 9, 119
computing (proposition), 119
and count of permutations (lemmas), 147
determination .of, for a boolean algebra, 145
and Eulerian posets (lemmas), 136
and Eulerian posets (proposition), 137
and finite regular cell complex (proposition),
122
function, 9
for lattice faces of triangulation, 224
and meet of coatoms (corollary), 126
of poset, 116
of semimodular lattice (proposition), 126
techniques for computing, 117
Mobius inversion, and Euler characteristic, 119
Mabius inversion formula, and zeta function,
116
Modular lattice, 104
as poset of subspaces of a vector space, 127
Monjardet, B., and meet-distributive meet-
semilattice, 179
Monoid:
definition, 163
free, factorization in, 247
and homogeneous linear equations, 221
positive, 222
Moon, J. W., and counting rooted forests (ex-
ercise), 94
Moser, W. O. J,, Terquem’s problem (ex-
ercise), 63
Multichains:
of poset, 100
and zeta function, 115
and zeta polynomial, 130
Multinomial coefficients:
definition, 16
q, 26
Multiset:
definition, 15
generating function approach, 15
permutations of, 16
Multiset cycle, 47
Multiset permutation, 47
Multisets, permutations of, 25

n-coloring, of a graph, 162

n-stack, 76

Nelson, R. B., and volume of a convex poly-
tope, 290

Non-crossing partitions, 197

Odlyzko, A. M.:
and autocorrelation polynomial, 280
count of subsets mod n (exercise), 60
Open subset of preposet, 153
Order by inclusion, poset of subsets, 97
Order by refinement:
partitions of a set, 97, 127
partitions of n, 166
Order complex, of poset, 120

Order ideal:
definition of, 100
dual, 100
principal, 100
Order polynomial:
and chain length (corollary), 220
definition, 130
fundamental property (theorem), 219
and A-chain condition (corollary), 221
reciprocity theorem, 194, 219
strict, 218
Order-reversing, strict, 211
Order-reversing map, 211
Ordinary generating function, 3
Orientation:
acyclic, 273
of edges of finite graph, 273
Orlik—-Solomon-Terao conjecture, 192
Outdegree sequence, of orientation, 273

P-compatible permutation, 171
P-partition:
definition, 211
and linear homogeneous equations, equiva-
lence of, 222
and strict P-partition (lemma), 220
strict P-partitions and 8-chain condition, 218
Partial G-partition, of a set, 165
Partial partition, of a set, 165
Partition:
of an integer, 28
definition of self-conjugate, 58
of finite set, definition, 33
and g-binomial coefficient (propositions), 29
with restricted parts, 38
Partitions of n-set:
definition, 33
lattice of, 97, 127
ordered, 34
Pascal’s triangle, generalized, 112
Peak, as element of permutation, 24
Peirce, C. S., and partially ordered sets and
lattices, 149
Permutation enumeration and binomial posets,
147
Permutations:
alternating and number of complete binary
trees, 24
equivalent, 89
and factorization method, 252
k-discordant, and factorization method, 253
mapped to inversion table (proposition), 21
of a multiset, 16
of a multiset and inversions (proposition), 26
number, with specified number of maxima
(corollary), 20
standard, 93
Permutation statistics, 17
cycle structure, 17
descents, 21
inversions, 20
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Permutations with descent set S, determinant
expression for, 69
Permutations with restricted position, 71
Permutation with k cycles, and Stirling number,
18
Philip Hall’s theorem (Proposition 3.8.5), 119
ar-compatible, 212
Plane trees, and face-lattice of an n-cube, 170
Pleasant poset, 158
Poguntke, W., and comparability graph, 194
Point lattice, 104
Pollack, J., and dimers, 291
Pélya, G.:
and power series with integer coefficients,
282
and value of a determinant, 184
Pélya’s enumeration theorem, 48
Polynomials, 208
bases for, 208
as coefficients of rational generating func-
tions, 208
Polynomials of degree n, coefficients as finite
differences (proposition), 38
Polyominos:
definition, 256
enumerating horizontally convex, 257
Polytope:
cyclic, 199
integral, 238
rational, 235
Poset:
basic concepts, 96
defining axioms, 97
definition of isomorphic, 98
extension of to total order, 110
Gaussian, 270
and A-chain condition, 220
locally finite, 98
table of examples, 105
Power series:
composition defined, 6
rational of one variable, 202
Prefabs, literature references, 151
Preferential arrangement, definition, 146
Preposet, 153
Principle of Inclusion~-Exclusion:
and binomial posets, 145
and maximal chains in rank-selected sub-
poset, 131
and Mobius inversion on boolean algebra,
118
Prins, G., and direct products of posets, 175
Probleme des ménages:
lemma, 73
and non-attacking rooks, 73
Proctor, R.:
and Gaussian posets, 288
and zeta polynomial, 179
Product:
of convergent formal power series (proposi-
tion), 6
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Product (continued)
of words, 247
Product theorem,
and Mobius function, 118
Provan, J. S., and chain-partitionable posets,
193
Pseudo-polynomial, or quasi-polynomial,
210

g-analogue, for number of permutations with
descent set S, 70
g-binomial coefficient, 26
and partitions (proposition), 29
g-Dyson conjecture, 54, 95
g-multinomial coefficient, and multisets, 26
Quasi-generators, 226
completely fundamental elements, 228
Quasi-ordered set, 153
Quasi-period, of quasi-polynomial, 210
Quasi-polynomial:
and convex polytope (theorem), 237
definition, 210
and number of P-partitions (theorem), 216
properties of (proposition), 210
Quotient, of poset relative to closure, 159

R-labelings:
definition, 133
literature references, 150
r-stemmed V-partition, 89
Rank, of finite poset, 99
Rank-generating function, 99
definition of, 99
and simplicial posets, 135
Rank-selected Mobius invariant:
direct combinatorial interpretation, 133
and lattice of subspaces of a vector space,
132
and permutations in Jordan-Hoélder set
(theorem), 132
of a poset, 131
Rank-selected subposets:
definition, 131
literature references, 150
Rational generating function:
coefficients at negative integers, 206
definition, 202
exceptional set, 204
Rational power series in one variable, 202
Read, R. C., and dimers, 291
Reciprocity theorem:
for Ehrhart quasi-polynomials, 238
for linear homogeneous diophantine equa-
tions, 230
for order polynomials, 194, 219
for P-partitions (theorem), 215
Recurrence:
for computing coefficients, negative n, 207
for computing coefficients of rational func-
tion, 205
defining for Mébius function, 116
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Recurrence (continued)
and master duality theorem for Eulerian
posets, 138
for Mobius function (corollary), 125
for number of linear extensions of poset, 112
for partitions into k parts, 28
and Stirling number of the second kind, 33
Reduced Euler characteristic:
definition, 120
and topological significance of Mdbius func-
tion, 121
Reduction:
of a permutation, 172
simple, 172
Refinement, of poset, 98
Regev, A., constant term of product expansion
(exercise), 54
Regular local ring, one-dimensional complete, 4
Relative volume, of integral polytope, 239
Remmel, J. B., derangement proof (exercise),
92
Restricted direct product, definition and Mébius
function of a poset, 119
Restriction, of maximal chain, 168
Rise, as element of permutation, 24
Rival, 1.:
and core of irreducible poset, 176
finite atomic and coatomic lattice, 177
and modular lattice, 186
Robbins, D., and pleasant posets, 182
Roberts, F. S., and dimension of poset, 176
Rook numbers, for Ferrers board (theorem), 74
Rook polynomial:
equality for Ferrers boards, 75
and factorization method, 255
and k-discordant permutations, 74
and transfer-matrix method, 253
Rooks, non-attacking, 71
Roos, J.-E., and number of words in quotient
monoid, 277
Rota, G.-C.:
and chromatic polynomial, 187
and closure relations, 183
and homology theory for posets, 150
and valuation of finite distributive lattice,
184
Rothschild, B. L., and non-isomorphic n-
element posets, 174
Row-reduced echelon form, and partitions of
integers, 29

Sachs, H., and counting rooted forests (ex-
ercise), 94
Saks, M., and order polynomial, 285
Saturated chain, 99
Scheid, H., and bounds on Mdbius function,
186
Schroder, E., and posets and lattices, 149
Schiitzenberger, M.-P.:
and jeu de taquin, 179
and weak Bruhat order, 199

Secant number, or Euler number, 149
Self-conjugate partition, 58
Semi-Eulerian poset, 122
Semilattice, meet- and join-, 103
Semimodular lattice:

Mobius function of, 126

and R-labeling (figure), 135

as R-poset, 134

seven-element (figure), 104
Sequences and paths, literature reference, 151
Series-parallel posets, 100
Serre, J.-P., and rational generating functions,

276

Sets and multisets, 13

Shapiro, L.:
and duality theorem for face lattice of an n-
cube, 198
finite differences (exercise), 62
Shearer, J. B.:

and Mobius function, 188
and number of words in quotient monoid,
277
Shephard, G. C.:
and cyclic polytopes, 199
and zonotopes with integer vertices, 290
Shift operator, E, 36
Shuffle:
definition, 70
inverse of permutation, 70
Sieve equivalence, as variation of involution
principle, 80
Sieve method, for determining cardinality, 64
Simplicial complex, and Alexander duality
theorem, 137
Simplicial finite poset, 135
Simplicial submonoid, 226
Skyrme, T. H. R., proof for partition counts
(exercise), 59
Smith, B. Babington, and tournament (ex-
ercise), 94
Solomon, L.:
and Mobius algebra of poset, 150
and subgroups of Z* of finite index, 190
Spanning subsets of a vector space, number of,
127
Species, as alternative to binomial posets, refer-
ences, 151
Sperner family, or antichain, 100
Standard permutation, 93
Standard representation, of permutation, 17
Stanley, R.:
and chain-partitionable Cohen—Macaulay
posets, 194
and chain-partitionable posets, 193
and comparability graph, 194
convex polytope and Eulerian lattice, 199
and counting certain permutations, 93
count of subsets mod n (exercise), 60
cycle types of permutations (exercise), 61
and Ehrhart (quasi-)polynomial, 290
and an extremal finite distributive lattice, 178
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Stanley, R. (continued)
and finite supersolvable lattice, 190
free R-module and supersolvable poset, 192
and incidence algebras of locally finite
posets, 183
and integral convex d-polytopes, 288
intersection (co)homology, 199
and order ideals of N™, 277
and order polynomial, 181
and pleasant posets, 182
and toric varieties and hard Lefschetz
theorem, 198
and trapezoidal chains and antichains, 179
and weak Bruhat order, 199
Stembridge, J.:
and trapezoidal chains and antichains, 179
and a zeta polynomial, 179
Stirling number of the first kind, 18
and calculus of finite differences, 36
and exponential generating function (proposi-
tion), 19
as number of integer sequences (proposition),
20
and polynomial generating function, 208, 209
recurrence (lemma), 18
and Twelvefold Way, 35
Stirling number of the second kind:
and characteristic polynomial of II,, 128
exercise, 57, 47
and Mobius function of poset, 128
and partitions of a set, 33
and polynomial generating function, 208, 209
Stirling numbers, examples of matrices, 36
Stonesifer, J. R., and uniform geometric lattice,
191
Stong, R. E., and core of irreducible poset, 176
Strauss, E. G., and basis for group of polyno-
mials (exercise), 62
Strong fixed point, definition of, for permuta-
tion, 49
Submonoid:
of monoid, 247
simplicial (lemmas), 226 °
Subposet:
convex, 98
induced, 98
of P, S-rank selected, 131
weak, 98
Subspaces of vector space, number of (proposi-
tion), 28
Sum, of convergent formal power series (propo-
sition), 6
Supersolvable finite lattice:
additional properties, 163-164
definition, 134
non-semimodular (figure), 134
Szegd, G., and value of a determinant, 184

Tangent number, or Euler number, 149
Tanny, S. M., and counting certain per-
mutations (exercise), 93
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Temperley, H. N., and counting rooted forests
(exercise), 94
Terao, H.:
and arrangements of hyperplanes, 192
Removal Theorem, 192
Terquem's problem (exercise), 63
Thevenaz, J., Mébius function of lattice of sub-
groups, 191
Tournament, 90
Transfer-matrix method, 241
Transition matrix, for polynomial bases, 35,
209
Tree:
definition, 293
definition of binary, 23
Triangular board, and rook number (corollary),
75
Triangular poset, 173
Triangulation of pointed convex polyhedral
cone, 223
Trotter, W. T., Jr., and dimension of poset,
176
Twelvefold Way, 3140
table, 33
Two tree representations, and permutation sta-
tistics, 23

Underlying space, of finite regular cell com-
plex, 121
Unfixed points, for permutations and depen-
dence on n, 68
Uniform poset, 165
Unimodal sequence:
expression for and V-partition (proposition),
78
number of analogous to partitions of n, 76
of weight n, 76
Unique factorization domain, 4

V-partitions:
definition of r-stemmed, 89
of n, definition, 77
number of and sieve-theoretic formula, 78
V-partitions and unimodal sequences, 76
Valley, as element of permutation, 24
Valuation, 160
van der Poorten, A. J., and rational generating
functions, 276
Veress, P., combinatorial proof (exercise), 52
Verma, D.-N., and Bruhat order, 199
Very pure monoids, characterization (proposi-
tions), 249

Wachs, M., and Bruhat order, 199
Walch, R., counting triangles with perimeter n,
281
Walk:
closed, 241, 293
definition, 293
in digraph, 241
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Index

Walker, J., and topological properties of
posets, 150
Ward, M., and Maobius inversion formula, 149
Weak excedance, of permutation, 23
Weak subposet, 98
Weight, of multiset cycle, definition, 47
Weighted cardinalities, 66
Weight function:
for set, 65
on set of edges of digraph, 241
Weil, A., and Weil conjectures, 279
Weil conjectures, 279
Weisner, L., and Moébius inversion formula,
149
Weisner’s theorem (corollary 3.9.3), 125
Well-defined operations (example), 5
Wensley, C. D., Mobius function of subgroup
lattice of symmetric groups, 191
West, D., and chains in posets, 175
Whitney number of the first kind, coefficient of
characteristic polynomial, 129
Whitney number of the second kind:
and Dehn—-Sommerville equations (proposi-
tion), 136
and number of elements of rank k, 129
Whitworth, W. A., and counting certain per-
mutations (exercise), 93
Wilf, H., and meet-semilattice, 184
Wilson, K., and g-Dyson conjecture, 54
Wilson, R.:
and permutation of finite lattice, 185
and Whitney number inequalities, 185
Winkler, P., and comparability graph, 194
Winston, K., and outdegree sequences, 290
Wisner, R. J., counting triangles with perimeter
n, 281

Word:
as finite sequence of letters, 247
to represent a permutation, 16
Worley, Dale, and a recurrence for partitions
(exercise), 59

Yoder, M. F., count of subsets mod n (ex-
ercise), 60

Young diagram, and partitions of n, 29,
30

Young’s lattice, 168

Zaslavsky, T.:
and the acyclotope, 290
and Dowling lattice, 191
and hyperplane arrangements, 192
Zeilberger, D.:
and cluster generating function, 280
proof of g-Dyson conjecture, 54
and tournament (exercise), 95
Zeta function:
definition, 114
and zeta polynomials, 130
Zeta polynomials, 129
and binomial posets, 145
definition, 129
literature references, 150
and number of chains, 129
and order polynomial, 130
Ziegler, G.:
and Mébius function, 187
partitions of integer ordered by refinement,
192
and self-dual poset, 175
and zigzag posets, 181
Zonotope, 290
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Supplementary Problems

Here we provide some exercises but not their solutions, culled from a variety of
sources. We have retained the difficulty rating scale used in our previous exercises.

Chapter 1

1. Let &(n, m) denote the number of compositions of n with largest part < m. Show
that

2. Fix n € P. In how many ways (as a function of n) can one choose a composition
a of n, and then choose a composition of each part of «? (Give an elegant
combinatorial proof.)

3. Let k(n, j, k) be the number of weak compositions of n into k parts, each < j.
Give a generating function proof that

. fk+r—1\ [k
k(n, j, k)= Z(—l)( )()
r+sj=n r s
where the sum is over all pairs (r, ) € N’ satisfying r + sj = n.
4. How many n-element multisets on [2m] are there satisfying: (i) 1, 2,...,mmust

appear at most once each, and (i) m + 1,m + 2, ...,2m must appear an even
number of times each?

5. Show that
Xy - Xg

min(n,, ..., n)x o xt = :
nl,.§k20 o D% ¢ A=x) (1 =x )1 —xyx2- - X)
6. Find a simple description of all n € P with the following property: There exists

k € [n] such that ("), (7). (k:]) are in arithmetic progression.
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7.

9.

10.

11.

12.

13.

14.

How many permutations a,a, - - - a, of [n] satisfy the following property: if 2 <
J < n,then |a; —a;| =1forsomel <i < j.(E.g., for n = 3 there are the
four permutations 123, 213, 231, 321.) More generally, for any § C [n — 1], find
the number of such permutations with descent set S.

Fix k, n € P. Show that

k-1
Seeo = (”+ )

2k — 1
where the sum ranges over all compositions ¢, + ¢; + - - - + ¢, of n into k parts.

Fix k, n € P. How many sequences (7T}, T, .. ., T;) of subsets T; of [n] are there
such that the nonempty T, form a partition of [n]?

Choose n points on the circumference of a circle in “general position”. Draw all
(;) chords connecting two of the points. (“General position” means that no three
chords intersect in a point.) Into how many regions will the interior of the circle
be divided? Try to give an elegant proof avoiding induction, finite differences,
generating functions, summations, etc.

How many pairs (u, A) of partitions of integers are there such that i - n, and the
Young diagram of A is obtained from the Young diagram of u by adding a single
square? Express your answer in terms of the partition function p(k) for k < n.
Give a simple combinatorial proof.

Let f(n) be the number of partitions of 2n whose Ferrers diagram can be covered
by n edges, each connecting two adjacent dots. For instance, (4, 3, 3, 3, 1) can
be covered as follows:

*r—e *——
I
*r——

o

Show that
Y fmx" =1 —x)2
n>0 i>1
Show combinatorially that the number of partitions of » into distinct odd parts

equals the number c(n) of self-conjugate partitions of n. Use this to express
Y nseC(n)x™ as an infinite product.

Fix j, k € Z. Show that
(2n — j —k)'x" _ { x" ] [ x" }
o= Dn—k)ln—j—kn!t ,g,n!(n—j)! ,g)n!(n—k)!

Any term with (—r)! in the denominator, where r > 0, is set equal to zero.
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[2-]
[2+]
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15.

16.

17.

18.

19.
20.

21.

22.

23.

An n-dimensional cube K, has 2n facets (or (n — 1)-dimensional faces), which
come in n antipodal pairs. A shelling of K, is equivalent to a linear ordering
Fy, ..., F,, of its facets such that for all 1 < i < n — 1, the set {F,, ..., F,}
does not consist of i antipodal pairs. Let f(n) be the number of shellings of K,,.
Show that

n n\ —1
T fm =1~ (z:(zn)'.f—,)

n>1 n>0 n

a. Let f(n) denote the number of fixed point free involutions 7w € G,, (ie., 7% =
1, and 7 (i) # i for all i € [2n]). Find a simple expression for > _, f(n):—';.
(Set f(0)=1.)

b. If X C P, then write —X = {—n : n € X}. Let g(n) be the number of ways
to choose a subset X of [n], and then choose fixed point free involutions 7 on
XU(=X)and 7 on X U(—X), where X = {i € [n]:i ¢ X}. Use (a) to find
a simple expression for g(n).

c. Find a combinatorial proof of the formula for g(n) obtained in (b).

Let D be the operator <.

a. Show that (xD)* = __ S(n,i)x'D'.
b. Show that x"D" = xD(xD — 1)(xD —2)---(xD —n+1).

A perfect partition of n € P is a partition A of n which “contains” precisely
one partition of each positive integer £ < n. In other words, if A has m; parts
equal to 7, then for each 1 < £ < n there is exactly one solution in nonnegative
integers ; to the equations > ir; = £ and 0 < r; < m;. Show that the number of
perfect partitions of n is equal to the number of ordered factorizations of n 4 1
into integers > 2.

Example. The perfect partitions of 5 are (1, 1, 1, 1, 1), (3, 1, 1), and (2, 2, 1).
The ordered factorizations of 6are 6 =3 -2 =2 - 3.

Give a combinatorial proof that 2(**~") = (*).

n

Find a combinatorial proof of the identity

50)<=£0) () e

Fix n € N. Prove the identity

.00 -£0)

where the left sum ranges over all (i, j, k) € N’ satisfying i + j +k = n. Is there
a combinatorial proof?

Letk, n € P with k < n.Let V(n, k) be the volume of the region in R" defined by
0<x; <1, for 1<i<n
k—1<xi+x+ --+x, k.

Show that V(n, k) = A(n, k)/n!, where A(n, k) is an Eulerian number.
Let 7 € S,. Show that i(;r) = i(7r~"), where i denotes number of inversions.
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(2+] 24.

[3+] 25.

[2]  26.

(2]

[2+]

[2—-]1 27.

[2+] 28.
29.

[3+]

[3+]

Show that
n—1
qu(n)zqnn(l+q2+q4+”_+q4/),
n Jj=0

where  ranges over all fixed-point free involutions in &,, (i.e., ¥ has n 2-
cycles), and where i(;r) denotes the number of inversions of . Give a simple
combinatorial proof analogous to the proof of Corollary 1.3.10.

Letn € Pandr,s,t € N.Letx, y;, z,anda;; beindeterminates, withl < k <n
and1 < i < j < n. Let M be the multiset with n occurrences of x, r occurrences

~of each y,, s occurrences of each z;, and 2¢ occurrences of each a;;. Let f(n, r, 5, 1)

be the number of permutations 7 of M such that (a) all y,’s appear before the kth
x (reading the x’s from left to right in 7), (b) all z;’s appear after the kth x, and
(c) all a;;’s appear between the ith and jth x. Show that
1 tn(n — 1)]!
Fnrsit) = (r+s+Dn+ n(nn )]
nirinstngin(2:)16)
fI r+G =D+ — DDIGH!
il rHs+H1+@m+j—200)
a. Letx and y be variables satisfying the commutation relation yx = gxy, where
g commutes with x and y. Show that

x+y) =) (kay""‘-

k=0
b. Generalize to (x; + x; + - - - + x,,)", where x;x; = gx;x; fori > j.
c. Generalize further to (x; +x,+ - - +x,,)", where x;x; = g;x;x; fori > j, and
where the g,’s are variables commuting with all the x;’s and with each other.

How many m x n matrices of 0’s and 1’s have an odd number of ones in every row
and column? Generalize to an arbitrary specification of the parity of the number
of ones in every row and column.

Let
(_l)kxn+2k
J.(2x) = —_—
(2x) Z:(, kl(n + k)!
Show that

e = Z Ln+]Jn(2x)v
n>0

where Lo=1,L,=1,L,=3,L,,,=L,+L,,forn>2 (Forn>1,L,isa
Lucas number.)

Define
x [T =x"* =3 tm)x"

n>1 n>1

a. Show that t(mn) = t(m)t(n) if m and n are relatively prime.
b. Show that if p is prime then

t(p"") = t(p)r(p") — p"'t(P").
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c. Show that if p is prime then |t(p)| < 2p''/2.
d. Show that t(n) # 0O foralln > 1.

Chapter 2

[4]
[5]
2] L
(2]
2+] 2.
B3-] 3.

a. Let f(m, n) be the number of m x n matrices of 0’s and 1’s with at least one
1 in every row and column. Use the Principle of Inclusion-Exclusion to show
that

fim,n) = i(—l)k <n) @ * -1
k=0 k

b. Show that
>3 f(m,n) =e 7YY

Let =7 € II,, the lattice of partitions of [n]. Let S(ir, r) denote the number of
o € I, suchthat o] =rand #(ANB) < 1forall A € w and B € o. (This
last condition is equivalent to & A o = 0 in the lattice structure on I, defined in
Example 3.10.4.) Show that

1 - .
Ser.r) =1 5 <;>(—1)’“' T e,
- i=0

Aerm

xmyn

2ixiys

1

=47 TT (W4 lnmo -
r. Aen

Givena € P, let C(a) denote the number of lattice paths in Z* from (0,0)to (24, 0)

with steps (1, 1) or (1, —1) which never pass below the x-axis. (We will see in

Chapter 6 that C(a) is the Catalan number — (>*), but this fact is irrelevant here.)

Now given {a,, a, ..., ax}. C Z,let C(a,ay, ..., ay,) denote the number of
ways to connect the points (2a,, 0), (2a;, 0), . . ., (2a,,, 0) with n pairwise disjoint
lattice paths L, ..., L, of the type just described. (Thus each L; connects some

(2a;, 0) to some (2a;,0). If i # j then L; and L; have no points in common,
including endpoints, so each (2a;, 0) is an endpoint of exactly one L;.)

Now given a triangular array A = (a;;), with 1 <i < j < 2n, recall that the
pfaffian of A is defined by

Pf(A) = Zg(ila j19 ---’inajn)ailj] Qi

where the summation is over all partitions {{i;, ji}<, .- ., {ix, ja}<} Of [2n] into 2-
element blocks, and where €(iy, ji, . . ., in, jo) denotes the sign of the permutation

1 2 - 2n-1 2n>
il jl ot in jn )
(It is easy to see that £(iy, ji, ..., i, j») does not depend on the order of the n

blocks.) Give a proof analogous to that of Theorem 2.7.1 of the formula
C(al, azy ..., az,,) = Pf(C(a, — a,‘)).
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For instance,

C(3) C(6) C(@®)
C0,3,5,6)=Pf Cc2 C@3)
c()

5 42 132
= Pf 2 5
1

=5-14132-2-42.5
= 59.

[2+] 4. a. Let A,(n) denote the number of k-element antichains in the boolean algebra
B, . Show that

A(n)=2"

1
A(n)=-4"-2-3"4+2%

[\S}

1
Ag(n)z8(8"—6-6”+6-5"+3-4"—6-3”+2-2”)

1
A4(n)=ﬂ(lé”—12-12"+24.10"+4-9”—18-8”

+6-7"-36-6"+36-5"+11-4"-22-3"4+6-2").

[2+] b. Show that for fixed k € [P, there exist integers a,,, . . ., aix such that

1 2
Ak(n) = "k—" Zakiin.
s =2

Show in particular that i = 1,a,; = 0if 3 -28? < i < 2% and g 302 =
k(k —1).

Chapter 3

[2] 1. a. Let P be an n-element poset. If x € P,thenset A, = #{y € P : y < x}.

Show that
" )
e(P) > (%).
HXEP A'X
[2+] b. Show that equality holds in (x) if and only if every component of P is a rooted

tree (with root 1).

<
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2. a.

Let P, be the poset with elements x;, y; for i € [n], and cover relations
X <Xy <---<x,and y; > x; foralli € [n].E.g., P; has the Hasse diagram

Find a “nice” expression for the rank-generating function F(J(P,), q).
Let P = lim,_,« P,. Find the rank-generating function F(J;(P), q).
Find a simple formula for e(P,).

. Let Q(P,, m) denote the order polynomial of P,. For m € [P express Q(P,, m)

in terms of Stirling numbers of the second kind.

e. For m € N express §2(P,, —m) in terms of Stirling numbers of the first kind.

&

. How many maximal chains does I1, have?

The symmetric group G, acts on I, in an obvious way. This action induces an
action on the set M of maximal chains of IT,. Show that the number #(M /S,,)
of G,-orbits on M is equal to the Euler number E,_,. For instance, whenn = §
a set of orbit representatives is given by (omitting 0 and 1 from each chain,
and writing e.g. 12-34 for the partition whose non-singleton blocks are {1, 2}
and {3,4}): 12 < 123 < 1234, 12 < 123 < 123-45, 12 < 12-34 < 125-34, 12
< 12-34 < 12-345, 12 < 12-34 < 1234. '

4. Let P be a finite poset, and let u be the Mdbius function of 2 = P U {0, 1}.
Suppose that P has a fixed point free automorphism o : P — P of prime order
pie., o(x) # x and 0?(x) = x for all x € P). Show that

w(©, 1) = —1 (mod p).

What does this say in the case P = I1,?

5. a.

Let L be a finite lattice with » atoms. Show that

m@JNS( n-1 )
(= 1)/2]

and that this result is best possible.
Assume also that the longest chain of L has length < £. Show that

l@in<<"_v
1Y, — k ’
where k = min(¢ — 1, |(n — 1)/2}), and that this result is best possible.

. Let E, denote the poset (ordered by inclusion) of all subsets of [n] whose

elements have even sum. Find #E,.
Compute (S, T) forall S < T in E,.




314

(5-]

[2+]

[2+]

(2]

[2+]
[2+]
[2+]

(2+]

[1+4]
(2]

(3-1

(2+]

[2+]

(2+]
[2+]

Supplementary Problems

10.

11.

12.

13.

c. Let k > 3. Do (b) for the poset of all subsets of [n] whose elements have sum
divisible by k.

Let f(n) be the total number of chains containing 0 and 1 in the lattice of faces
of the n-dimensional cube. Show that

Y= = ==

n
n>0 I’l! 2—6‘21.

(See Exercise 3.71 for information on this lattice.)

X

Let L be a finite geometric lattice, and let x be a coatom of L. Let n(x) be the
number of atoms y € L satisfying y £ x. Show that

1w, DI < 1@, x)| - n(x). |
Let B, denote a boolean algebra of rank k, and €2(B;, m) its order polynomial.
Show that 2(B, ., 2) = Q(B,, 3).

a. Let P be a p-element poset, with every maximal chain of length £. Let e; (re-
spectively, é;) denote the number of surjective (respectively, strict surjective)
order-preserving maps P — s. Show that:

(1) 2e,.1 =(p+£—1e(P)
(i1) 2e,, =(p—£ — De(P)
(i) 7 e, =237 e
Hint: Use Corollary 4.5.17.
b. With P as above, show that if p = £ (mod 2) then e(P) is even.
c. With P as above, suppose that £ = p — 4. Let j(P) denote the number of
order ideals of P. Show that
e(P)=2(j(P) - p).

Let 7 € TI, have type (a,, a, .. .), with || = Zflz = m. Let f(r) be the
number of o € I, satisfyingm Vo =1, t Ao =0,and |o| =n+ 1 — |7}
Show that

fOr) =122 ...n"(n —m+ 1)"2.

Let L be a finite geometric lattice of rank n. Let L' = L — {0},andlet f : L' — A
be a function from L’ to the set A of atoms of L satisfying f(x) < x forallx eAL’.
Let a(L, f) be the number of maximal chains 0= Xo< X < ---<x,=10f
L such that

fay Vv fx) =1
Show that (L, f) = (=1 u, 1).

Let P be a finite poset. Show that the following two conditions are equivalent:

(a) Forall x < y, the interval [x, y] has an odd number of atoms.
(b) (ii) For all x < y, the interval [x, y] has an odd number of coatoms.

Hint: Consider u(x, y) modulo 2.
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[3—] 14. Let P be a finite poset, and let f(P) denote the number of ways to partition the
- elements of P into (non-empty) disjoint saturated chains. For instance, f(n) =
2"~! Suppose that every element of P covers at most two elements and is covered
by at most two elements. Show that f(P) is a product of Fibonacci and Lucas
numbers. In particular, compute f(m x n). (The Lucas numbers are defined by
Li=1L,= 3, Lyyy=L,+L, ;)
[3—] 15. Let P be afinite poset. Let A be an antichain of P which intersects every maximal
chain. Show that
e(P)= > e(P —x).
xeA

Try to give an elegant bijective proof.

[3—] ‘16. Let A be a finite alphabet and A* the free monoid generated by A. Partially order
A* by u < v if u 1s a subword of v. Let u be the Mobius function of A*. Given
v =a,a,---a, where q; € A, call the letter a; special if a; = a;_,. Show that

u(u, v) = (=1 s(u, v),
where s(u, v) is the number of subwords of v isomorphic to # which use every
special letter of v. For instance,

u(aba, abaaba) = —
(where we have underlined the only special letter.)

[24+] 17. Let P be an Eulerian poset of rank d + 1 with d atoms, such that P — {1}isa
simplicial poset. Show that if d is even, then P has an even number of coatoms.
2] 18. a. Let L,(n) denote the number of k-element order ideals of the boolean algebra
B,. Show that for fixed k, L,(n) is a polynomial function of n of degree k — 1
and leading coefficient 1/(k — 1)!. Moreover, the differences A’L,(0) are all
nonnegative integers.
[3-1] b. Show that

Lo(n)=L,(n) =1

Ly(n) = (n)
Ly(n) = (})
Lim) = () + ()
Ls(n)=3() + ()

()
Le(m)=3(3) +6(;) + (5)
Ly = (§) +15() +10) + ()
Len) = (%) +20(0) +45() + 15()) + ()

Lofn) = 19(2) + 120(3) + 105() +21(3) + ()
Li(n) = 18(%) +220(7) +455(;) +210(2) +28(;) + (5)
Lu(n) = 13(%) +322(7) + 1385(2) + 1330() +378(;) +36(;) + (1)
Note. It was conjectured that L,(n) has real zeros. This conjecture fails,
however, fork = 11.
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[3-1 19. a. Letwr =aja,---a, € 6,.Let P, = {(i,a;) : i € [n]}, regarded as a subposet
of P x P. (In other words, define (i, a;) < (k,a;) ifi < k and a; < a;.) Let
J(P) denote the number of order ideals of the poset P. Show that
. n n!(n
eG, i=0 1: 1
[3] b. Letw be asin (a),and let @, = {(i, j): | <i < j < n, a; < a;}. Partially
order Q, by (i, j) < (r,s)ifr <i < j <s.Show that

> JQ)=@m+1)y"

e,
Chapter 4
[2+] 1. Let M be a diagonalizable p x p matrix over a field K. Let A, ..., A, be the
distinct nonzero eigenvalues of M. Fix (i, j) € [p] x [p]. Show that there exist
constants a,, ..., a, € K such that forall n € P,
(M*); =aAf+---+al).
[2] 2. a. By combinatorial reasoning, find the number f(r, n) of sequences ¢ = S,
Si, ..., 8, = ¢ of subsets of [r] such that for each 1 < i < 2n, either
Si—l C S[ and lS, — i—ll = 1, or S,‘ C Si—l and IS,'_] — S,{ =1.
[2] b. Let A(r) be the adjacency matrix of the Hasse diagram of the boolean algebra

B,. Thus the rows and columns of A(r) are indexed by S € B,, with

A(F)s p = I, if Scovers T or T covers S in B,
$T =10, otherwise.
Use (a) to find the eigenvalues of A(r). (It is more customary to use (b) to
solve (a).)

[3] 3. Fixk € P, n € N. Let f(n, k) denote the number of sequences A%, A!, ..., A% =
A%, satisfying: (i) A% is a partition of n, (ii) A%~! is a partition of n — 1, (iii)

A% D A%-Yand A¥ D A%*! (inclusion of Young diagrams).

E.g., f(3,2) = 10, given by (omitting A*)

3,2,3,2 21,11, 111,11
3,2,21,2 21,11,21,11
21,2,3,2 21,11,21,2
21,2,21,2  111,11,111,11
21,2,21,11 111,11,21,11.

Show that
£, k) = 3 (pG) = pli — D) (n = i),
i=0

where p(j) denotes the number of partitions of j (with p(—1) = 0).

[2] 4. a. Let f(n) be the number of ways a 2 x n chessboard can be partitioned into
copies of the following two pieces:
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(Any rotation or reflection of the pieces is allowed.) For instance, f(0) = 1,
fH=1,f2) =2, f3)=5.Find F(x) = ano f(n)x".

[2] b. Let g(n) be the number of ways if we also allow the piece O. Thus g(0) = 1,
g(l) =2, g(2) =11.Find G(x) = ano g(n)x".

[2+] 5. a. Let A, be the set of all permutations w = a,a, - - - ay, of the multiset M, =
{12,2%, ..., k*} with the following property: If r < s < ¢ and a, = a,, then
a; > a,.(E.g., Ay = {1122, 1221, 2211}.) Let B, be the set of all permutations
W = a,a; - - - ay of M, with the following property: If r < s anda, = a, < a,,
thenr < ¢. (E.g., B, = {1122, 1212, 1221}.) Let

Fk(x) = Z xd(w)$
weAy

Gk(x) = Z -xd(w)a
weBk

where d(w) denotes the number of descents of w. (E.g., /L,(x) = G,(x) =
I + 2x.) Show that F,(x) = G,(x).
[2+] b. Show that

n XFk(.X)
gS(n +k, n)x = m,

where S(n + k, n) denotes a Stirling number of the second kind.
[2+] 6. Define polynomials p,(u) by
1
;;()pn(u)x R

Use combinatorial reasoning to find

> P pa(v)x".

n>0

[2] 7. Leta, b € R. Define a function f : N — R by f(0) = a, f(1) = b, and
fn+2)=|f(n+D|— f(n), n>0.

Find F(x) = ano f(n)x". (If you prefer not to look at a large number of cases,
then assume that0 <a <b.)

(3] 8. a. Let S be a finite sequence of positive integers, say 2224211. We can describe
this sequence as “three two’s, one four, one two, two one’s,” yielding the
derived sequence 32141221 = §(S). Suppose we start with § = 1 and form
successive derived sequences §(S) = 11, §2(S) = 21, §3(S) = 1211, 8%(S) =
111221, §(S) = 312211, etc. Let f(n) be the length of §"(S), and set

F)=Y f)x" =142x +2x>+4x> +6x* +6x° + - --.

n>0
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[3]
[3+]
[2+] 9.
[2+] 10.
1 11
[2+]
[2-]
2] 12
2+] 13.

Show that F(x) is a rational function which, when reduced to lowest terms,
has denominator D(x) of degree 92. Moreover, the largest reciprocal zero
A = 1.30357726903 - - - of D(x) is an algebraic integer of degree 71.

b. Compute the (integer) polynomial x”' — x% — 2x% + ... of degree 71 for
which A is a zero.

c. What if we start with a sequence other than § = 1?

Let a € C, and define forn € N,
n /n—k
fan) =Y ( X )ak.
k=0

Show that F,(x) := 3" -0 Ja(n)x" is arational function, and compute it explicitly.
Find an explicit formula for f,(n). What value of « requires special treatment?

Given a sequence a = (ay, 4, - . .) with entries in a field, and given n € N, the
Hankel determinant H,(a) is defined by

H(a) = det(@:4;)osi.j<n-

Show that the power series Y
sufficiently large n.

a,x" is rational if and only if H,(a) = O for all

n>0

a. Let f,(n) denote the number of sequences a,a, - - - a, € [k]" of length n such
that a; 75 aiqi forl<i<n- 1. Show that fk(n) = k(k — 1)"_1.

b. Let g, (n) denote the number of sequences as above with additional condition
a, # a;. Use the transfer matrix method to show

. k(k — 1)x?
fzg"(")x TU ;-0 +2)
Deduce that

gn)=(Gk—-1Y + (k- 1)(-1).
c. Give a simple combinatorial proof that g,(n — 1) + g,(n) = k(k — 1)*~!, and
deduce from this the above formula for g, (n).
a. Let ® = &, bethe I x (n 4+ 1) matrix
®=(1,2,3,...,n,—n]
Show that the number of generators of the monoid E, as a function of n, is
superpolynomial (i.e., grows faster than any polynomial in n).
b. Compute the generating function
E@B(X) = Z x°.
aeds
Express your answer as a rational function reduced to lowest terms.
Let f(n) denote the number of 2 x 3 N-matrices such that every row sums to

3n and every column to 2. Find an explicit formula for f(») and compute (as a
rational function reduced to lowest terms) the generating function . f(n)x".




Errata and Addenda

to
Enumerative Combinatorics, volume 1, second printing
by
Richard P. Stanley

(version of 22 January 1998)

e p. vii, line 4—. Insert “(in two volumes)” after “include”.
e p.2,Example 1.1.3, 1. 10. Change “f(0) = f(1) =" to “f(0) = 1, f(1) =".
e p. 19, second paragraph of second proof, 1.2. Change b, to b,_,.

® p. 24, Proposition 1.3.14, part 3. This result is false. The intention was that the
number of permutations a, ... a, € O, with k valleys equals the number with k
peaks, as shown by the bijection ©,— &, defined by g,...a,~n+1—a,...,n+1
—-a,(ora, ...a, — a, ... a;). However, neither of these bijections interchanges peaks
and valleys at a,, and at a,, because of the convention that g, = a,,, = 0.

e p. 25, 1. 12—. Change “unoriented” to “unordered”.

¢ pp. 30 and 31, Figures 1-6 and 1-7. The shading of these figures that appeared in
the original printing was omitted from the second printing. In Figure 1-6, the
boxes are shaded to denote the Young diagrams of the partitions @, 1, 2, (1, 1), 3,
2, D, (3, 1,2, 2), (3, 2), (3, 3), in that order. In Figure 1-7, the boxes should be
shaded above the lattice path L, so that the shaded boxes form the Young diagram
of the partition (4, 3, 1).

e p. 41, last paragraph. The statement that pictorial representations (actually incense
diagrams) were used in The Tale of Genji to represent the 52 partitions of a 5-element
set is misleading. These diagrams were not used by Lady Murasaki herself,
but rather were introduced by the Wasanists during the Wasan period of old Japanese
mathematics, from the late 1600’s well into the 1700’s.

e p. 42, ref. 16. The correct reference should be P. R. Stein. A brief history of enu-
meration, in Science and Computers, a volume dedicated to Nicholas Metropolis
(G.-C. Rota, ed.), Academic Press, 1986, pp. 169-206.

e p. 46, 1. 2—, Change this line to: [3-] b. Give combinatorial proof.

e p. 46, Exercise 11(a). Add at end: (The elements of N and X are assumed to be
distinguishable.)
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e p. 46, Exercise 14(g). The sum should be:
2(2‘%1 - 1...*'=1.

e p. 49, Exercise 28. It is assumed that every number 1, 2, ..., k occurs at least once.

e p. 54, Exercise 8(d). Macdonald’s conjecture (for general g) for the root system G,
has been verified independently by L. Habsieger, C.R. Acad. Sci. Paris (Série I) 303

(1986), 211-213, and D. Zeilberger, SIAM J. Math. Anal. 18 (1988), 880-883, and |
for the root systems B,, C,, and D, by K. Kadell (preprint). For F a proof has been |
given by F. G. Garvan and G. H. Gonnet, Bull. Amer. Math. Soc. (new series) 24 |
(1991), 343-347. For g = 1 a proof for all root systems was given by E.M. Opdam,
Invent. math. 98 (1989), 1-18. The general case of Macdonald’s conjecture was
finally proved by I. Cherednik in 1993 and published in Ann. Math. 141 (1995),
191-216. Many other papers have been written on these conjectures. See the above-
mentioned paper by Garvan and Gonnet for some additional references.

e p. 56, Exercise 14(f), 1. 3. Change “between” to “in”.
e p.57, Exercise 16, 1. 1.change a; + --- +a; toay+ ag; + - + apy;-

e p. 57, Exercise 17. Insert at the end of this solution: ~ The first of several persons

to find a combinatorial proof were K. L. Collins and M. Hovey, Combinatorica 31
(1991), 31-32.

e p. 57, Exercise 19. A solution to (d) was found by several persons. A more general
bijection will be discussed in Chapter 5.

e p. 59, Exercise 26. Insert at end: “The bijection given here also appears in A. H.
M. Hoare, Amer. Math. Monthly 93 (1986), 475—-476.” Another proof appears in
L. Solomon, Istituto Nazionale di Alta Matematica, Symposia Mathematica, vol. -
13 (1974), 453466 (lemma on p. 461).

® p. 63, Exercise 45. A plausible explanation of the number 103,049 was found by
David Hough and is discussed in R. Stanley, Amer. Math. Monthly 104 (1997),
344-350.

e p. 69, two lines below equation (15). Insert “f (i, i) = 1 and” after “satisfying”.
e p. 73, second proof, 1. 4. Change “k spaces” to “m — k spaces”.
e p. 74, 1. 11-. Should be:

B={G):1=<j=m, | =<i=<bj}

e p. 76, 1. 9—. Delete “(where we take (j)! in the variable x)”.

® p.76. Change (k — 1)! to (1 —x)(1 —x2)---(1 — x*)(twice), and change (k)! to
(1 -x) (1 = x2)---(1 — x*) (three times). ‘

® p.77. Change (k)!2 to (1 —x)2 (1 —x%)%--+(1 — x})%. ‘
® p. 84, 1.7-8. Replace “and let j be the least integer > 1 for which L; andL

intersect” with “and let x be the least integer such that ; 1ntersects some L; with k>

at a point (x, y), and then of all such £ let j be the minimum”.
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e p- 85, Notes. A survey of the menage problem appears in J. Dutka, Math. Intelli-
gencer 8 (1986), no. 3, 18-25 and 33.

e p. 96, 1. 8—. Regarding the statement that “the coefficient—2 depends only on the
partial order relation among A, B, C, D,” it is perhaps unclear that the assumption
D=ANB=ANC=BNC = AN BN C remains in effect.

e p. 98, 1. 4—. Change “horizontal” to “vertical”.

p- 106, paragraph 3. In the definition of “join-irreducible,” we make the convention
that Ois not join-irreducible.

e p. 132, 1. 1 of proof of Thm. 3.12.1. Change “from Proposition 3.5.1” to “by
definition”.

p. 135. For additional information on Eulerian posets, see R. Stanley, in Poly-
topes: Abstract, Convex and Computational (T. Bisztriczky, et al., eds.), Kluwer,
Dordrecht/Boston/London, 1994, pp. 301-333.

p. 136, 1. 6. Change second (—1)" to (—1)"-1.
p. 140, 1. 3. Change this line to

(a; — a;_Dx* + (ag_; — a;,_)xs*2+---, reven

(as — a5 x*2 + (@, — a,)xs+3+---, rodd

8(Q) +yf(Q) = {

e p. 146, Example 3.15.10, 1. 5—. Change c(n)x" to c(n)x"/n!.
e p. 148, 1. 2. Should be:

-1
> ulkn)(B(k)x)" IB(kn) = [Z(B(k)x)” /B(kn) | .

n20 n20

e p. 149, 1. 1. Change “By definition” to “It is clear that”.

e p. 154, Exercise 3(a). If f(n) denotes the number of nonisomorphic n-element
posets, then f(8) = 16999, f(9) = 183231, f(10) = 2567284, f(11) = 46749427,
f(12) = 1104891746, f(13) = 33823827452. For the last of these and further
references, see C. Chaunier and N. Lygeros, Order 9 (1992), 203-204.

® p. 154, Exercise 5(b). Assume also in the hypothesis that every element of P is
contained in a chain of length £. (Equivalently, either £ = 0 or else P contains no
isolated points.)

e p. 165, Exercise 51. The definition of O, (G) is not correct. Define two partial G-
partitions & = {a,, ..., a,} and B = {by, ..., b} to be equivalent if their underlying
partial partitions are the same (so r = s), say {A;, ..., A4,}, and if foreach 1 <j <
r, there is some w € G (depending on j) such that a;(x) = w- b;(x) forall x€ A
The elements of Q,(G) are equivalence classes of partial G-partitions. Representing
a class by one of its elements, define « = {ay, ..., a,} < B = {by, ..., b;}in 0, (G)
if every block A; of the underlying partial partition {A, ..., A,} of « is either (1)
contained in a block B; of the underlying partial partition o of B, in which case
there is a w € G for which a;(x) = w - b;(x) for all x € A;, or else (2) every block
of o is disjoint from A;. (Thus Q, (G) has a top element consisting of the empty
set.) The poset Q,(G) is called a Dowling lattice.
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e p. 166, 1; 11-. Change “meet-semilattice” to “lattice”. (In fact, if x # 1, then the
interval [0, x] of L is a geometric lattice.)

e p. 167, Exercise 56. For a recent extensive treatment of arrangements, see P. Orlik,
CBMS Lecture Notes 72, Amer. Math. Soc. 1989. Even more extensive is the book
P. Orlik and H. Terao, Arrangements of Hyperplanes, Springer, 1992.

e p. 167, Exercise 56(d). The arrangement is not free for n > 9. This is a result of
G. M. Ziegler, Advances in Math. 101 (1993), 50-58.

e p. 167, Exercise 56(g). This was a question of P. Orlik. A counterexample was dis-
covered by P. Edelman and V. Reiner, Proc. Amer. Math. Soc. 118 (1993), 927-929.

e p. 168, Exercise 63. We must define

Ai =i+ n\ 0
I—j+n h
lfll - My +n<0.
e p. 168, Exercise 64. Change the rating of this exercise from [5—] to [3]. Of the
2045 nonisomorphic seven-element posets, it has been checked using John Stem-

bridge’s Posets package for Maple that there is a unique pair P, Q which satisfy
BWU(P),S) = BJ(Q), S) forall § C [6]. The Hasse diagrams of P and Q look

as follows:

e p. 175, Exercise 6. Ziegler’s example is incorrect. However, he has produced several
correct examples, the smallest of which is

®

Ziegler also has an example of length one with 24 elements, and an example which
is a graded lattice of length three with 26 elements.

e p. 175, Exercise 6, 1. 2. Delete “presumably”.

e p. 179, Exercise 19(d). J. Stembridge has given another proof of this result in
European J.Combinatorics 7 (1986), 377-387 (Corollary 2.2).

e p. 179, Exercise 19(f), 1. 1-. Change “, to appear” to “7 (1986), 377-387", and
insert after “results”: “(see in particular Corollary 2.4)”.
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p. 179, Exercise 20. A survey of meet-distributive lattices is given by P. Edelman,
Contemporary Math. 57 (1986), 127-150.

p. 184, solution to Exercise 32, 1. 3. Insert u(x;, 1) after u(x;_;, x;).

p. 184, solution to Exercise 37b, 1. 1. Change “f(x, s) = x” to “f(x, s) = ¢(x)
(so F(x,s) =x)”.

p. 186, 1. 11. Delete “essentially”.

p. 186, 1. 11-12. A further reference is J. Kung, Math. Proc. Cambridge Philos.
Soc. 101 (1987), 221-231.

p. 186, 1. 12. Change “The version given here ...” to “The solution given here . ..”

p. 186, Exercise 39(b). One can give a simple direct proof (avoiding Mobius functions)
of the following stronger result: Let L be a finite lattice with n elements, such that
for all x > 0 in L, x is the join of atoms of the interval [f), x]. Then every x > 0
satisfies | Vx| <n/2.

p. 187, Exercise 42. The value ’,u,((A), i)l = (k — 1)(k*~2 —1) was achieved by G.
Ziegler, J. Combinatorial Theory (A) 56 (1991), 203-222.

pp. 191-192, Exercise 53(c). The following result is due to J. Shareshian, in a preprint
entitled “On the M6bius number of the subgroup lattice of the symmetric group,”

extending work begun in his 1994 Ph.D. thesis at Rutgers University and also work of
H. Pahlings.

Theorem. Write u, = (0, 1).
(i) Let p be an odd prime, then u, = p!/2.
(ii) Let n=2p, where p is an odd prime, p # 11. Then

—n!, ifn — 1 is prime and p =3 (mod 4)

Hp = n! .
== otherwise.

(iii) Let n = 22, where a € N. Then u, = —n!/2.
Note that (ii) shows the formula stated in (c) is false, e.g., for n = 14.
p. 192, Exercise 54(b), 1.2. Change “, to appear” to “42 (1986), 215-222".

p. 192, 1. 5— to 4—. Change “is...proof?” to “This follows from the fact that the local-
ization of a free module is free (as observed by L. Billera). Earlier Terao had given a
deeper proof. See Thm. 3.8.3 of G. M. Ziegler, Ph.D. thesis, M.LT., 1987. This thesis
provides a hightly readable account of the algebraic properties of hyperplane arrange-
ments, including the theory of the module €(X). For a more recent extensive treat-
ment of arrangements, see P. Orlik, CBMS Lecture Notes 72, Amer. Math. Soc. 1989,
and P. Orlik and H. Terao, Arrangements of Hyperplanes, Springer, 1972.”

e p. 194, Exercise 60(a). The paper of D. Kelly appears in Order 3 (1986), 155-158.
e p. 195, Exercise 66, line 5. Delete v, vy, .. ..
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p- 197, Exercise 68. The study of non-crossing partitions goes back at least to H. W,
Becker, Bull. Amer. Math. Soc. 58 (1952), 39 (where they are called “planar rhyme
schemes”). Further results on non-crossing partitions are given by H. Prodinger,
Discrete Math. 46 (1983), 205-206; N. Dershowitz and S. Zaks, Discrete Math.
62 (1986), 215-218; R. Simion and D. Ullman, Discrete Math. 98 (1991), 193~
206; P. H. Edlemen and R. Simion, Discrete Math. 126 (1994), 107-119; and R.
Simion, J. Combinatorial Theory (A) 66 (1994), 270-301. For a surprising con-
nection between non-crossing partitions and Voiculescu’s theory of “free random
variables,” see R. Speicher, Math. Annalen 298 (1994), 611-628, and A. Nica and
R. Speicher, A “Fourier transform” for multiplicative functions on non-crossing
partitions, preprint.

p. 199, Exercise 75(d), 1. 2— to 1-. Change “will publish...to appear” to “have pub-
lished their proof in Advances in Math. 63 (1987), 42-99”.

p. 203, proof of Theorem 4.1.1. The proof that dim V3 =d is incomplete, since it is
unclear that the fuctions n*y” (as functions of n) linearly independent. The argu-
ment in the book certainly yields dim V3 <d. Similarly it is unclear that dim V, =4,
since we must show that the power series x/ /(1 —y;x)* are linearly independent. To
show this last statement, assume otherwise. Then we have a relation
Z Pi(x) =0
i (L= yxk
where P;(x) € C [x], and the sum over is finite. We may assume each term of the sum
is reduced to lowest terms, so P;(y;"1) #0. Multiply by [T(1 — yx)¥, yielding a
polynomial identity. Hence we can set x = y;71, yielding
P; ()’i‘l)jg(l —yihH¥=0,

a contradiction. Thus dim Va=4d. Since V, C V; and dim V3<d, we have dim V3=4,
and the proof goes through as before.

p- 205, 1. 5 of proof. At end of line, change L(x) to — L(x).

p. 212, Lemma 4.5.1(b). The proof is incorrect. For a correct proof, let (Bj,..., B))
be as in (a). Then P is obtained by arranging the elements of B, in decreasing order,
then the elements of B; in decreasing order, and so on. ‘

p.213,1.2—. Change 7 (@) < -+ <7 (@) <T (@) < -+ <t(a)tot (@)= 27 (ap
>T(Ape) 2 2T (aj).

p. 220, 1. 13. Change “x = xo < x; < -+ X in P with bottom x” 1O
“Xo < Xx; < -+ < x; =x in P with top x”.

p. 227, equations (28a) and (28b). Change Dy to Dy. The same should be done in
then next paragraph (note) and in the proof of Lemma 4.6.13, p. 229-230 (four
times).

p. 227, 1. 8. Change “a;=|b;], the least integer = b;” to “a; = |b; — 1|, where |b;|
denotes the least integer > b;”.

p. 230, 1. 2 of Proof. Change d —dim o tod — dim o + 1.

p- 230, 1. 12. Change of the exponent d —dim o tod — dim o +1.
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® p. 231, Lemma 4.6.17(i). As stated, the result is false. For instance, let £ = N and

@ = —1. Then G(A) =1 but EA"!) = X,,0 A". We need to assume also that g(r)>0
for at least one r > 0. We claim that then g(s) = 0 for aj] s <0, and hence (i) fol-

lows. Let « € FE satisfy L(a) =r > 0, and supose that there exists 8 € E with L(B)
= §<0. Then forall t € N we have L(tsa + trB)=0.Forte N

h LA the vectors tsa +
trp are distinct elements of E, contradicting g(0) < oo .

p. 232, proof of Lemma 4.6.18, 1. 7. Insert after “non-zero entry in” the follow-
ing: “column j,, say T;2j1- Since row i, has the same sum as column j, there is
another nonzero entry in”.

p- 232, 1. 3— Multiply H,(r) by (—=1)*1.

p- 235, 1. 13-14. The parenthesized statement “with respect to ...” should be
replaced by “with respect to the embedding of P in its affine span”.

p. 236, 1. 7. Change “union” to “intersection”’.
p. 244, Figure 4-13. Add an edge from 13 to 31.
p- 245, 1.4—. Insert “we” after “If”.

p- 261, paragraph 1. Proposition 4.2.3 is a special case of Section 44 on p. 609 of
G. Polya, Math. Zeit. 29 (1928-29), 549-640. It is also a special case of the less
general (than Pélya) Section 3 of R. M. Robinson, Trans. Amer. Math. Soc. 153
(1971), 451-468.

p. 262, paragraph 6. For more information on powers of Fibonacci numbers, see
L. Carlitz, Duke Math. J. 22 (1962, 521-537, and A. F. Horadam, Duke Math. J.
32 (1965), 437-446.

p. 264, Exercise 3(a). For an interesting article on the Skolem-Mahler-Lech theo-
rem, see G. Myerson and A. J. van der Poorten, Amer. Math. Monthly 102 (1995),
698-705. For a proof, see J. W. S. Cassels, Local Fields, Cambridge University
Press, Cambridge, 1986.

p. 280, solution to Exercise 14(a). change the last sentence, viz., “(An erroneous
..., 89-91.)”, to: “(A special case was proved by D. Zeilberger, Discrete Math. 34
(1981), 89-91. the precise hypotheses used in this paper are not clearly stated.)”

p. 284, end of Exercise 21(a). Insert: Further information about the rational func-
tions A(¢) may be found in L. Butler, J. Combinatorial Theory (A) 50 (1989),
132-161.

p. 284, Exercise 21(b). In R. Stanley, J. Amer. Math. Soc. 1 (1988), 919-961
(Theorem 3.2), it is shown algebraically that

A (X" x x?

Zmp T + i
2 =P (l—q 2(1- ¢%)
A bijective proof was first given in B. Sagan and R. Stanley, J. Combinatorial Theory
(A) 55 (1990), 161-193 (Corollary 4.5) It follows that

n20 n!

k=0




